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Abstract—We propose efficient minor subspace tracking (MST) 
algorithms to implement Distributed Interference Alignment (IA) 
based on Cognitive Radio (CR) that employs Interference 
Subspace Tracking (IST). The proposed MST algorithms utilize 
modified QR decomposition that decomposes a matrix into a 
unitary matrix and a lower triangular matrix. With respect to the 
existing practical and efficient MST algorithm for IST-IA, the 
proposed MST algorithms require less computational complexity.  
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I.  INTRODUCTION 
Recently, interference alignment (IA) was proposed for 

wireless networks [1], which can theoretically achieve the 
capacity that is much higher than previously believed [1]. IA 
designs interfering signals from different sources such that they 
“cast overlapping shadows” on the signal subspace of 
interfered receivers. Then part of the signal space at the 
receiver is free from interference. In the canonical example of 
IA, every user is able to access one half of the spectrum free 
from interference from other users, regardless of the number of 
interferers [1]. 

To obtain closed form solutions, the IA schemes in [1] 
require global channel knowledge at all the transmitters, which 
can be an overwhelming overhead in practice. Furthermore, 
closed form solutions are difficult to obtain, and have only 
been found in certain cases. To alleviate these problems, a 
Distributed IA scheme taking a cognitive radio (CR) approach 
was proposed in [2], where each transmitter only requires local 
channel knowledge and the covariance matrix of its effective 
noise (consisting of the AWGN and the interference from all 
other users). In the Distributed IA scheme, each transmitter 
adopts an unselfish approach to minimize the interference to 
unintended receivers, which is the defining feature of CR [3]. 
This CR approach then leads to interference alignment [2]. In 
CR systems, it is a key challenge for a given transmitter to 
estimate the strength of interference caused at unintended 
receivers. To meet this challenge, the CR-based Distributed IA 
scheme utilizes the reciprocity of the two-way communication 
channel in Time-division duplexing (TDD) networks. Due to 
reciprocity, the signal subspace with the least interference for a 
given receiver also causes the least interference to other users 
during the reciprocal network transmission. 

In [4], the Interference Subspace Tracking IA (IST-IA) 
algorithm was proposed, as a practical solution to implement 
the Distributed IA scheme of [2] in a cellular communication 
system. In the IST-IA algorithm, each transmitter requires 
neither local channel knowledge nor the covariance matrix of 
its effective noise, and only utilizes a few received signal 
vectors to track the beamforming matrices. With respect to the 
Distributed IA algorithm in [2], the IST-IA algorithm [4] 
provides a similar performance, and requires much less system 
overhead and computational complexity. Recently a practical 
and efficient MST algorithm for IST-IA was deduced [5] to 
utilize the parallelizable matrix-vector products instead of the 
back and forward substitution in [4], which is an inherent serial 
process unsuitable for the parallel implementation [6]. On the 
other hand, the computational complexity of the algorithm in [5] 
is less than that in [4].  

In this paper, we propose efficient MST algorithms for IST-
IA, which require less computational complexity than the MST 
algorithm in [5]. In the proposed MST algorithms, modified 
QR decomposition is utilized which decomposes a matrix into 
a unitary matrix and a lower triangular matrix.  

This paper is organized as follows. Section II overviews the 
system model. Section III describes the existing Distributed IA 
algorithms. The efficient MST algorithms for IST-IA are 
proposed in Section IV. Then the implementation complexity is 
analyzed in Section V. Finally, we make conclusion in Section 
VI. 

In the following sections, ( )T•  and ( ) H•  denote matrix 
transposition and matrix conjugate transposition, respectively.  

II. SYSTEM MODEL 
As in [4], we consider a Time Division Duplex (TDD) 

cellular network with K Base Stations (BSs) and K User 
Equipments (UEs). All the UEs and BSs are equipped with M 
and N antennas, respectively. For the uplink transmission (from 
UEs to BSs), the 1N ×  received signal vector [ ]ky  at BS k 
(k=1, 2, …, K) can be represented as   

[ ] [ ] [ ] [ ]

1

K
k ki i k

ki
i

g
=

= +∑y H x w ,                    (1) 
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where kig  is the distance dependent path-loss gain between 

UE i and BS k; the N M×  matrix [ ]kiH  consists of fading 
channel coefficients between UE i and BS k that are 
independent and identically distributed block Rayleigh fading,  
i.e., the coefficients are assumed to be constant during training 
and data transmission phases; [ ]ix  is the 1M ×  transmit 

signal vector by UE i with transmit power 
2[ ]iE P=x ; 

[ ]kw  is the 1N ×  AWGN noise vector with zero mean and 
unit variance. On the other hand, for the downlink 
transmission (from BSs to UEs), the 1M ×  received signal 
vector [ ]iz  at UE i (i=1, 2, …, K) can be represented as    

( )[ ] [ ] [ ] [ ]

1

K Ti ki k i
ki

k
g

=

= +∑z H x w ,                                    (2) 

where [ ]kx  and [ ]iw  are the 1N ×  transmit signal vector by 
BS k and the 1M ×  AWGN noise vector, respectively. 

