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Abstract—We propose efficient square-root and division free
algorithms for inverse LDL” factorization and the wide-sense
Givens rotation, mainly for conventional multiply-add digital
computers. The algorithms are then employed to propose a
fast algorithm for vertical Bell Laboratories Layered Space-
Time architecture (V-BLAST). The proposed inverse LDL”
factorization avoids the conventional back substitution of the
Cholesky factor, and then has the speedups of 1.19 over the
square root and division free alternative Cholesky factorization
plus the back substitution. The proposed wide-sense Givens
rotation requires the same computational complexity as the
efficient Givens rotation. The speedups of the proposed V-BLAST
algorithm over the recursive V-BLAST algorithm are 1.05 ~ 1.4.
The difference between the complexity of the proposed V-BLAST
algorithm and that of the square-root V-BLAST algorithm is
trivial and even negligible. However, the square-root V-BLAST
algorithm requires many square-root and division operations,
while the proposed V-BLAST algorithm requires no square-root
operations, and requires only one division for each transmit
signal, which can be postponed until the signal estimation is
required.

I. INTRODUCTION

A practical version of Bell Laboratories Layered Space-
Time architecture (BLAST), i.e. vertical BLAST (V-BLAST),
can achieve very high spectral efficiency in rich multi-path
environments [1]. However, it requires high computational
complexity. Thus fast algorithms have been proposed for V-
BLAST [2]-[5], of which typical examples are the square-root
algorithm in [2] and the recursive algorithm in [3]. Recently
the improved square-root and recursive algorithms with re-
duced complexity were proposed in [4] and [5], respectively.

On the other hand, the square-root V-BLAST algorithm
usually requires many Givens rotations [2] and may adopt
Cholesky factorization [6]. However, in their natural form,
both the Givens rotation and Cholesky factorization require
a relatively large number of square-root and division oper-
ations [6], [7], which are time-consuming computations for
conventional multiply-add digital computers [8]. In fixed-point
implementations, it is highly desirable to avoid square-root and
division operations, since they are demanding in terms of the
required bit precision and clock cycles [6], [7].

A specially configured computer, called a CORDIC, can
be employed to avoid the square-root and division operations
[6], [8], e.g., those in the Givens rotation [8]. For conven-
tional multiply-add digital computers, the alternative Cholesky
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factorization in [6] and the Givens-rotation-based algorithms
in [7] can avoid both square-root and division operations.
The alternative Cholesky factorization may be adapted to
implement the square-root V-BLAST detector in [2], to reduce
the required square-root and division operations [6]. However,
it cannot offer a full square-root and division free algorithm for
V-BLAST, since it can only be applied to implement a part of
the initialization phase [6]. Furthermore, it requires more real
multiplications than the conventional Cholesky factorization
[6]. On the other hand, although the Givens-rotation-based
algorithms can be treated as wide-sense rotations [7], they are
no longer rotations since they do not possess the normalization
property [7]. Moreover, they were proposed to substitute for
the Givens rotations to perform QR decomposition [7]. Thus
the Givens-rotation-based algorithms in [7] are not suitable
to replace the Givens rotations in the square-root V-BLAST
algorithm that is based on Cholesky factorization [6].

In this paper, we propose an efficient square-root and
division free algorithm for inverse LDLT factorization [9],
which requires less computational complexity, with respect to
the similar algorithm based on the square-root and division
free Cholesky factorization in [6]. Then the proposed inverse
LDL” -factorization algorithm is applied to propose a V-
BLAST algorithm, which includes a square-root and division
free Givens-rotation-based algorithm proposed by us. The
proposed V-BLAST algorithm is square-root free and nearly
division free, and requires less complexity and divisions than
the recursive V-BLAST algorithm in [5].

