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Abstract—In this paper, we propose a dynamic power allo-
cation scheme for a single-relay network based on orthogonal
frequency division multiplexing (OFDM) modulation with limited
feedback. We consider an Amplify-and-Forward (AF) cooperative
diversity model, where one source node communicates with
one destination node assisted by one half duplex relay. The
power allocation scheme employs a codebook of quantized power
allocation vectors designed offline equipped on the source, relay,
and destination. The destination, who has full knowledge of
channel state information (CSI), chooses the best power allocation
vector and sends back its index to the source and relay nodes,
which results in a dramatic reduced overhead over conventional
resource allocation. First we achieve the optimal power allocation
solution as the function of channel realizations with maximum
capacity. Then we present an adaptation of the Lloyd algorithm
to construct a codebook to quantize the optimal power allocation
vectors subject to the amount of feedback. Simulations show that
a negligible performance loss could be achieved with just a few
feedback bits at different levels of SNRs.

Index Terms—Limited Feedback, OFDM, Power Allocation,
Amplify-and-Forward, Lloyd Algorithm.

I. INTRODUCTION

Considering the power, hardware complexity and cost limi-
tation of wireless terminals, cooperative relaying has recently
emerged as an effective way to exploit spatial diversity, combat
wireless channel fading and entend coverage without antenna
arrays [1]-[3]. For example, IEEE 802.16 is currently integrat-
ing relays for multihop communication [4]. Two main relay
strategies have been adopted in such scenarios: Amplify-and-
Forward (AF) and Decode-and-Forward (DF). In AF scheme,
the received signal is amplified and then retransmitted by the
relay without performing decoding, while the latter decodes
the received signal and re-encodes it for retransmission.

OFDM is a mature technique to mitigate the problems of
frequency of selectivity and inter-symbol interference [5]. By
employing IFFT and FFT processing, a frequency-selective
fading channel can be converted into parallel flat-fading ones.
Due to its inherent robustness against frequency-selective
fading and its potential for high spectral efficiency, OFDM
has been proposed as a most promising candidate for the
physical layer in 4G cellular system [5]. The combination
of cooperative relaying with OFDM offers an even more
promising perspective in increasing cell coverage and system
capacity.

Power efficiency is a critical design criteria in wireless
networks due to the limited budget of transmit power at
transmitters. Power allocation algorithm has been extensively
studied in the context of both single-carrier and multi-carrier
relaying channels [6]-[14]. In [6], we consider a DF coop-
erative model and propose a power allocation strategy with
quantized CSI feedback in single-carrier case. In [7], Ahmed
et al. propose resource control algorithms for DF relaying.
Then he studies a single relay system with AF relaying
over frequency-flat Rayleigh channels, and solves the power
allocation problem aiming to minimize the outage probability
in [8]. Similarly, the optimal power allocation that maximizes
the system capacity between single antenna source and relay
was proposed in [9]. On the other hand, the optimal power
allocation at source and relay in a two-hop non-regenerative
relaying scheme with OFDM modulation is investigated in
[10]. In [11], the same authors propose the optimum power
allocation to maximize the instantaneous rate of OFDM relay
system in frequency-selective channels. Unlike AF relaying
in [11], Ying et al. [12] work on the similar problem but
for DF relaying OFDM systems. In [13], Ma et al. introduce
bit and power loading algorithms to minimize the transmit
power consumption for AF and selected DF modes at a target
throughput.

It is well known that resource allocation employing channel
adaptive signaling can yield significant improvement in almost
any performance metric of relay channels [6],[14]-[16]. The
tremendous innovation that realizes instantaneous channel
adaptation practice is the use of feedback whose history may
trace back to Shannon [17]. It has been proven that the error
and capacity performance with perfect channel information
at the transmitter is significantly better compared to the case
that no CSI can be used [18]-[19]. However, the increase of
performance came at the price of obtaining the full knowledge
of CSI at the transmitters. Obviously this needs too much extra
spectral resource. Some research have been done to achieve
this in a system with limited feedback. One can either send
back a quantized version of CSI or send the quantized power
allocation vectors [8], or even just sends back the index of the
best vector in a codebook of power allocation vectors shared
by all the nodes [20], [21]. Most of these works are studied in
the context of MIMO and OFDM systems. To the best of our
knowledge, using limited feedback in a relay OFDM system
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has not been well-exploited yet.
This work is based on our previous work [6] by extending

single-carrier relaying channels to the multi-carrier one. In this
paper, we present a power allocation protocol for an OFDM
based cooperative model under different levels of quantized
CSI feedback. In our feedback scheme, we propose the
codebook design for maximum capacity metrics with a joint
power constraint, and employ the Lloyd algorithm to construct
the optimal codebook. An intensive performance analysis is
provided for the proposed scheme. The conventional power
allocation algorithm is compared with the proposed limited-
feedback power controller. We also investigate the impact of
location of relay node on the BER and system capacity. We
find that the performance gap between the system capacities
achieved by the proposed algorithm and the uniform allocation
is larger when the channel conditions of S → R and R→ D
are quite different. We also find that only a few feedback bits
are necessary to achieve most of the performance gains of
the perfect feedback power allocation algorithm, and the loss
becomes negligible when SNR is high enough.