BS k only serves UE k in its own cell, for k=1, 2, …, K. 
Correspondingly from (1) and (2), it can be seen that in the 
uplink, BS k receives inter-cell interference from all K-1 UEs 
in other cells, while in the downlink, UE k receives inter-cell 
interference from all K-1 non-serving BSs. As in [4], we focus 
on uplink transmission in what follows, but the algorithm also 
applies to downlink. 

III. EXISTING DISTRIBUTED IA ALGORITHMS 
In this section, we review the Distributed IA algorithm in 

[2] and the IST-IA algorithms in [4,5].  

A. Distributed IA 
The Distributed IA scheme [2] is proposed for the TDD 

interference network. Unlike the prior “selfish” transmission 
strategy where each transmitter tries to maximize its own 
transmission signal-to-interference-and-noise ratio (SINR) at 
the desired receiver [1], the CR-based Distributed IA scheme 
follows an “unselfish” (i.e. “altruistic”) transmission strategy 
where each transmitter primarily tries to minimize the 
interference to other concurrent transmissions. By network 
duality [7], this “unselfish” strategy only requires the 
transmitter to find the subspace over which it observes the 
minimal interference when as a receiver. 

The Distributed IA algorithm starts with arbitrary transmit 
and receive filters [ ]kV , [ ]kU , and iteratively update these 
filters to approach interference alignment. Assume that it 
works in the system model of Section II. Then in each 
iteration, there are uplink and downlink transmissions. During 
the first uplink transmission, UE k (k = 1, 2, … , K) at the 
transmitter side precodes the 1D ×  symbol vector 

[ ] [ ] [ ] [ ]
1 2ˆ ˆ ˆ ˆk k k k

Dx x x⎡ ⎤= ⎣ ⎦x   by an arbitrary M D×  

precoding matrix [ ]kV , i.e., in (1) we have 
[ ] [ ] [ ]ˆk k k=x V x .                                                       (3)   

At the receiver side, BS k applies an N D×  interference 
suppression matrix [ ]kU  to obtain  

( )[ ] [ ] [ ]ˆ
Hk k k=y U y .                                                 (4) 

In (4), [ ]kU  is chosen to make the signal [ ]ˆ ky  lie in the D -
dimensional subspace with the minimal interference. 
Correspondingly BS k needs to know the interference 
covariance matrix (including the AWGN), i.e.,  

[ ] [ ] [ ] [ ] [ ]

1,

K
k ki i i H ki H

N
i i k

P
D= ≠

= +∑Q H V V H I .              (5) 

Then [ ]kU  is chosen as the D  eigenvectors corresponding to 
the smallest D  eigenvalues of [ ]kQ .  

In the downlink transmission, the transmitters and receivers 
switch roles, while the steps are similar. Firstly the 
transmitters (BSs) set the precoding matrices  

[ ] [ ]k k=V U                                                                          (6) 
for k=1, 2, …, K, where [ ]kU  is calculated in the uplink phase. 
The receivers (UEs) obtain the interference covariance matrix 

[ ]kQ . Then the interference suppression matrix [ ]kU  is 
updated with the D  eigenvectors corresponding to the 
smallest D  eigenvalues of [ ]kQ . Correspondingly the 
precoding matrices for the next uplink phase are updated by 

[ ] [ ]k k=V U .                                                                        (7) 
The algorithm iterates uplink and downlink transmissions 

for T times. In each of the T iterations, it updates [ ] [ ]k k=V U  
and [ ] [ ]k k=U V , which include the uplink and downlink 
precoding matrices and the uplink and downlink interference 
suppression matrices. The total interference in the system is 
monotonically reduced after each iteration, and the 
convergence of the Distributed IA algorithm can be proved 
[2]. 

B. IST-IA 
Similarly to [2], the IST-IA algorithm [4] requires a 

training phase consisting of T iterations, to update the 
precoding and interference suppression matrices to approach 
interference alignment. However, IST-IA does not need a priori 
knowledge of the interference covariance matrix (5). For each 
uplink or downlink iteration, IST-IA spends KL training 
symbol periods to estimate the interference suppression 
matrices and obtain the precoding matrices accordingly.  