The V-BLAST System model is overviewed in section II.
Then in section III, we propose the V-BLAST algorithm, in-
cluding the square-root and division free algorithms for inverse
LDLT factorization and the wide-sense Givens rotation. In
section IV, we derive the proposed algorithm for the inverse
LDLT factorization. The complexity of the presented algo-
rithms is evaluated in Section V. Finally, we make conclusion
in Section VI

In what follows, ()71, (e)7, ()*, and () denote matrix
inversion, matrix transposition, matrix conjugate, and matrix
conjugate transposition, respectively. Iy, is the identity matrix
with size k, while Oy, is the zero column vector of length k.
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II. SYSTEM MODEL

The considered V-BLAST system consists of /K transmit
antennas and N (> K) receive antennas in a rich-scattering
and flat-fading wireless channel. At the transmitter, the data
stream is de-multiplexed into K sub-streams. Then each sub-
stream is encoded and fed to its respective transmit antenna.
Let s = [s1,89,---,5K]7 denote the vector of transmit
symbols from K antennas, and assume E(ss’?) = o2Ix. Then
the received symbol vector is

x=H-s+n, (D

where n is the NV x 1 complex Gaussian noise vector with zero
mean and covariance 02Iy, and H = [hy, hy, ..., hg] is the
N x K complex channel matrix with statistically independent
entries. The vector h,,, denotes the m*” column of H.

The minimum mean-square error (MMSE) detection of s is

s= (H'H + olx)  HYx, )
where o = 02 /o2, Let
R=H" H+alg. 3)
Then the estimation error covariance matrix is [2]
Q=R '= (H'H+aIg) . 4)

The conventional V-BLAST detects K entries of s by K
iterations with the optimal ordering. In each iteration, the entry
with the highest post detection signal-to-noise ratio (SNR)
among all the undetected entries is detected by an linear
MMSE or zero-forcing (ZF) filter. Then its effect is substracted
from the received symbol vector [1]-[3].

The first k£ columns of H can be represented as

Hj, = [hy, hy, ... h]. (5

Then Ry and Qj are defined from Hj; by (3) and (4),
respectively, while Ry, satisfies [3]
Ryp1 vio1
R, = . 6
k |: kail ﬂk; :| ( )
The recursive V-BLAST algorithm [5] utilizes Qgs (k =
K,K—1,---,1) to form the MMSE filters.

III. THE PROPOSED ALGORITHM FOR V-BLAST

We propose an efficient algorithm for V-BLAST in this
section, which is square-root free and nearly division free.
Instead of Q. utilized in [5], we use the LDLT factorization
of Q; to form the MMSE filter. Correspondingly we propose
an efficient square-root and division free algorithm for inverse
LDL” factorization, which will be derived in section IV.

We use alternative LDL” factors of R

ki1 ie.,
Lit1(Digr 0k ) Liy = Ry O
In (7), L, D, and § can be computed iteratively by

L a
Liy1 = [ o k ] (8a)

Ok- lk-i—l

Me+1Dr 0y ]
D = , 8b

and
Ok+1 = OkMk41, 9
where
a, = —L,D,Lfv,, (10)
and
lk+1 = Ok, (11a)
dr+1 =1, (11b)
Me+1 = OkBr+1 — Vi LpDp Ly vy, (11c)
The iterations start from the initial
L, =1, (12a)
D, =1, (12b)
=Ry =r1;. (12¢)

In (8) and (11), g, Ly and Dy also satisfy (7).

The above-described iterations will lead to numerically
unlimited results, which may cause a problem in fixed-point
implementations [6]. We can alleviate this problem by scaling,
as in [6]. Scaling is achieved by dividing (or multiplying) only
by powers of 2 [6], which is a shift operation in binary fixed-
point implementation. Since dy, is complex, we can keep |5k\2
between 0.25 and 4, and scale the diagonal entries in Dy
accordingly. Thus d; and Dy in (12) or in (8) and (9) are
multiplied by cj, which is a power of 2. Correspondingly in
each iteration we end up with dxci, and Dycy, while |5kck\2
is always between 0.25 and 4.

Now let us propose the step 1 for the initialization phase,
which includes the following sub-steps.

