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Abstract—This paper investigates the resource allocation prob-
lem in a relay-aided cognitive radio (CR) system under the
orthogonal frequency division multiplexing (OFDM) transmis-
sion. Different from the conventional CR resource allocation
problem, the relay node here is capable of performing subcarrier
permutation over two hops such that the signal received over
a particular subcarrier is forwarded on a different subcarrier.
The objective is to maximize the throughput of the CR network
subject to a limited power budget at the secondary source
and relay node, as well as the interference constraints at the
primary receiver. The optimization is performed under a unified
framework where the power allocation at the source node, power
allocation at the relay node, and subcarrier pairing at the
two hops are optimized jointly. Finally, numerical examples are
provided to corroborate the proposed studies.

I. INTRODUCTION

Cognitive radio (CR) is a well known technique to combat
the spectrum scarcity problem [1], where an unlicensed sec-
ondary user (SU) shares the spectrum of a licensed primary
user (PU) either opportunistically when the PU is idle, or
transmits simultaneously over the same spectrum subject to
a certain interference limitation [2].

On the other hand, the orthogonal frequency division mul-
tiplexing (OFDM) based relay networks have shown their
great potential to overcome the inter-symbol interference (IST)
problem and enhance the transmission efficiency. Thus the
combination of OFDM transmission and CR systems becomes
an important technology for the future generation wireless
systems [3]— [6]. The authors in [3] studied the power alloca-
tion problem in OFDM based CR networks under the overlay
transmission protocol. The work [3] was further extended to
the relay-aided transmission scenario in [4]. A suboptimal
algorithm that alternatingly optimize the source and relay
power allocation was proposed. However, the works in [3] and
[4] did not consider any power limitations on the batteries
of transmitting nodes. The work [5] studied the problem of
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throughput maximization in a multi-carrier CR systems under
transmit power and interference power constraints for the
underlay CR scheme. The extension of [5] to an amplify-and-
forward (AF) relay aided transmission can be found in [6]
where the power allocation in OFDM based CR system is
performed under a sum power constraint. However, a more
natural choice should be the individual battery power con-
straint for each transmitting node. Moreover, subcarrier pairing
at the relay terminals in OFDM based multi-hop networks is
known to enhance the spectrum efficiency [7], [8]. However,
the subcarrier pairing in CR networks is a non-trivial task and
to the best of the authors’ knowledge, has not been explored
in the literature yet.

In this work, we consider an AF relay aided CR network that
is operated with the OFDM scheme and underlay transmission
strategy. We seek for the optimal resource allocation for the
source and relay terminals of the CR user under an interfer-
ence limitation of primary user, including power allocation
over different subcarriers at secondary source/relay nodes and
subcarrier pairing at the secondary relay station.

II. SYSTEM MODEL AND PROBLEM STATEMENT
A. System Model

We consider a relay aided CR network where a secondary
source node (SSN) communicates with the secondary des-
tination node (SDN) with the help of a secondary relay
node (SRN), as shown in Fig. 1. Underlay CR transmission
is adopted where the SU simultaneously shares the whole
spectrum with the PU. We assume that the SSN and the
SDN are located far from each other such that the direct
communication link is missing [8]. On the other hand, the
primary destination node (PDN) is located close enough to
both the SSN and the SRN such that it experiences interference
during both transmission phases. OFDM transmission with /X
subcarriers is applied for the CR network. Unlike the previous
reported works where the authors assumed that the signal
received at the SRN over a particular subcarrier is forwarded
to the destination over the same subcarrier, we adopt a tone
permutation policy such that the signal received on subcarrier
k over the SSN-to-SRN link is forwarded over subcarrier j
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Fig. 1.

Relay enhanced cognitive radio network model.

at the SRN-to-SDN link, where the index j is not necessarily
equal to k .

For the SSN to SRN, denote the channel coefficient over
the kth subcarrier as hy, the power allocation as pg, and the
transmitted symbol as xj. The signal received at the SRN over
the kth subcarrier is

YN = \/prhgay + 2, (D

where z; is the additive white Gaussian noise (AWGN) with
variance o;. The signal received over the jth subcarrier at
SDN is then

yJSDN = @Mk (95he/Prer + gj21) + wj, ()

where 7, £ (\/pk|hk|2 + 03 )71, g; is the transmit power

allocated to the j-th subcarrier, g; denotes the corresponding
channel coefficient between the SRN and the SDN, and w;
represents the AWGN at SDN with the variance 0]2-.

The throughput over subcarrier pair (k, j) at high signal-to-
noise ratio (SNR) can be approximated by [8].

(v/Prlhily/aslgs))° )
o2 (Varlial)” + o3 (Vailgs)® )

1
C(k:,j) ~~ 5 10g2 <1 —+

3)

where the factor % is due to the two time slots used in a
complete transmission.