In the uplink transmission of the first iteration, the 1D ×  
training symbol vector [ ]ˆ kx  is precoded by an arbitrary 
precoding matrix [ ]kV , as shown in (3). Then 

[ ] [ ] [ ]ˆk k k=x V x  is sent by UE k. These symbols are used 
by BSs to update the interference suppression matrix [ ]kU , k = 
1, …, K. To train BS k, the UEs in all other cells transmit L 
symbols, while the direct transmission from UE k is silenced.  
From (1), it can be seen that generally the l-th (l = 1, …, L) 
symbol vector received by BS k is  



[ ] [ ] [ ] [ ]

1,
( ) ( ) ( ) ( )

K
k ki i k

ki
i i k

l g l l l
= ≠

= +∑y H x w .                         (8)  

The network schedules the transmissions from UE 2, UE 3, · · · 
, UE K to BS 1 firstly to train BS 1; then it schedules the 
transmissions from UE 1, UE 3, · · · , UE K to BS 2 to train BS 
2.  This procedure continues until each BS receives L training 
symbol vectors from the UEs in all other cells. 

A simple approach to update the interference suppression 
matrix [ ]kU  is to estimate the covariance matrix (5) from the L 
received training vector and then obtain [ ]kU  via eigenvector 
decomposition (EVD), which is called as EVD-IA [4]. The 
IST-IA was proposed in [4] as an alternative solution, which is 
based on the minor subspace tracking (MST) algorithm [7]. 
With respect to EVD-IA, IST-IA significantly reduces the 
computational complexity, with minor performance 
degradation [4]. Moreover, when the channel is time varying 
during data transmission after the training phase, IST-IA could 
be easily deployed to track the interference suppression 
matrices [4].   

Downlink transmissions begin after the BSs have updated 
their interference suppression matrices [ ]kU  via MST. Each 
BS precodes D independent symbols with the precoding matrix 

[ ] [ ]k k=V U , as shown in (6). Similar to the uplink, each UE 
receives L training symbol vectors and then compute the 
interference suppression matrix [ ]kU  via MST. The precoding 
matrices for the next uplink phase are updated by 

[ ] [ ]k k=V U , as shown in (7). The training period continues 
for T training iterations.   
   The IST-IA algorithm [4] is summarized as follows. 
The IST-IA algorithm 

Training Period: 

Initialize 
[ ]kU , 

[ ]kV  (k = 1, …, K): random matrix with orthonormal 
vectors; 

for t = 1 to T (T training iterations) do 

Uplink: UE→BS 

for k = 1 to K (BS k) do 

for l = 1 to L do 

for i = 1 to K, i ≠ k (UE i) do 

generate training vector 
[ ] [ ] [ ]ˆ( ) ( )i k il l=x V x  

end for 

BS k receives concurrent interference symbol vectors transmitted 
from the K − 1 UEs (i.e. UE i, i = 1 to K, i ≠ k), as shown in (8).  

end for 

Find 
[ ] ( )k
t LU  by the MST Algorithm.   

end for 

Downlink: BS→UE, dual to the uplink part: obtain [ ] ( )k
t LV .  

Update [ ] [ ] ( )k k
t L=U U ,  

[ ] [ ] ( )k k
t L=V V . 

end for 

DATA Transmission Period. 

The efficient MST algorithm utilized in [4] requires the 
back and forward substitution that is an inherent serial process 
unsuitable for the parallel implementation [6]. Thus a practical 
and efficient MST algorithm for IST-IA was deduced [5], 
which utilizes the parallelizable matrix-vector products instead 
of the back and forward substitution in [4]. The MST algorithm 
in [5] is summarized as follows, where  

( ) 1[ ] [ ]( ) ( )k k
x xl l

−
=W Φ .                                                      (9)  

• Initialization (for the 1st iteration): let [ ] (0)kU  be a 
random matrix with orthonormal vectors; 

( )[ ] (0) 1/k
x N= Δ ⋅W I , where Δ  is a small positive 

real number. 

• Recursion:  

for l = 1 to L do 

Input: [ ] ( )k ly  

Compute [ ] ( )k
x lW  from [ ] ( 1)k

x l −W  and [ ] ( )k ly  
by  

[ ] [ ] [ ]( ) ( 1) ( )k k k
w xl l l= −y W y                                              (10)   

and 
[ ] [ ][ ]

[ ]
2 [ ] [ ]

( ) ( )( 1)( ) .
/(1 ) ( ) ( )

k k Hk
w wk x

x k H k
w

l lll
l lβ β β β

−= −
− +
y yWW

y y
    (11) 

Compute  

( )[ ] [ ] [ ]( ) ( ) 1k k k
xl l l= −A W U .                                          (12) 

QR decompose [ ] ( )k lA  into  

( ) ( )[ ] [ ] [ ]( )k k kl l l=A U R .                                               (13)                

end for 

• Output: ( )[ ]k LU . Moreover, initialize 

[ ] [ ](0) ( )k k L=U U  and [ ] [ ](0) ( )k k
x x L=W W  for  

the following tth ( 2 t T≤ ≤ ) iteration. 