The rest of this paper is organized as follows. In Section II,
we briefly describe the system model. In Section III, we
evaluate the error rate and capacity for the relay system,
and propose the power allocation solution based on the two
criterions with limited feedback. In Section IV, we compare
the performance of the proposed scheme to perfect and no CSI
cases and present some simulation results. The conclusions are
drawn in section V.

II. SYSTEM MODEL

In this paper, we consider a time division duplex OFDM
cooperative diversity model where one source node commu-
nicates with one destination assisted by one half duplex relay.
The relay system is depicted in Fig. 1, whose relay does not
produce its own data and only assists in the communication
between the source and the destination. It is assumed that a
total B bandwidth is divided into N independent sub-channels.
Communication between the source and destination takes
place in two phases, i.e., the listening phase and the relaying
phase. In the listening phase, the source broadcasts its informa-
tion through N sub-carriers, the relay and the destination listen,
while in the relaying phase, the relay transmits an amplified
version of the received signal on the same subcarrier. Finally
the destination tries to decode based on all the signals received
during both phases.

We assume that channels experienced by the nth subcarrier
of source-destination, source-relay and relay-destination in the
system are attenuated by fading coefficient hnSD, hnSR and hnRD
respectively. Then the received signal at the listening phase are

y
(1)
dn = hnSD ∗

√
Psn ∗ sn + z

(1)
dn ,

yrn = hnSR ∗
√
Psn ∗ sn + zrn,

(1)

where y(1)
dn and yrn are the received signal at the destination

and relay nodes, z(1)
dn ∼ CN (0, σd) and zrn ∼ CN (0, σr) are

the additive noises at the relay and the destination, respectively.
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Fig. 1. System block diagram of OFDM cooperative diversity model with
limited feedback

√
Psn = αsnPtot is the αsn portion of total power Ptot. In

the relaying phase, the received signal at the destination is

y
(2)
dn = hnRD ∗

√
Prn

Psn|hnSR|2 + σ2
r

∗ yrn + z
(2)
dn , (2)

where z(2)
dn ∼ CN (μ, σ2

d) is the additive noise at the destination
in the relaying phase.

√
Prn = αrnPtot is the αrn portion of

total power Ptot. We call αs = [αs1, ..., αsN ] transmit PA
vector and αr = [αr1, ..., αrN ] relaying PA vector. Those
vectors have to be carefully designed to maximize the capacity.

Provided the AF relay works in time division duplex mode,
we assume that the destination combines the signal received
from the source and signal from the relay by maximal ratio
combining (MRC). The final received SNR is composed of the
received SNR in the two stages. For example, the two received
SNRs at the nth subcarrier are given by

SNR(1)
n =

αsnPtot|hnSD|2
σ2
d

, (3)

and

SNR(2)
n =

αsnPtot|hn
SR|2

σ2
r

· αrnPtot|hn
RD|2

σ2
d

1 + αsnPtot|hn
SR|2

σ2
r

+ αrnPtot|hn
RD|2

σ2
d

, (4)

respectively [1]. So the final received SNR at subcarrier n is

SNRn =
αsnPtot|hnSD|2

σ2
d

+
αsnPtot|hn

SR|2
σ2

r
· αrnPtot|hn

RD|2
σ2

d

1 + αsnPtot|hn
SR|2

σ2
r

+ αrnPtot|hn
RD|2

σ2
d

. (5)

Given channel realization, the capacity of an OFDM single
AF relay system is

C =
1
2

N∑
n=1

log2 (1 + SNRn) . (6)

III. OPTIMAL POWER ALLOCATION WITH LIMITED

FEEDBACK

In this section, we present optimal power allocation algo-
rithms based on maximum capacity with limited channel state
information (CSI) feedback.
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A. General Procedure

If the source and relay nodes have full knowledge of
CSI, the power allocation vectors αs and αr can be easily
determined. However, the perfect CSI is not available at
the source/relay. Thus a quantized vector is fed back to
source/relay through a limited number of feedback bits. Denote{
hi, i ∈ {SD,SR,RD}