The Sub-steps of Step 1 for Initialization

1-a) Assume the successive detection order to be
tx,tk—1,--+,t1. Correspondingly permute H to
be H = Hg = [hy,, hy,, -, he, ], and permute s to
be S =SKg = [3t1a5t27"' ,StK]T.

Utilize the permuted H to compute R, where we can
obtain all Ry_1s, vi_1s and Ois (for £ = K, K —
1,---,2) directly [3], as shown in (6).

Compute Ly, Dy and §; from Ly_1, Dp_1 and ;1
iteratively, by (8a), (8b), (9), (10) and (11). The initial
Lx = Lk, D|jx = Dk and d = 0 1is obtained after
K — 1 iterations, which start from Lq, D; and J; in
(12).

1-d) Compute zy = Hix.

1-b)

1-¢)

In the conventional algorithm [10] performing matrix inver-
sion by Cholesky factorization, the inverse Cholesky factor
is computed from the Cholesky factor by the back substi-
tution (for triangular matrix inversion), an inherent serial
process unsuitable for the parallel implementation [11]. For
example, we can choose the square-root and division free
alternative Cholesky factorization [6] to factorize R into
R = WZD~!'W and obtain

Q=R '=W 'DW ¥, (13)



where W is triangular, and D! is the inverse of the diagonal
D. Since usually K divisions are required in (13) to compute
W ! from the K x K triangular W by the back substitution
[10], the full algorithm is not division free. However, the
proposed algorithm for inverse LDL” factorization is more
efficient (as will be shown in section V) and division free,
since it computes the inverse Cholesky factor of R from
R directly, and does not need the back substitution of the
Cholesky factor.

From the LDL” factorization of Q, we can propose an
efficient algorithm for V-BLAST as follows, which is square-
root free and nearly division free.

The Proposed V-BLAST Algorithm

Initialization:

1) Set k = K. Compute the initial Ry, zg, L‘K = Lg,
D|x = Dk and 0 = Jx. This step includes the above-
described sub-steps 1-a, 1-b, 1-c and 1-d.

Iterative Detection:

2) Find the minimum diagonal entry in

Qi = 6Qix = LDk LY,

which is assumed to be the "
th
i

(14)

one. Then permute the

row of Ly, to be the last (k') row. Permute s, zj,
rows and columns in Ry accordingly [5].

3) Find a non-unitary transformation ® and the corre-
sponding diagonal D’;, that satisfy

Qi = (L;©)D, (L|k®)H =LDiL, 15
|
while © block upper-triangularizes Ly, i.e.,
Lk@):[ of “’“], (16)
1

where u;_1 and A are a column vector and a scalar,
respectively. Then let Ly, = L;,©® and D, = D
4) Use the last row in Q;, = L‘kD‘kaZ/é, to form the
MMSE estimate [5] by
H
£

Lip_1 up—

R 1
S = g [ 05_1 )\k ]Dk l: 05_1 /\k

= (1/8)Nedy [ ufy Ap |z (17)
5) Obtain s from §j via slicing.
6) Cancel the effect of sj in z; by
Zp—1 = ZE; b sp v, (13)

where zg;l] is zj, with the last entry removed, and v _1

is in Ry, [5], as shown in (6).

7) If k > 1, go back to step 2 with L‘k_l, D|k_1, Ri_1
and z;_1, instead of L‘k, D‘k, R and zj, respectively.
Correspondingly let k¥ = k—1. Notice that L1, Dy
and Rj;_; are obtained by removing the last row and
column in L‘ ks D‘ 1 and Ry, respectively.

In step 3, the transformation ® can be performed by a series
of wide-sense Givens rotations. To avoid divisions, represent
d; in D| r by a numerator and a denominator, i.e.,

dj = d; /&,

while the initial d; = d; and & = 1. Then we form ¥}7*"
and D'J7 T, W77 s equal to Ty except the 2 x 2 sub-block
in the j*" and (j + 1)** rows and columns, which is

(19)

TARIY U
| @)

k.j k.j
le,; o
(ZJJrl) lJ ’lJJr ‘ d]+1§]

k.g k.g
wj+17j ¢j+17j+1

where [} denotes the i'" entry in the last k' row of L.