Notice that the matrix inverse lemma [8, p.30] is utilized to 
deduce (10) and (11) from  

[ ] [ ] [ ] [ ]( ) ( 1) (1 ) ( ) ( )k k k k H
x xl l l lβ β= − + −Φ Φ y y .          (14)  



Moreover, to some extent, the deduction of (10) and (11) is 
inspired by that in [9] to obtain the recursive V-BLAST 
algorithm [5]. 

IV. EFFICIENT ALGORITHMS WITH MODIFIED QR 
DECOMPOSTION FOR IST-IA 

In what follows, we deduce efficient algorithms for IST-
IA.  

Let us substitute (9) into (12) to obtain   

( ) ( )1[ ] [ ] [ ]( ) ( ) 1k k k
xl l l

−
= −A Φ U .                              (15) 

Then substitute (13) into (15) to obtain 

( ) ( ) ( ) ( )1[ ] [ ] [ ] [ ]( ) 1k k k k
x l l l l

−
− =Φ U U R .               (16) 

By left multiplying (16) by [ ] ( )k
x lΦ , we can obtain 

( ) ( ) ( )[ ] [ ] [ ] [ ]1 ( )k k k k
xl l l l− =U Φ U R ,                      (17) 

which is then right multiplied by  ( )( ) 1[ ]k l
−

R  to obtain 

( ) ( )( ) ( )1[ ] [ ] [ ] [ ]1 ( )k k k k
xl l l l

−
− =U R Φ U .               (18) 

Right multiply (18) by ( )( )[ ] Hk lU  to obtain 

( ) ( )( ) ( )( )1[ ] [ ] [ ] [ ]1 ( )
Hk k k k

xl l l l
−

− =U R U Φ ,        (19) 

where ( ) ( )( )[ ] [ ] Hk kl l =U U I  is utilized. Then similarly we 

left multiply (19) by ( )( )[ ] 1
Hk l −U  to obtain 

( )( ) ( )( ) ( )( )1[ ] [ ] [ ] [ ]1 ( )
H Hk k k k

xl l l l
−

= −R U U Φ .  (20) 

From (20), we can obtain  

( ) ( )( ) ( ) ( )[ ] [ ] [ ] [ ]( ) 1
H Hk k k k

xl l l l
−

= −U R Φ U ,       (21) 

i.e., 

( ) ( ) ( )[ ] [ ] [ ] [ ]( ) 1k k k k
xl l l l′ = −U R Φ U ,                      (22) 

where ( ) ( )( )[ ] [ ] Hk kl l
−

′ =R R  is lower triangular since 

( )[ ]k lR  is upper triangular. In (22), we need to compute 

( )[ ] [ ] [ ]( ) ( ) 1k k k
xl l l= −A Φ U                                        (23)  

firstly, and then decompose [ ] ( )k lA  into  

( ) ( )[ ] [ ] [ ]( )k k kl l l′=A U R .                                         (24) 

Now instead of (10), (11), (12) and (13), we can utilize (14), 
(23) and (24), to update [ ] ( )k

x lΦ  by (14), compute [ ] ( )k lA  by 

(23), and then QR decompose [ ] ( )k lA  into the unitary 

( )[ ]k lU  and the lower triangular ( )[ ]k l′R . Notice that the 
usual QR decomposition decomposes a matrix into a unitary 
matrix and an upper triangular matrix, while in (24), the 
modified QR decomposition is required to decompose [ ] ( )k lA  
into a unitary matrix and a lower triangular matrix.   

