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Abstract—This paper investigates a new class of nonconvex
optimization, which provides a unified framework for linear
precoder design. The new optimization is called generalized
quadratic matrix programming (GQMP). Due to the non-
deterministic polynomial time (NP)-hardness of GQMP problems,
we provide a polynomial time algorithm that is guaranteed to
converge to a Karush-Kuhn-Tucker (KKT) point. In terms of
application, we consider the linear precoder design problem for
spectrum-sharing secure broadcast channels. We design linear
precoders to maximize the average secrecy sum rate with finite-
alphabet inputs and statistical channel state information (CSI).
The precoder design problem is a GQMP problem and we solve
it efficiently by our proposed algorithm. A numerical example is
also provided to show the efficacy of our algorithm.

I. INTRODUCTION

Convex optimization is a broad class of optimization prob-
lems that can be solved efficiently both in theory and in
practice. In contrast, nonconvex optimization problems are
quite challenging to deal with due to the lack of verifiable
global optimality conditions. Although solving nonconvex
optimization problems is a proven difficult task, much progress
has been made for specific classes of nonconvex optimization,
such as quadratic constrained quadratic programming (QCQP)
[1] and difference of convex functions (DC) programming [2],
by means of convex optimization approaches. However, many
nonconvex optimization problems with special structures in
communications cannot be cast as QCQP or DC problems,
thus it is important to design new algorithms that can capture
the underlying structure of those problems.

In this paper, we investigate a new class of nonconvex
optimization, which provides a unified framework for linear
precoder design. The new optimization is a generalization of
quadratic matrix programming problems [3], and we call it
generalized quadratic matrix programming (GQMP). A GQMP
problem is defined as maximizing a generalized quadratic
matrix function subject to generalized quadratic matrix in-
equality constraints, where both objective and constraints are
nonconvex functions. Since GQMP problems are NP-hard in
general, we develop a numerical algorithm to solve GQMP
problems suboptimally with polynomial time complexity. The
solution obtained by our proposed algorithm satisfies the KKT
optimality conditions. We further analyze the computational
complexity of the proposed algorithm and discuss the details
of algorithm implementation.

The GQMP algorithm is then applied to design linear
precoders in spectrum-sharing secure broadcast channels,
where a secondary-user transmitter (ST) communicates with [
seconday-user receivers (SRs) in the presence of J eavesdrop-
pers (EDs) and subject to interference threshold constraints at
K primary-user receivers (PRs). Each node in the system has
multiple antennas. We address the fundamental problem of
maximizing the average secrecy sum rate of the secondary
users through linear precoding under finite-alphabet inputs
and statistical CSI. The precoder design problem is a GQMP
problem, and it can be solved by our proposed algorithm.
Finally, we present a numerical example to show that our
proposed precoding algorithm significantly outperforms the
conventional Gaussian precoding method.

Notations: Boldface lowercase letters, boldface uppercase
letters, and calligraphic letters are used to denote vectors,
matrices and sets, respectively. The real and complex number
fields are denoted by R and C, respectively. The space of
Hermitian n x n matrices is denoted by II"™. The superscripts
()" and (-)! represent transpose and Hermitian operations,
respectively. tr(-) is the trace of a matrix; [a]T denotes
max(a,0); A denotes the positive definite part of a Her-
mitian matrix A, i.e., A = Z)\DO /\iuq;uj, where )\; is the
i-th eigenvalue of A, and u; is the corresponding eigenvector
of A; A denotes the negative definite part of A, i.e.,
AT =37 Aju;u!; || - || denotes the Euclidean norm of a
vector; Ey(-) represents the statistical expectation with respect
to x; I and O denote an identity matrix and a zero matrix,
respectively, with appropriate dimensions; A > B represents
A — B is positive semidefinite; The symbol Z(-) represents
the mutual information; log(-) and In(-) are used for the base
two logarithm and natural logarithm, respectively.