The corresponding D27 %" is equal to Dy, except the j'*
and (j + 1)*" diagonal entries, i.e. d’; and d’ ;1. Use (19) to
represent d’; and d’ ;1 as d'; /€’ and Cz/j+1/f§+1, respectively.
Then these numerators and denominators are computed by

d;=d, JJH, (2la)
J g ksd

g = ¢ J{‘»’l J+1 ’(/}] J+1’(/}]+1 Vi (21b)

djp = 1, (2le)

§iv1 = &&i&54- (21d)

From the efficient complex Givens rotation [12], we de-
rive WJ7*! and the corresponding D'}, which are com-
puted by (20) and (21), respectively. It is easy to verify
@I DI (@It H — Dy Then we can conclude that
L, @/ and D)7 satisfy (15) (where © = W77,
Moreover, it can be seen that 'I'{C’J *1 transforms the jth and
(7 + 1)*" entries in each row of L;, and zeros the 4t entry
in the last k*" row.

Now the non-unitary transformation ® can be

J,J+1
H v

while after each \Ilfcj + D), must be updated to be D'’ +
accordingly. Since Lg is upper triangular, we can apply the
©® in (22) when k = K. In step 2, we can delete the i*" row
in L firstly to get Lz, and then add the deleted ith row
to Ly as the last row to obtain the permuted L;x. Then it
is easy to verify that the L|x_, obtained from L x® by (16)
is still upper triangular. Thus we can conclude that all Ly;s
k=K K-1 ,2) in step 3 are upper triangular, i.e., the
© in (22) can be applied to each L.

We can also perform scaling in (20) and (21), as in the
inverse LDLT -factorization algorithm and [6]. Let ¢; (¢ =
1,2, 3) denote a power of 2. We can simply multiply d’ and 5
by c; to keep d jc1 between 0.25 and 4. Then 5 .c1 and the ﬁrst
column of (20) are multiplied by (¢2)? and ca, respectlvely, to
keep £fci(cz)? between 0.25 and 4. On the other hand, i
and the second column of (20) are multiplied by (c3)? and c3,
respectively, to keep &’ +1(c3)? between 0.25 and 4.

o — ‘I,Z,i+1‘p;‘€+1,i+2 ‘I,k 1,k 22)



IV. THE DERIVATION OF THE SQUARE-ROOT AND
Di1vISION FREE INVERSE LDLT FACTORIZATION

In this section, we will derive (7), (8), (9), (10) and (11).
The LDLT factorization [9] of R can be represented as

LrDrLE = R, (23)

where Ly is unit lower triangular, and Dy is diagonal [9].
From (23), we can obtain

Lg"Dg'Lg' =R, (24)

where Lﬁ , the inverse of the unit lower triangular matrices
Lg, must be unit lower trlangular [9]. Define D= DR1 and
the unit upper triangular L= Lg H Then (24) becomes

~ ~H

LDL =R, (25)
which is an alternative LDLT factorization of R 1.
Represent R as Ry 41 when it is a (K +1) x (K + 1)

matrix. Correspondingly represent the LDL?" factorization of
Rg4i as ﬂK+1, f)K+1 and MK+1. To reuse the previously
listed equations for brevity, we use (1) to express the equation
(¢) with each variable y replaced by X Then we can represent
Rrki1, L K+1 and D K+1 by (6), (8a) and (8b) respectively,
where [ K+1 = Nx+1 = 1. From (8a) and (8b) we deduce

A 71 — - 3
B, = [ Th . (260)
K
. D o
o= K K . 26b
et [ 07  1/dg+ ] (260
From (25), we can obtain
LDl Ly = R 27
Then  substitute (26)  into _ (27) to obtain
L ADALL ~L DL a
—alL DL allL DLy 15, +dK+1
= [ R VK i.e
ViR Bra |17
LD L = Ry, (28a)
~L DM Ay = vy, (28b)
ApL DL Ay +dit ) = By (28¢)