B. Constraint Definitions

Since each subcarrier over hop-1 can be paired with one
and only one subcarrier in hop-2, we define 7(; ;) € {0, 1} as
the binary variable such that

1, if the k-th sub-carrier of the first hop is
paired with the j-th sub-carrier of the
second hop,

0, otherwise.

T(k,3) =

With the above definition, the subcarrier pairing constraint can
be mathematical expressed as

K K
> gy =LY D my) =1,k 4)
k=1 j=1

Under the proposed transmission protocol, the SSN and
the SRN cause interference into the PDN in the first and
the second time slots respectively. To protect the PDN from
uncompromising interference, the power allocations at the
SSN and SRN must satisfy

K ~
Zpklhk\z < ILin,

K
Z%’|§j|2 < Iip, (&)
k=1 j=1

where h;, and §; denote the channel coefficients from SSN-to-
PDN and SRN-to-PDN links, respectively, while I;;, denotes
the maximum allowable interference threshold.

Further, we assume separate transmit power constraints at
the SSN and SRN such that the summation of power allocated
over all subcarriers is within the maximum available power
budget of the corresponding node

K K

Zpk < Pssn, qu' < Psrn. (6)
k=1 j=1
C. Problem formulation

In CR networks, a subcarrier with the highest channel gain
over the first hop may also have the strongest interference
to the primary users, and pairing this subcarrier with the
strongest subcarrier over the second hop may result in severe
performance degradation. Thus, a more considerate subcarrier
pairing strategy is required that jointly considers throughput
maximization of the secondary user as well as the interference
mitigation to the primary user.

We jointly optimize the power allocation at the SSN, power
allocation at the SRN, and subcarrier pairing at the two hops
such that the overall system throughput of the secondary user
is maximized subject to the maximum power constraints of
the battery and the allowable interference constraints of the
primary user.

Remark: The difference from the power allocation used in
a conventional relay work is illustrated here. In conventional
relay networks, a better power allocation scheme is to adopt
v; > vy when f; > fir, where v; € {p;,q;}, i € {k,j},
fi € {|hi|?,|gi|*}. However, in CR based relay networks, for
fi > fo but f; > f; where f; € {|h;|,]3:|*}, we may need
V; < Vir.

Mathematically, we need to optimize over the variables w =
{7,y € {0,1}}, p = {pr > 0} and q = {g; > 0} for
all k= {1,...,K}, j = {1,..., K'}. The optimization can be
formulated as

K K
max ZZW(MCU«:J), @)

Tr’ 9
P =

s.t. (4),(5),(6).
III. JOINT RESOURCE ALLOCATION SCHEME

The subcarrier pairing constraint (4) makes the problem
(7) a mixed integer programming and generally prohibits the
duality gap to be zero. However, under the time sharing
condition the duality gap is asymptotically zero for sufficiently
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large K [9]. A rigorous investigation is provided in [10]. Since
the time sharing condition is readily satisfied in our case, we
can solve the dual problem of the original problem (7), which
is defined as [11]
min D (XA p) (8)

A>0,1>0,A>0,a>0
where A, p, :\ [ are the dual variables associated with the
constraints in (5) and (6), and the dual function D ()\, 1A, ﬁ)
is given by

D (XA i) = max L (p,a,m A A i) )

p.q,™
s.t. (4).

The Lagrangian in (9) is defined as

L(p,q,ﬂ )\,,uj\,ﬁ)

K K
:Zzﬁ(k 3)Ck,g) + )‘<PSSN - Zpk> + p| Pspn—

k=1j=1 k=1

K R K B K

520) + 3t Souli?) + (- Sl )
j=1 k=1 Jj=1

(10)

A. Solving the Dual Function:

In order to solve the dual problem in (8), we need to
first find the solution of (9). A Lagrange dual decomposition
approach is adopted to obtain the optimum dual function for
the given dual variables A, p, A, and Lt

From the observations ZkK 1di = ZkK 1 Zf 1 Tk, ])dk,

SE e =Y 12} | T(kgy€ss where dy, € {pi, pilhnl*}
and e; € {gj,4;|3;|*}, (9) can be re-stated as
D\ i)
:maﬁgzlmj)(cw (34 Anl?) — g (it
J

ﬂ|§j|2)> + APssn + puPspy + (A + 1), (11)
K K
S.t. Zﬂ—(k*j) = l,Vj, Zﬂ—(kvj) =1,Vk.
k=1 =1

= max
™

K K
ZZW(k]) max (c(k])—pk()\+/\hk| )—qj

k=1j=1

(1 + f1lg;] ))} +APssn+uPspn+In (A7), (12)

—N

K K
S.t. Zﬂ-(k’j) =1,Yy, Zﬂ-(k’j) =1,Vk.
k=1 j=1

Thus the problem (9) is decomposed into two sub-problems.