}
as the state of the subcarriers at

a particular time instant. Then the CSI can be defined by a
3-tuple vector h = (hSD,hSR,hRD). Suppose that the desti-
nation has a perfect CSI. Then it would be quantized at first. If
the destination node carry out K bits feedback, the CSI space
will be quantized into H = 2K regions. We will adopt Llyod
algorithm [22] to quantize the CSI space. The destination,
upon the current CSI, selects a power vector Aq = (αs,q, αr,q)
from the designed codebook C = {(αs, αr)1, . . . , (αs, αr)H}
whose size is H. Then it broadcasts the index q to both the
source and relay. We assume that the source/relay have also
been equipped with the same codebook. Upon the received
index q, the source transmits with power allocation vector αs,q
and the relay with power αr,q . The element of the codebook is
designed to maintain the joint power constraints of the source
and relay, i.e., elements of each power allocation vector should
ensure that the total power budget to allocate to the source and
relay is Ptot,

1Tαs + 1Tαr = 1. (7)

Then the problem lies in the design of the codebook, that
is power control mapping, F : R → C, where R is the
instantaneous CSI space, with the average power constraint
1Tαs+1Tαr = 1. Thereby, the essence of our algorithm is to
realize the objective to find an optimal F in order to optimize
some performance criteria while meeting the power constraint.
We will employ the Lloyd algorithm with a modified distortion
function to design the codebook.

B. Lloyd Algorithm Based Codebook Design

The key points of Lloyd algorithm are centroid rule and
nearest rule [22]. They are iteratively used in our codebook
optimization. Actually the centroid rule aims to select the
optimal codeword to maximize the system capacity in a region,
while the latter is designed to determine the region in which
the vectors in this region are closest to the codeword of this
region.

The crucial point in the algorithm is the design of average
distortion function [22], different performance criteria may
have different type of distortion function. Take optimizing
capacity performance criteria for example, we use the error
distance function to measure the average distortion.

Given the capacity of the system as (6), the optimization
issue becomes

max
A

C(αs, αr|Ptot),
s.t.1Tαs + 1Tαr = 1,

αs ≥ 0, αr ≥ 0

(8)

The codebook size is H = 2K , and we have to produce
training vectors (Ti|i = 0, 1, ...,M) with M � H . Then the
algorithm can be expressed as follows.

A: Set i = 1, and randomly select the initial codebook
{C0 = {A0

1, . . . , A
0
H} from the training vectors (Ti|i =

0, 1, ...,M);
B: Cluster the training vectors into H groups as

Rq = {Ti|C(Ti, Rq) > C(Ti, Rp)∀p 	= q} (9)

for q = 1, 2, ...,H .
C: Construct a new codebook C

i with power allocation
vector Aik defined as

Aik = arg max
A

ET∈Rq

(
C(A|Ptot)

)

= arg max
A

ET∈Rq

(
1
2

N∑
n=1

log2(1 + SNRn)
)
.

(10)

D: We define the average distortion function D(C) as

D(C) = ET

(
C(Aopt|h) − max

0≤i≤H
C(Ai|h)

)
, (11)

if D(Ci) < D(Ci−1) + ε, stop iteration and set C
∗ =

Ci−1. Otherwise set i = i+ 1 and go back to step B.

Using the centroid rule and the nearest neighbor rule
iteratively, the system capacity will increases monotonically.
Actually, when Lloyd algorithm is terminated, the destination
has just searched over all codewords in the codebook and se-
lects the best power allocation vector with maximum capacity.
It just needs to send back B = log2H bits representing the
codeword index to the source and relay nodes.

C. Power Allocation Design with Capacity Criteria

As shown in (6) and (8), the optimization issue can be
formulated as

max
A

1
2

N∑
n=1

log2

(
1 +

αsnPtot|hnSD|2
σ2
d

+
αsnPtot|hn

SR|2
σ2

r
· αrnPtot|hn

RD|2
σ2

d

1 + αsnPtot|hn
SR|2

σ2
r

+ αrnPtot|hn
RD|2

σ2
d

⎞
⎠ ,

s.t. 1Tαs + 1Tαr = 1,
αs ≥ 0, αr ≥ 0,

(12)

In this paper, the optimal power allocation vector A that
maximizes C(A|Ptot) is achieved by the Lagrange method.
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Make the cost function

L(A, λ) =L
(

(αs, αs), λ
)

=
N∑
n=1

log2(1 + αsnρSD +
αsnρSR · αrnρRD

1 + αsnρSR + αrnρRD
)

− λ

( N∑
n=1

(αsn + αrn) − 1
)
,

(13)

where

ρSD =
Ptot|hnSD|2

σ2
d

, (14)

ρSR =
Ptot|hnSR|2

σ2
r

, (15)

ρRD =
Ptot|hnRD|2

σ2
d

, (16)

and λ denotes the Lagrange multiplier. Then

λ =
∂L(A, λ)

αs
=
∂L(A, λ)

αr
. (17)

Take derivatives of L with respect to αsn and αrn respectively.
We have

αsnρSR =

αrnρRD
1 + ρSD +

√
1 + ρSDρRD + ρSR(ρRD − ρSD)

ρRD − ρSD
.