From (28b), we can derive that &; is computed by (10)
where ¥V, = vy. Substitute (10) into (28¢) to deduce
diy1=1/ (5K+1 - Vgi‘Kf)Kf‘gVK) . (29)
From (28a), we can conclude that the submatrices ﬂk, ﬁk and
R, (K >k >1)in L, D and R also satisfy (27) and (25).
From (25), we obtain the initial I:l =1 and ]51 = 1/R1 =
1/r1 1. Then we can compute Lk+1 and Dk+1 from Lk and
Dk iteratively by (10) and (8) for k = 1,2,---, K, where
l}g+1 = k41 = 1, ¥V = vy, and dK+1 is computed by (29).
It requires divisions to compute (29) and f)1 =1 /1"171.
To avoid divisions, we employ (12) to define L;, Dy and 61,

which satisfy (7). Assume that (7) is satisfied for any £ (k =
1,2,.-- , K + 1), which is substituted into (25) to obtain

LD L = L (D /6L (30)

It can be seen from (30) that Ly and Dy /d; are equivalent to
L, and Dy, respectively. Thus we can form f‘k-{-l and f)k+1
by (é) i.e. (8) with each variable x replaced by X, where
Ly =Lg, Dy = Dy /6k, ar = 4y, dk+1 = dk+1, and I =
Nk+1 = 1. Substitute (8) into LkHDkHLkJrl Then from
(30) and (25), we can verify
LD L, = L Do L =Ry (€29)

Substitute (30) into (1A0), which is then substituted into
ay = &y, to represent a; by Ly (Dk/ék)L,Ij. Correspondingly
in (8a), represent a; by Li(Dy/ 6k)L£I to obtain

I 0
|~ gfr %]
k

Lk ~ak

off (32)

Pen=| of

k+1

In (32), L1 is defined by (8a), where [}, 1 and a,, are defined

in (11a) and (10). Thus we have derived (8a), (10) and (11a).
From (32), it can be seen that to make

D -~ -

Ljs1 (sk’““L,ﬁ1 Lyr1Dra L, (33)
+
we only need to let
H

Dyiq I O | 5 I, 0Oy
—_rre D 34
. of L k1| of i (34)

Then from (33) and (31), we can conclude that Ly 1, D1
and 61 satisfy (7).

_ To simplify (34), substitute (30) into (29), which can replace
dp+1 in (8D) since dy11 = dk+1. Moreover, Dy, = Dy /dx. So
Dy;+1 in (8b) can be represented by Ly, Dy and d;, which is
substituted into (34) to simplify it to

_ %g 0y, :1[77ka 0,

U 5k17,k Seme | OFF 1
where 7 satisfies (11c). From (35), we can derive (9), (8b)
and (11b).

Now we have derived (8), (9), (10) and (11). In the above
discussion, we have assumed that (7) is satisfied for any k
(k =1,2,--- K + 1), which needs to be proved. We have
verified that if the assumption (7) is satisfied for any £k, it will
also be satisfied for the corresponding k + 1. It can be seen
from (12) that the assumption (7) is satisfied for £ = 1. Thus
we can conclude that the assumption (7) is satisfied for all
subsequent (k + 1)s, where k =1,2,--- | K.

Dy

} (35

Ok+1

V. COMPLEXITY EVALUATION

In sub-step 1-c, we compute gi = L vy, firstly. Then we
compute (10) and (1lc) by a; = —LiDggr and niy1 =
SkBrkt1 + viay, respectively, where Ly, is always triangular.
In step 3, \Il”Jrl is computed by (20), which includes 2
real value and 2 complex value. Then \IIJ I+ only requires 3
complex multiplications and 1 complex additions equivalently



[3] to transform a row, while it only transforms non-zero
entries in the first j + 1 rows of the triangular L.

