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Abstract—In this paper, we consider the uplink grant-free
SCMA detection where the base station blindly decodes the users’
data without knowing the user activity and their channel state
information. In order to shorten the pilots overhead, a message
passing receiver that jointly performs the channel estimation,
user detection and data decoding is proposed. We formulate the
belief propagation (BP) framework based on the factor graph
of SCMA. However, the direct use of BP for multi-variable
problem is prohibitively complex. Motivated by the idea of
approximate inference, expectation propagation is used to project
the intractable distributions into Gaussian families such that a
linear complexity decoder is obtained. Simulation results show
that the proposed algorithm has a better performance compared
with the existing methods.

Index Terms—SCMA, grant-free, message passing, joint chan-
nel estimation and data detection, expectation propagation.

I. INTRODUCTION

The fifth generation (5G) wireless networks require a
bandwidth-efficient multiuser communication system to meet
the massive connectivity requirements. Sparse code multiple
access (SCMA) is such a non-orthogonal multiple access tech-
nique that can address the challenges in the future network [1].
Benefits from the shaping gain of the multi-dimensional code-
words, SCMA has a better BER performance compared with
other low code rate spreading techniques such as low density
signature (LDS). At the receiver, a modest complexity message
passing algorithm (MPA) is utilized for decoding and several
recent works are proposed to further reduce the decoding
complexity of SCMA [5], [6].

To reduce the latency and pilots overhead, the concept of
contention based grant-free multiple access for SCMA is pro-
posed in [2], [3]. In the contention based grant-free multiple
access, the active users transmit their data without grant from
the base station (BS) and the BS blindly decodes the users’
data without knowing the user activity and their channel state
information (CSI). Meanwhile, according to the statistical data
of mobile traffic [4], the number of simultaneously active users
in a network is limited compared with the massive connected
users. Consequently, the user activity detection can be regarded
as a sparse signals recovery problem.

By formulating the factor graph of SCMA, we propose a
message passing receiver that performs joint channel estima-
tion and data/user detection. Since the receiver explores not
only the pilot symbols but also the transmitted data symbols in
estimating the CSI and the user activity, the pilots overhead are
reduced. To reduce the complexity of belief propagation (BP),

an approximate inference based on expectation propagation
(EP) [7] is proposed to approximate the intractable distribution
into some simpler forms such as Gaussian families. The EP
based receiver has a linear complexity and thus results in a low
latency. We note that the recent work [6] on low complexity
receiver design is also based on EP. However, in their work,
perfect CSI is available and all users are assumed to be active
simultaneously. In this paper, the latter two information are
not available at the receiver and our task is therefore more
challenging.

Notations: Lowercase letters x, bold lowercase letters x and
bold uppercase letters X denote scalars, column vectors and
matrices, respectively. We use (-)* and ()7 to denote complex
conjugate, matrix transpose. CN (z; 7, v) denotes the complex
Gaussian distribution with mean 7 and variance v. diag(x)
is the diagonal matrix with the diagonal entries being vector
x. £\ k means the set £ with element k being excluded and

(f(@))g(e) = Ega) {f(2)}-

II. SYSTEM MODEL
A. SCMA Transceiver Structure

Consider an uplink grant-free SCMA system with K trans-
mitted users. In the encoder, the coded bits c; for user k are
directly mapped to the multi-dimensional SCMA codewords
x, where x,. = (21x, Tok,...,nk)] is an N dimensional
signal constellation point. The symbols in each dimension are
transmitted to one OFDMA subcarrier shared by the other
users in the system. To reduce the multiuser interference in
each subcarrier, the codewords x;; are constructed to be sparse
such that only d, of N dimensions have non-zero symbols
while the remaining ones are set to be zero.

On the receiver side, the received signal at time slot ¢ in
the nth subcarrier can be written as,

K

Ytn = Z hnk:xtnk + Zn, (1)
k=1

where x;,; are the transmitted signals from user k which
comprising both known pilot symbols and unknown SCMA
codewords, h,j is the unknown channel impulse response
(CIR) to be estimated for user k in the nth subcarrier and
we assume that h,j is the frequency-selective block-fading
channel in this paper. Finally, z, is the additive complex
Gaussian white noise with distribution CA/(0, o). Notice that
due to the sparse structure of the SCMA codewords, the
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symbols x;,; from some users may be zero. Therefore, only
d. instead of the whole K users are collided with each other
in each subcarrier.

Writing the signals from N subcarriers in a matrix form,
we have,

K
yi = Z diag(hg)xu + 2, 2)
k=1

where yY: = (ytlayt% ...,ytN)T, hk = (hlk,hgk, ...,h,Nk)T
and z = (21,22, ..., zy) 7. The transmitted SCMA codewords
X4t in each time slot are chosen randomly from a predefined
alphabet set X with size M. As the user activity detection
is also an interest in this paper, we introduce an augmented
alphabet set X* = X U {0} with size |[XT| = M + 1 since
an inactive user is equivalent to be transmitting zero symbols
all the time.