II. GENERALIZED QUADRATIC MATRIX PROGRAMMING

A real-valued function h(X) is said to be a composite
quadratic matrix function if h(X) can be expressed in the
form

h(X) =g(X'AX), geg (1
where X € C™*", A € H", g(W) H" — R and
G is the family of differentiable convex functions satisfy-
ing either matrix-nondecreasing (MND) condition or matrix-
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nonincreasing (MNI) condition. The definition of MND and
MNI are given respectively as [4, ch. 3.6.1]:

MND : W1 >~ W2 = g(Wl) > g(WQ) (2)

A linear combination of composite quadratic matrix functions
is called a generalized quadratic matrix function

K
FX) = apgr(XTALX) €5
k=1
where o, €R, k=1,2,.... K; AyeH", k=1,2,..., K; and
g.€G, k=1,2,... K.

Programming problems dealing with generalized quadratic
matrix functions are called generalized quadratic matrix pro-
gramming (GQMP) problems. The standard form of a GQMP
problem considered in this paper is given by

max)i(mize fo(X)
subject to  f;(X) >0, j=1,2,...,J (%)
XeXx

where X € C"*", X is a closed convex set, and f;(X), j =
0,1,...,J are generalized quadratic matrix functions

K

Fi(X) = ajrgin(XTA;X). (6)

k=1
It is worth noting that a GQMP problem can also be ex-
pressed in the minimization form, since this is equivalent to
the maximization of — fy(X), which is again a generalized
quadratic matrix function. Furthermore, when X' = C™*", and
gik(W) = tr(W) for all (j, k), problem (5) is a nonconvex
quadratic matrix programming problem [3].

The motivation behind the GQMP formulation in (5) is
twofold: First, the throughput with linear precoding for various
linear vector Gaussian channels [5]-[7] can be expressed as a
linear combination of mutual information. Second, the mutual
information in linear vector Gaussian channels is a general-
ized quadratic matrix function. Therefore, GQMP provides a
unified framework for throughput maximization problems with
linear precoding strategy. As an illustration, we consider the
point-to-point vector Gaussian channel

y=HPx+n 7

where H € C"*" is the complex channel matrix, P € C"*"
is the linear precoder, n € C"*! is the independent and
identically distributed (i.i.d.) circularly symmetric complex
Gaussian noise with zero-mean and unit-variance, and x €
C"*! is the arbitrarily distributed channel input signal with
zero-mean and covariance Ey [xx'| =L

In Theorem 1 of [5], the authors presented three properties
of the input-output mutual information Z(x;y):

Z(x;y) is a function of W = PTHTHP
VwI(x;y)=@ (®)

Z(x;y) is a concave function with respect to W

where Vi, Z(x;y) represents the complex gradient of Z(x;y)
with respect to W; ® is known as the minimum mean square
error matrix

® = E[(x — E[x|y])(x — E[x[y])']. 9)

The first property shows that Z(x;y) is a function of W, thus
it can be expressed as Z(W). According to [4, ch. 3.6.1], the
second property guarantees that Z(W) is MND because @ is
a positive semidefinite matrix. The third property implies that
—Z(W) is a differentiable convex function of W. Based on
the definitions in (4) and (5), Z(PTHTHP) is a generalized
quadratic matrix function of P, and the following throughput
maximization problem is a GQMP problem

maximize Z(PTH'HP)
P (10)
subject to  tr(PTP) < 7.

Note that when x is Gaussian distributed, the input-output
mutual information can be represented as

Z(PTH'HP) = logdet(I + PTH'HP). (11)

In this special case, —Z(W) = —logdet(I + W), which is
indeed a convex and MNI function with respect to W.

Although a lot of linear precoder design problems can be
brought under the umbrella of GQMP, it is extremely difficult
to solve GQMP problems due to the following reasons: first,
generalized quadratic matrix functions f;(X), j =0,1,...,J
in (6) are neither convex nor concave with respect to X,
thus problem (5) is a purely nonconvex optimization problem;
second, problem (5) is a NP-hard optimization problem be-
cause the quadratic matrix programming problem is NP-hard
in general. Due to the NP-hardness of problem (5), we develop
a polynomial time algorithm that is guaranteed to converge to
a KKT point of (5).

III. ALGORITHM DESIGN

To design a polynomial time algorithm for GQMP problems,
we first investigate the underlying structure of composite
quadratic matrix functions. For each g(XAX), we provide a
concave lower bound and a convex upper bound, which satisfy
the following three conditions:

1(X;X) < g(XTAX) < u(X;X,) for all X
g(XTAX) = I(X;Xp) = u(X;Xg) when X =X, (12)
Vxg(XTAX) = Vy(X; Xo) = Vxu(X; Xo) when X = X,

where Xg € C™*" is an arbitrary matrix; [(X;X) and
u(X;Xp) serve as the concave lower bound and the convex
upper bound of g(XTAX), respectively. The conditions in
(12) are necessary for us to design an ascent algorithm that
converges to a KKT point of problem (5).