(18)

Take derivatives of L with respect to λ. We have

0 =
∂L(A, λ)

λ
⇐⇒

N∑
n=1

(αsn + αrn) = 1. (19)

Considering (14), (15) and (16) together, we can obtain the
following optimal solution⎧⎨

⎩ αrn =
[

1
λ − 1

ρRD
(1 + ψ)2

]+
ψ

ψ+ψ2+
ρSD
ρSR

(ψ+1)2
,

αsn = ρSR

ρSD
· αrn.

(20)

where

ψ =
ρRD − ρSD

1 + ρSD +
√

1 + ρSDρRD + ρSR(ρRD − ρSD)
, (21)

and

[x]+ =
{
x : when 0 < x < 1

N ,
0 : otherwise.

(22)

By now, we have found a pair of optimal power vector
(αs, αr) maximizing the system capacity. Our analysis can be
further simplified if we assume that the received SNR defined
in (3) is high enough, that is ρi � 1. Then the capacity in (6)
can be further approximated as

C(Aopt|h) =
1
2

N∑
n=1

log2

(
αsnρSD +

αsnρSR · αrnρRD
αsnρSR + αrnρRD

)
.

(23)

Then we can highly simplify our optimization problem and
update the Lloyd Algorithm by designing a new distortion
function. The detailed operation is omitted here for briefness.

IV. NUMERICAL RESULTS

In this section, we present some numerical results to illus-
trate the performance of the new power allocation algorithm.
We adopt Monte Carlo simulation for the relay system. We
assume σr = σd for simplicity. QPSK modulation is adopted
in the simulations. N = 64 means each OFDM symbol has
64 subcarriers. Uniform power allocation scheme and water-
filling algorithm is compared to the proposed power control
strategy in Fig. 2 and Fig. 3.

It can be clearly found that the proposed power allocation
policy achieves tremendous gains over the given channel. In
Fig. 2, the highest curve denotes the system capacity with
perfect CSI at source/relay, the lowest one denotes the system
capacity of uniform power allocation strategy. We also validate
the effect of the proposed scheme with limited feedback in
the figures. We compare the protocol with different levels
of feedback bits. We can find that only a few feedback bits
is enough to achieve most of the performance gains of the
perfect feedback power allocation algorithm. For an example,
with 5 bit of feedback at capacity of 3.2 in Fig. 2, there is
only a 1 gap to the performance limit. We can also find that
further increases in the feedback bits bring degressive returns,
which may implies that the feedback bits as well as the size
of codebook in our model is not necessarily large.

In order to explore the effect of relay locations on the
system performance, we define another parameter Δ = ρSR−
ρRD(dB) in the simulation, and then set Δ = 15dB, Δ = −15
dB and Δ = 0dB. Fig. 3 demonstrate the effect of relay
locations in term of BER and system capacity respectively
with a fixed feedback bit level of 2.

We can find that the proposed algorithm always outperform
the uniform power allocation scheme in any kind of Δ.
The better channel condition S → R is, the more excellent
system performance is. Besides, an interesting phenomenon
is observed too. We find that the gap between the system
capacities achieved by the proposed algorithm and the uniform
allocation is larger when the absolute value of Δ is larger, that
is, Δ = 15dB and Δ = −15dB.

V. CONCLUSION

In this paper, we proposed a power allocation scheme for
the OFDM based relay system with limited feedback. We
studied power allocation solution as the function of channel
realizations with the design criteria of maximizing capacity
and present an adaptation of the Lloyd algorithm to construct
codebooks to quantize the optimal power allocation vectors
subject to the amount of feedback. Simulations show that
a negligible performance loss can be achieved with just a
few feedback bits at different levels of SNR values. The
new algorithm achieves a higher system capacity compared
to the uniform power allocation schemes. We have further
investigated the effect of the relay locations on the overall
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performance and found that the gap between the system
capacities achieved by the proposed algorithm and the uniform
allocation is larger when the absolute value of Δ is larger.
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