Moreover, we can further reduce the computational 

complexity. Left multiply (22) by ( )( )[ ] Hk lU  to obtain 

( )( ) ( )( ) ( )[ ] [ ] [ ] [ ]( ) 1
H Hk k k k

xl l l l
−

= −R U Φ U .           (25) 

Then right multiply (25) by ( )( )[ ] 1
Hk l −U  to obtain 

( )( ) ( )( ) ( )( )[ ] [ ] [ ] [ ]1 ( )
H H Hk k k k

xl l l l
−

− =R U U Φ ,    (26) 

i.e., 

( ) ( )( ) ( )1[ ] [ ] [ ] [ ]1 ( )k k k k
xl l l l

−
− =U R Φ U .                    (27) 

Now let us substitute (14) into ( )[ ] [ ]( ) 1k k
x l l −Φ U  in (22), to 

obtain ( )[ ] [ ]( ) 1k k
x l l −Φ U =

( )[ ] [ ] [ ] [ ]( 1) (1 ) ( ) ( ) 1k k k H k
x l l l lβ β⎡ ⎤− + − −⎣ ⎦Φ y y U = 

( ) ( )[ ] [ ] [ ] [ ] [ ]( 1) 1 (1 ) ( ) ( ) 1k k k k H k
x l l l l lβ β− − + − −Φ U y y U ,  

into which we substitute (27) to obtain   

( ) ( ) ( )( )
( )

1[ ] [ ] [ ] [ ]

[ ] [ ] [ ]

( ) 1 2 1

(1 ) ( ) ( ) 2

k k k k
x

k k H k

l l l l

l l l

β

β

−
− = − −

+ − −

Φ U U R

y y U
,    (28)  

i.e., 

( ) ( )
( )

[ ] [ ] [ ]

[ ] [ ] [ ]

( ) 2 1

(1 ) ( ) ( ) 2

k k k

k k H k

l l l

l l l

β

β

′= − −

+ − −

A U R

y y U
.                              (29) 

It can be seen that instead of  (14) and (23), we can use (29) to 
compute [ ] ( )k lA  directly.  

  Now we modify the MST algorithm in [5] into the 
following MST algorithm.  

• Initialization (for the 1st iteration): let [ ] (0)kU  be a 
random matrix with orthonormal vectors; 

[ ] (0)k
x N= Δ ⋅Φ I , where Δ  is a small positive real 

number. 

• Recursion:  



 

Fig.1 Computational Compelxities of the presented MST algorithms. 

for l = 1 to L do 

Input: [ ] ( )k ly  

Compute [ ] ( )k
x lΦ  from [ ] ( 1)k

x l −Φ  and [ ] ( )k ly  by 
(14).  

Compute ( )[ ] [ ] [ ]( ) ( ) 1k k k
xl l l= −A Φ U , i.e. (23). 

Utilize the modified QR decomposition to 
decompose [ ] ( )k lA into

( ) ( )( )[ ] [ ] [ ]( )
Hk k kl l l

−
=A U R , i.e. (24).                                  

end for 

Output: ( )[ ]k LU . Moreover, initialize 

[ ] [ ](0) ( )k k L=U U  and [ ] [ ](0) ( )k k
x x L=Φ Φ  for  

the following tth ( 2 t T≤ ≤ ) iteration. 

Moreover, instead of  (14) and (23), we can use (29) to 
compute [ ] ( )k lA  directly, as mentioned above.   

V. IMPLEMENTATION COMPLEXITY 
In this section, we analyze the implementation complexity 

of the proposed MST algorithm, which is compared with that 
of the MST algorithm in [5].  

Let us assume N D= . In MST algorithm in [5], (10) requires 
about 2N  complex multiplications and additions, (11) requires 
about 2 / 2N  complex multiplications and additions, and (12) 
requires about 3N  complex multiplications and additions. As 
a comparison, about 2 / 2N  and 3N  complex multiplications 
and additions are required in (14) and (23), respectively. 
Specifically, only about 3 2/ 2 2N N+  complex 
multiplications and additions are required in (29), where it 
should be noticed that ( )[ ] 1k l′ −R  is always triangular, and 

( )[ ] [ ]( ) 2k H kl l −y U  is computed firstly.  

It can be easily seen that with respect to (10), (11) and (12) 
of the MST algorithm in [5], (14) and (23) of the proposed 
MST algorithm requires less computational complexity. 
Moreover, compared to (14) and (23), (29) requires less 
computational complexity.  

For different N , we carried out some numerical 
experiments to count the average floating-point operations 
(flops) of the MST algorithm in [5] and the proposed MST 
algorithms, i.e., the algorithm by (14) and (23) and that by (29). 
The results are shown in Fig. 1. From Fig. 1, it can also be seen 
that the complexity of the proposed MST algorithms is less 
than that of the MST algorithm in [5]. 

VI. CONCLUSION 
We propose efficient MST algorithms to implement 

Distributed IA based on CR that employs IST. In the proposed 
MST algorithms, modified QR decomposition is utilized which 
decomposes a matrix into a unitary matrix and a lower 
triangular matrix. With respect to the MST algorithm in [5], the 
proposed MST algorithms require less computational 
complexity. 
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