Theorem 1: The concave lower bound of ¢(X"AX) is given
by

1I(X;Xo) = tr(LTG) + g(X§ AXp) — tr(XJAX,G) (13)



with
g(W) is MND

g(W) is MNI 1

L _ { Lla

L2a

where L; = XTAOX 4+ XTA® X, +XIADX - XA X,

Ly = XTAOX + XTAO X+ XIAOX — XJ A X, and

G eH" is the complex gradient of g(W) at W = XESAXO,
ie., G = Vwg(X{AX,).

Proof: See Appendix A. |

Theorem 2: The convex upper bound of g(XTAX) is given
by

. - g(Ul)v
uX; Xo) = { 9(Uz),

where U; = XTADX+XTAO X+ X A0 X -XI A X,
and Uy = XTAOX+XTAD X+ XIADX - X A X,
Proof: The proof is omitted due to space limits. |
Based on Theorems 1 and 2, the concave lower bound of
the generalized quadratic matrix function f;(X) in (6) is given
by

Fi(XX0) =) ajulin(X;X0)+Y  ajpusr(X; Xo) (16)

O(jk>0 O@'k<0

g(W) is MND

g(W) is MNI (15)

where [;,(X;Xy) and wu;,(X;X) represent the concave
lower bound and the convex upper bound of g;;(XTA;;X),
respectively. Since 1,5 (X;Xo) and wu;(X;Xg) satisfy the
conditions in (12), the minorize-maximization (MM) algorithm
[8] can be exploited to find a KKT point of problem (5)
through solving a sequence of the following concave maxi-
mization problems

max)i(mize fo(X;Xo)
subject to  f;(X;Xg) >0, j=1,2,....,J A7)
Xecdk.

In the first iteration, we solve problem (17) at initial X,
and the optimal solution is denoted as X,. Then we replace
X in the objective and constraints of problem (17) with X,
and solve problem (17) again. At the n-th iteration, we solve
problem (17) by replacing f;(X;Xo) with f;(X;X,-1),
7 =0,1,...,J, where X,,_ is the optimal solution of (17)
at the (n — 1)-th iteration. The MM algorithm for solving
problem (5) is summarized in Algorithm 1.

The convergence of Algorithm 1 is presented by the follow-
ing propositions.

Proposition 1: The solution obtained by Algorithm 1 satis-
fies the KKT condition of problem (5).

Proof: This lemma follows from Theorem 1 of [9]. ®

Proposition 2: The sequence {s,} generated by Algorithm

1 is monotonically increasing, i.e., Sp, > Sp—1.
Proof: The proof is omitted due to space limits. |

The proposed algorithm is an iterative procedure between
updating concave lower bounds and solving concave maxi-
mization problems (17). Since (17) is a concave maximization
problem, it can be solved efficiently by the interior-point

Algorithm 1 : The MM algorithm

1) Initialization: Given tolerance € > 0, choose an initial
feasible point Xo, set n = 1, s = fo(Xo). Let X,, rep-
resent the optimal solution of (17) at the n-th iteration.
2) Stopping criterion: if |s,, — s, —1| > € go to the next step,
otherwise STOP.
3) Concave approximation:
a) set Xy = X,, and solve problem (17) to obtain Xn+1-
b) set spp1 = fo(Xng1) and Xope = Xpoq1.

4) Set n:=n+ 1 and go to step 2).