1) Sub-problem I: For any valid subcarrier pair (k, j), i.e.,
mk,; = 1, the optimal power allocations p; and ¢} could be
found from

max et gy —pr (A Nhil?) — g5 (0 + 21lg;1%) (13)
st. pr=>0,q; >0.

Since (13) is a standard convex problem, the optimal solution
can be obtained from the Karush-Kuhn-Tucker (KKT) condi-
tions as

2\ *
) 1 1 (m + ﬁ(m))
pi= N
g <1+_ ag;;) A+ Ay |2 arBr.5)
(14)
2\ T
1 1 (\/W + ﬂ(m))
q. = ~ | ~ -
g (1+ m) p+ g 12 ()b
RG]
15)

where a = |hl? /o, by = gi P07, ) = an(u+Rlg; %),
By & (A + Mhy?)b;, and (v ) 2 max (0, v). Detailed
derivation steps are omitted due to space limitations.

Remark: Different from the conventional water-filling so-
lution where the power depends only on the dual variables
(water-level) that are associated with the power constraint
(i.e., A, p), the water level here also depends on the dual
variables that are associated with the primary user interference
constraints (i.e., 5\, ). Further, (14) and (15) show that the
powers at the k-th subcarrier of the first hop and the j-th
subcarrier of the second hop also depend on the corresponding
interference channel (i.e., hyj, and g; , respectively), resulting
in a different water level for each subcarrier.

Substituting (14) and (15) into (12), the dual function
becomes

D (X p. 2 )
K K ~
= msz Z (k) F k) ()‘7 oy Ay ﬁ) + APssn + uPsrn
k=1 j=1
+ Iin (A + R), (16)
K K
Z,/T(k,j) = 1,Vj, Zﬂ—(k,j) = ]-aijv
k=1 j=1

where the function F{;, ;) is obtained by using the values of
Py, and ¢; in the objective of (13) and is expressed in (22)

~ ~ 2
with oy 2 (A+ M) (Vo +/Bes)  and
2
Vi) = (n+71lg;1%) (er \/m) . Note that F{ ;)

is independent of the power variables p;, and g; and is defined
for given values of the dual variables.
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akb; Q) Bii,j) — kO, )Y(k,g) — 0Bl Tk,g) T Tk, Yk

F(k;,j) :10g2

(1+

<ak5<m‘> - x(m)) (bj%,j) + bj/ Ak, 5) Bk

Be.g) 2 _ e Ts)
Ak, ) a(’w’)ﬂ(kﬂ) ag +

,j)> + <bja<k,j> - y(’w’)) (akﬂw,j) + ak\/%,j)ﬂ(k,j))

[0 2 By Yk 5)
(1‘+ ﬁjd)) <O%kd)ﬂ(hj) - b, )

. (22)

arbj (Ber.g) + v/ ki)Bikg)) (@) +

(k) Bik.))

2) Sub-problem 2: For known power allocation, the sub-
carrier pairing can be obtained from

K K
max Y Y ) Fleg) (A,u, Ml) (17)
k=1j=1
s.t. (4).
We define a K x K profit matrix F' such that
Fa Fla2) F, k)
Fa Fla,2) Fo.x)
F=| L ay
Fieo1n) Fx-12) Fik-1,k)
Fueny  Flre Flk.k)

where the row and column indices denote different customers
and different items to sell, respectively, while the value of each
entry can be deemed as the profit. Problem (17) is equivalent
to maximizing the sum profit by an optimal selling strategy
that can only sell one item to one customer. Such kind of
linear assignment problem can be solved efficiently from the
standard Hungarian algorithm with complexity O(K?®) [12]
and yields the optimum subcarrier pairing 7v*.

B. Solving the Dual Problem with Sub-gradient Method

Substituting p*, q* and 7v* into (10) and then the result
back into (9), we obtain the optimal dual function for the given
values of the dual variables. The optimal dual variables can
be obtained from the dual problem (8) using the sub-gradient
method [11]. For any initial values A(®), 1 X(©) and z(©),
the dual variables at the (i + 1)-th iteration could be updated
as

A1) :( A6 50 ALY A))f (D) :@(i)f 50 AL ﬂ))f
(19)

§(+1) :(;u) 50 Al ;\)) ot :< A0— 50 ALY ﬂ)) N
(20)

where §(V) is the appropriate ste];( size of the ¢-th iteration.
Moreover A(A) = Pssn — >y Pp» A(p) = Psry —

S AN = T = S0 |hl?p, and A(R) = I —
Z;il |g;1%¢; are the subgradients of D(A, u, A, fi).