As in [4], we assume the equal probabilities for ¢+ =
1,2,---  k in step 2 to compute the average complexity, while
in sub-step 1-a we assume the detection order to be the optimal
order of the last frame in quasi-stationary channels or of the
adjacent subcarrier in MIMO OFDM systems, to reduce the
average complexity of step 3, which can even be zero.

We count a square-root operation or a real division as one
floating-point operation (flop) [3]. To reduce the complexity,
the square-root V-BLAST algorithm in [4] can adopt the
efficient Givens rotation [12] with 2 square-root operations
and 2 real divisions, which requires the same number of flops
as the proposed wide-sense Givens rotation (i.e. (20) and
(21)). Then compared to the V-BLAST algorithm in [4], the
proposed square-root and division free V-BLAST algorithm
only requires %K 2 more of real multiplications for 11D}, in
(8b). The real multiplications for 71Dy in (8b) and those by
ka in (10) can be avoided by using (10) and (8) with JKH
computed by (29) and ka = Ni+1 = 1. The corresponding
V-BLAST algorithm increases K real divisions, and requires
S5K? — 1K? = 2K? less of flops than that in [4].

Let (j, k) denote the complexity of j complex multiplica-
tions and k complex additions, and simplify (j, k) to (j) if
j = k. To compute the inverse Cholesky factor of R, the alter-
native Cholesky factorization in [6] plus the back substitution
(for matrix inversion) [9], [10] requires K3 + O(K?) more
of real multiplications [6] (i.e. the complexity increase of the
algorithm in [6] with respect to the conventional Cholesky
factorization) than the proposed inverse LDL” algorithm with
a complexity of (%K 3). Then the speedups of the latter over
the former in the number of flops are 1.19.

The complexity of the proposed V-BLAST algorithm ranges
from (2K3+3K2N, K3+ 1 K2N) to (3 K341 K2N), while
that of the recursive V-BLAST algorithm in [5] is (%K 34
%K 2N). Thus the speedups of the former over the latter in
the number of flops are 1.05 ~ 1.4. Moreover, the former
needs K divisions, while the latter needs 2K divisions [5].

Assume K = N. For different number of transmit/receive
antennas, we carried out some numerical experiments to count
the average flops of the presented algorithms. The results are
shown in Fig. 1. It can be seen that they are consistent with
the theoretical flops calculation.

VI. CONCLUSION

Mainly for conventional multiply-add digital computers, we
propose the inverse LDL” factorization [9] and the wide-
sense Givens rotation that both are square-root and division
free. Then they are applied to propose a fast algorithm for V-
BLAST. The proposed inverse LDL” factorization avoids the
conventional back substitution (for triangular matrix inversion)
of the Cholesky factor, and then has the speedups of 1.19
over the square-root and division free alternative Cholesky
factorization [6] plus the back substitution with K divisions.
The proposed wide-sense Givens rotation requires the same
computational complexity as the efficient Givens rotation [12].

x10°

—e— recursive BLAST algorithm in ICCO09 [5]

—v— proposed BLAST algorithm (max. mean value)
6| —=— proposed BLAST algorithm (min. mean value) | e
+ Cholesky factorization in [6] plus triangular
matrix inversion by back substitution
proposed inverse Cholesky factorization

5|+

FLOPS

Number of Transmit/Receive Antennas

Fig. 1. Complexity Comparison among the Presented Algorithms.

The complexity difference between the proposed V-BLAST
algorithm and the square-root V-BLAST algorithm in [4]
is only O(K?), and then can be neglected. However, the
algorithm in [4] requires many (averagely about K (K +1)/2)
square-root and division operations, while the proposed V-
BLAST algorithm is square-root free, and requires only one
real division for each transmit signal, which can be postponed
until the signal estimation is required. With respect to the
recursive V-BLAST algorithm in [5], the proposed V-BLAST
algorithm has the speedups of 1.05 ~ 1.4 and requires only
half divisions.
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