5) Output: X

method. The total number of optimization variables in (17) is
nr, then the complexity order for solving problem (17) is about
O((nr)?) [4]. Assuming that Algorithm 1 needs to update the
concave lower bounds 7' times, the overall complexity is then
given by O(T'(nr)3).
IV. GENERALIZATION AND IMPLEMENTATION

For a multiuser communication system, we often adopt a
utility function to measure the overall system performance. In
this section, we extend the original GQMP problem (5) to the
following optimization problem

22, 5%
subject to  f;(X) >0, j=1+1,2,...,J
XedX
where X € C"*", X is a closed convex set, and f;(X), j =
1,2, ..., J are generalized quadratic matrix functions
K;
F(X) =) ajrgin(XTAX).
k=1
Problem (18) is a GQMP problem with the min-rate utility,

and a KKT point of (18) can be obtained through solving a
sequence of concave maximization problems:

maximize
X

(18)

19)

R =maxjmize  min 1 (X;Xo)
subject to  f;(X;Xo) >0, j=1+1,2,..,J (20
XeXx

where R is the optimal value of problem (20), and f;(X; Xo)
is the concave lower bound of f;(X), j = 1,2,...,J. We
first replace the pointwise minimum with the log-sum-exp
approximation via the following inequality [10]
l
) < i ; .
1nZeXp(,Ba]) < 1%1]1211 a;, 5 <0

. 1 1
min a; + —-Inl < —
1<5<1 —
-7:

B B

2D

By applying (21) to problem (20), we obtain a smooth concave
maximization problem

R(B) =maximize

l
%anexp (8/;(X:Xo))

j=1

(22)
subject to  f;(X;Xo) >0, j=1+1,2,....J



where R(3) is the optimal value of problem (22). The rela-
tionship between problem (20) and problem (22) is revealed
as follows

R(B) - R| < — Inl.

|8l
Since (22) is a convex optimization problem, the optimal value
R(3) can be readily attained by the interior point method [4,
ch. 11.3.1], and the gap between R(3) and R is controlled by
(. Subsequently, we can invoke Algorithm 1 to obtain a KKT
point of problem (18).

(23)

V. APPLICATION

We consider a spectrum-sharing secure broadcast channel
depicted in Fig. 1. A secondary-user transmitter (ST) commu-
nicates with I secondary-user receivers (SRs) in the presence
of J eavesdroppers (EDs) and subject to interference threshold
constraints at K primary-user receivers (PRs). The channel
output at the ¢-th SR, the j-th ED and the k-th PR are,
respectively, given by

inHiS—Fn}Li, i:1,2,...,1
Zj :st+ngj, j:1727...7J
wr=Fs+ny, k=12 ..K 24)

where H; € CMr* N1 G; € CNe* N1 and Fy, € CNPXNT are
complex channel matrices from the ST to the i-th SR, the j-th
ED, and the k-th PR, respectively; s CNr*1 is the channel
input at the ST; ny, € CNeX!, ng € CM2*! and ny, € CNP*!
are independent and identically distributed (i.i.d.) circularly
symmetric complex Gaussian noises with zero-mean and unit-
variance.
The channel input s can be represented as

I
s = ZPin = Px
i=1

where P; € CN7 N7 s the precoding matrix for the i-th SR,
x; € CV7*1 is the input data vector for the i-th SR with zero-
mean and covariance Ey, [xix;r] =LP=[P,P,;,...P] and
T
X = [x{,xg,...,xﬂ .
The channel matrices considered in this paper are modeled
as [11]

(25)

D=

H =H®©:, i=12..,I
~ 1
G =G®2, j=12..J

~ 1
F,=F0;, k=12..K (26)

where H; € CNeX Nt | G; € CNeX Nt and Fy, € CNPXNT are
random matrices with i.i.d. zero-mean unit-variance complex
Gaussian entries; Oy, € CNrxNr 9, c CNrxNr gpd ©y, €
CNr*N1 gre transmit correlation matrices of H;, G; and Fp,
respectively.

We assume that the i-th SR knows the instantaneous channel
realization of H;, the j-th ED knows the instantaneous channel
realization of Gy, and the ST only has statistical channel state
information (CSI) of all nodes in the system, i.e., the transmit

w y
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Fig. 1: System model of the spectrum-sharing secure broadcast channel.

correlation matrices {©),,, ®,,, Oy, ,V(i,7,k)} as well as the
distributions of I:I,; s Gj and Fk. In addition, the i-th SR treats
signals of other SRs as interference, and the j-th ED can at
best decode the signal of the i-th SR while treating signals
of other SRs as interference. Under these assumptions, the
average secrecy rate for the i-th SR can be expressed as [12]