C. Power Allocation without Subcarrier Pairing

The computational complexity of the joint subcarrier pairing
and power loading scheme in previous sub-sections increases
when the number of subcarriers increases. Here we propose
a suboptimal approach where optimal power allocation is
obtained without considering subcarrier pairing.

2
. h
Defining SNR;, = — (V7| ’Zl\/qi:‘gkl)
o . 2(vprlhil) +o2 (Varlgrl)
tion in (7) is then

>, the optimiza-
ag

K
max ;;1 log, (1 4+ SNRy) 21)
s.t.  (5),(6), with j =k,

which can be solved through the dual decomposition technique
in similar way as in subsections III-A and III-B. The optimum
power variables p; and g;, could be found from (14) and (15)
by replacing j with k. Similarly, the dual variable updates are
obtained from (19) and (20).

IV. SIMULATION RESULTS

This section provides numerical examples to validate the
performance of the developed schemes. We assume 6-tap
channels taken from i.i.d. Gaussian random variables for all
links, and choose K = 32. Without loss of generality we
assume that Pssy = Psry = Pnae. Further, the noise
variances at SRN and SDN are set as o} = o;, V k,J.
The figure of the merit is taken as the per tone rate of the
secondary user, i.e., the sum rate divided by K. We compare
three different algorithms. 1) JntSol: The joint optimization
solution presented in Section III. 2) PowSol: The algorithm
where only the power allocation is performed while subcarrier
pairing is not considered. 3) SUB: A suboptimal algorithm
based on the equal power allocation scheme developed in [5]
for the single hop system, where at each node the power is
equally distributed among the carriers subject to the condition
that the interference constraint is satisfied. Specifically, for our
system the powers are

o —min(PSSN Iin ) ” _min(PSRN Iin )
- 9 ~~ ’ J I - .
K 25:1 |Fu |2 K Z;(:1 19512

In the first example, the performance comparison of three
different algorithms are shown in Fig. 2. We display the
secondary system’s throughput versus P,,., at I;;, = 10.
We observe that the JntSol exhibits the best performance
at all P,,,, values among all different schemes. Moreover,
the power optimization schemes without pairing also provide
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much better performance over the trivial method i.e., SUB
algorithm.

To obtain a more insight on the impact of subcarrier pairing,
in this example we compare JntSol with PowSol and SUB for
the following four cases. Case-1: Same as in Fig. 2.

Case-2: |h1|? > |ho|?... > |hk|? and |g1|* < |g2)?... <
lgrc |- - - -
Case-3: |h1|? > |ho|?... > |hi|?, |h1]? > |h2|?... > |hk|?,
911> < gl ... < gk *, and [g1[* < [ga|*... <|gK[* _
Case-4: |h1|? > |ho|?... > |hi|?, |h1]? < |h2|?... < |hk]|?,
11 <lgal*... < lgx|* and [g1[* > [ga*... > |gK|*.

The throughput versus P,,,, for the four cases at I;;, = 5
is shown in Fig. 3. It can be seen that in Case-2 JntSol
exhibits almost the same performance as in Case-1 where
PowSol and SUB experience the performance loss. This is
because in the PowSol and SUB algorithms the stronger
carrier at first hop will always be matched to the weaker
carrier over the second hop. For Case-3, all the schemes
(JntSol, PowSol, SUB) undergo rate loss as compared to the
Case-1. The PowSol and the SUB algorithms observe loss
for a similar reason as in Case-2 while JntSol experiences

performance degradation due to the fact that a subcarrier with
the highest interference gain is always paired with a subcarrier
of the highest interference. Nevertheless, JntSol still exhibits
the best performance over the others. In Case-4, we first
observe that the solution with equal power allocation is the
same as in Case-2 and Case-3. However, PowSol and JntSol
exhibit the most interesting behavior, i.e., PowSol experiences
a significant performance degradation and JntSol yields much
better performance compared to all other cases. The gain in
IntSol is due to the fact that the strongest subcarrier (with the
smallest interference) is paired with the strongest subcarrier
(with the weakest interference) where PowSol suffers from
the loss because a stronger subcarrier (with low interference)
is paired to a weaker subcarrier (with higher interference).

V. CONCLUSIONS

In this work, we investigated the resource allocation prob-
lem in relay aided OFDM cognitive radio networks. The
secondary user’s throughput is maximized via joint subcarrier
pairing and power allocation. Meanwhile, the interference
from both the secondary source and the secondary relay node
to the primary receiver is kept within an acceptable limit. A
suboptimal resource allocation algorithm was also designed
to reduce the computational complexity. The numerical exam-
ples demonstrated enhanced performance compared to trivial
resource allocation algorithms.
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