JR— 3 L. . . J— . . . +
R; = 12‘?} [I(xl,yz|Hl) T(x4; z]|G])] 27)
=iy | B, Z(xi;y:|H; =Hj;)

where H; and (_;'j in (28) are given instantaneous channel real-
izations of H; and G, respectively. For notational simplicity,
we omit the given channel realization condition in mutual
information expressions and the following average secrecy
sum rate is achievable

I

) +
Ry = Z 121]-12.1 [EHiI(qu; yi) — EGjI(Xié Zj)}

(29)
=1

We maximize Rgc under the power constraint at the ST
and the interference threshold constraints at PRs. The average
transmit power at the ST is constrained to g

Extr(PxxTPT) =tr(PTP) < (30)

and the average interference power at the k-th PR is limited
by Nz -7k
By, tr(FPxxPTF))
— B tx(P1(0))'F[F0; P)

= N, -tr(P'©;,P) < Ny, Vk. (31)

The second equality in (31) holds because 1) the entries of
F}, are i.i.d. complex Gaussian variables with zero-mean and
unit-variance; 2) Fy and s are independent. Then the linear

precoder design problem can be formulated as
maximize Rysc
P
subject to  tr(PTP) < (32)

tr(PT@;, P) < i, Vk.



We solve problem (32) under finite-alphabet inputs by
GQMP. Instead of Gaussian inputs, we assume that each sym-
bol of the input data vector x is uniformly distributed from a
Q-ary equiprobable discrete constellation set. Then the average
constellation-constrained mutual information FEy 7 (x:3y4)
and Eg 7 (x4;2;) can be expressed as [7]

L
1 y
BuZ(xiyi) =7 D Buom, {loglan)}  (33)

L
o Tlcim) =1 3 P, {080)) G

with
e )
ali, = "= (35)
2( ’)
L
% e (—lIGPLenn+ny, |+ 0, |?)
by, = = (36)

=1
L

3 exp (-G Pey 1, 7+, )
n=1

where the constant L is equal to QV77; I; is a block diagonal
matrix formed by replacing the i-th N, x N, block diagonal
entry of the NI x NI identity matrix I with O; e,,,, is the
difference between x,, and x,,, with x,,, and x,, representing
two possible input data vectors from x.

The computational complexity for evaluating the above
average mutual information and its gradient is prohibitively
high because both (33) and (34) as well as their gradients have
no closed-form expressions. To overcome this difficulty, we
adopt an accurate approximation of the average constellation-
constrained mutual information [13]. The average secrecy sum
rate Ry can then be approximated as

+
;12“% ENCHORFACHD] (37)
where Z,(x;;y;) and Z,(x;;2;) are accurate approximations

of Ey Z(x;;y;) and EGJ,I(xi; z,;), respectively

Ia(xi;yi) = g(IIP1@,, PI;, N,) — g(PT©,, P, N,) (38)
Ta(xi325) = g(IjPTengIi, Ny) — g(PTO, P, N,) (39)
with
—-N
L Z log Z (1"‘ eT Wemn) (40)

Using (37) to replace RBC, problem (32) can be approxi-
mated as

T
o . Coy BN
maximize Zl in, [Za(xi3y:) — Za(xi; 25)] (41)
where P is the set of all feasible precoding matrices
P = {P|tr(P'P) < v, tr(PTO;, P) < v, Vk}.  (42)

The operator [-]* is a major barrier for solving problem
(41). The following proposition shows that the optimal value
of (41) can be obtained via solving a sequence of the following
optimization problem
[Za(xi5yi)—La(x4:2;))

r; =maximize E
PcP 3 1<5<J

(43)
where r; is the optimal value of (43), S; represents the [-th
non-empty subset of {1,2,...,I}.

Proposition 3: Let r. denote the optimal value of problem
(41). Then we have

The = Max 1 (44)
1<i<2l —1
Proof: The proof is omitted due to space limits. |

The physical meaning of each subproblem (43) is inter-
preted as follows. The precoders designed by (43) attempt to
guarantee secure transmission for the SRs in S;. The precoded
signals of other SRs, with individual average secrecy rates
being zeros, are used to confuse the EDs.

Problem (43) is a GQMP problem with the min-rate utility
due to the following proposition.

Proposition 4: (W, N) is a convex and MNI function with
respect to W.

Proof: The proof is omitted due to space limitations. W

Based on Proposition 4, Z,, (x;; ;) —Z.(x;;2;) is a general-
ized quadratic matrix function for all (4, j). Therefore, problem
(43) is a GQMP problem with the min-rate utility, and it can
be solved efficiently by Algorithm 1.

Finally, we provide a numerical example to demonstrate
the efficacy of Algorithm 1. We consider a spectrum-sharing
secure broadcast channel with one ST, two SRs, two EDs and
two PRs. Each node in the system has two antennas. The
transmit correlation matrices are given by

©n, = R(0.9), 0, =
®,, = R(0.55),©;, =

R(0.8),©,, = R(0.45),
R(0.2), ®;, = R(0.6)

(45)
(46)

where R(p) is described from the exponential correlation
matrix model

[R(p)],; ="', pelo,1). (47)

The interference thresholds at PRs are 10dB less than the total
transmit power, i.e., 73 = 2 = 0.17g, and the SNR is defined
as SNR = .

Fig. 2 depicts the comparison results with the conventional
Gaussian precoding under BPSK and QPSK modulations.
The Gaussian precoding method solves problem (32) under
Gaussian signaling by GQMP, and then evaluates the average
secrecy sum rate with the corresponding optimal precoders
and finite-alphabet inputs. Results in Fig. 2 indicate that our
proposed precoding algorithm offers much higher secrecy
sum rate than the Gaussian precoding method, especially
in the medium and high SNR regimes. This is due to the
signal mismatch between ideal Gaussian signals and practical
finite-alphabet signals. The Gaussian precoding method only
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Fig. 2: Proposed precoding versus Gaussian precoding under different modulations.

allocates power to the 1-th SR, and the precoder for the 2-
th SR is 0. In contrast, our proposed precoding algorithm
allocates power to both SRs, and the precoded signal for the
2-th SR acts as the jamming signal to further confuse EDs.
Therefore, our proposed precoding significantly outperforms
the Gaussian precoding method.

VI. CONCLUSION

We introduced a new class of nonconvex optimization called
generalized quadratic matrix programming, which unifies lin-
ear precoding design in various MIMO Gaussian channels
with arbitrary input distributions. In order to solve GQMP
problems, we have proposed a polynomial time algorithm
which is guaranteed to converge to a KKT point. Then we have
considered the application of GQMP on linear precoder design
with finite-alphabet inputs in the spectrum-sharing secure
broadcast channel. The linear precoder design problem is a
GQMP problem, and we solved it efficiently by our proposed
algorithm. A numerical result has been shown to demonstrate
that our proposed precoding algorithm provides a significant
performance gain over the Gaussian precoding method.

APPENDIX A
PROOF OF THEOREM 1

Proof: Since g(W) is a differentiable convex function, it
can be lower bounded by its first-order Taylor approximation
at any point Wy = XBAXO [4, ch. 3.1.3]:

g(W) > g(Wo) + tr[(W — W) Vi g(Wo)].  (48)

By plugging W = XTAX and G = Vy,g(W)) into (48), we
have

g(XTAX) > tr(XTAXG) +9g(Wo)—tr(WoG).  (49)

Note that tr(XTAXG) can be expressed alternatively as
tr(XTAXG) = tr(XTAYXG) + tr(XTAOXG)  (50)
= vee(X)!- [(G' @ AV) + (G’ @ A7)] - vee(X). (51)

If g(W) is MND, the complex gradient G > 0 for all
Xo [4, ch. 3.6.1]. Therefore, G ® AP = 0 and G ®
A <0 [14], which imply the convexity of tr(XTA®XG)

and the concavity of tr(XTAXG). The convex function
tr(XTA®'XG) can be further lower bounded by its first-order
Taylor approximation at Xg:

tr(XTATXG)

> tr(XTAD X, + X[ADX - XFADX(G).  (52)

Combining (49), (50) and (52), we obtain a concave lower
bound when g(W) is MND.

If g(W) is MNI, G < 0 for all X, [4, ch. 3.6.1].
Therefore, tr(XTA'XG) is a concave function of X and
tr(XTA(*)XG) is a convex function of X. The convex
function tr(XTAXG) can be further lower bounded by its
first-order Taylor approximation at X:

tr(XTATXG)

> tr(XTAT X + X[AOX —- XJATX,G).  (53)
Combining (49), (50) and (53), we obtain a concave lower
bound when g(W) is MNL [ |
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