B. Factor Graph Representation

From (2), the joint probability density function (pdf) is
given by p(C,X,H,y) (time index t is dropped here for
notation simplification), where C = [c1,c¢o,...,ck], X =
[x1,X2,...,Xk| and H = [hy, hy, ..., hg] are the collections
of coded bits, SCMA codewords and CIRs from all users,
respectively.

Based on the observation signal y as well as pilot symbols,
the SCMA decoder tries to find the maximum a posterior
(MAP) estimation for each bit cgy,

¢y = argmax p(cply), 3

where cy; is the [th coded bits for user k and p(ci|y) is given
by,

p(ck'l|y) X Z p(C’X7H5y)dH7 (4)

C\Ckl 7X

A direct computation of (4) involves marginalization of dis-
crete variables C and X which is prohibitively complex when
the number of users K is large.

With the observation that C — X — y forms a Markov
chain and the CIRs H are independent of C and X, the joint
pdf can be factorized as follows,

p(C, X, H,y) = p(C)p(X|C)p(y X, H)p(H).  (5)

In (5), p(C) denotes the priori distribution of users’ coded
bits and p(X|C) is given by,

p(X|C) = [ [ p(xrler), (6)
k

where each term p(xj|cy) represents the mapping function
of SCMA encoder. Based on (2), the likelihood function
p(y|X, H) can be written as,

1 K
p(y|X,H) oc exp {—Uzy - Zdiag(hk)XkIQ} .M
k=1
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Fig. 1: Factor graph representation of the SCMA system

For channel H, a non-stationary zero mean complex Gaus-
sian priori distribution is considered in this paper,

p(H) = H(Z(hklak)
k
= [T TTCN Crnks 0,070,
kE n

where a,j is precision parameter and modeled by a Gamma
distribution given by,

®

p(ank; a,b) = Gama(a,k|a, b). )

After integrating the variable au,i, p(hni;a,b) can be written
as,

p(hnk; a, b) = /Q(hnk |O‘nk)p(ank’§ a, b)dank
= St(hnk;M,V7>\), (10)
where the Student’s t-distribution St(h,x; 1, v, A) is given by,

D3 +1) 21

I'(3)

St(hnk; p, v, A) = -

—(5+1)
X 1+%|hnk—u|2 (11)
with =0, A = % and v = 2a. In practice, a non-informative
priori for a and b is assumed and we choose a = 10~ and
b = 1077 in this paper. The Student’s t-distribution exhibits
heavy tails [11] and this property makes h,; favour sparse
solution such that most of h,; in H are near zero values.
Note that the distribution of the active users in a network is
sparse and an inactive user is equivalent to have zero CIRs.

Based on the factorization (5), the factor graph representa-
tion of the SCMA system is plotted in Fig. 1 where square
nodes are used to denote functions (e.g., f:,) and circular
nodes are used to denote variables (e.g., h,x). As can be
observed in Fig. 1, due to the sparse structure of SCMA



codewords, each user chooses only part of subcarriers to
transmit data and only part of users are collided in each
subcarrier. We define F,, to be the set of collision users in
subcarrier n while Vi, to be the set of subcarriers for user k£ to
transmit data. The factor graph is divided into three loops for
data detection, channel estimation and active user detection,
respectively. In the next section, we formulate a joint channel
estimation and data/active user detection scheme based on this
factor graph representation.

III. EP BASED MPA RECEIVER

A. Joint Detection Based on BP and EP

We will discuss the data detection loop in Fig. 1 first. Based
on the BP rule [8], the message from function node f;, to
variable node x;; can be written as,

Z Ixyis fon (x“”)

I.ftn—>xtk (xtnk) =

x;1€F, \k
/ftn th7 H Ih 1—>fm nz H dhmy (12)
i€Fy, i€F,

where Iy, f,.(tni) and Iy, 5, (hyn;) are the extrinsic
message passed from nodes x;; and h,; to fi,, respectively.
X, and H,, respective denote the symbols and CIRs collided
in subcarrier n and f, (X, Hy,) is given by,

} . (13)

Z hnkxtnk|

kEF,
Since the function node f;, involves a mixture of discrete
variables x;,; and continuous variables h,j, the multiple
integration as well as the marginalization make the direct
computation of (12) prohibitively complex.

To reduce the computation complexity of (12), in [9], [10],
a belief propagation mean field (BP-MF) message passing
(or variational message passing) approach is proposed based
on variational Bayesian (VB) inference [11]. Although BP-
MF has a simple update rule, the interference cancellation
structure (e.g., equation (14) in [10]) only involves mean
value of the interferences while the covariance is not being
considered. This makes BP-MF perform poor in estimating
the LLR of x4, when the interferences exist. In [12], Gaus-
sian approximation of the interferences based on central-
limit theorem is proposed. While central-limit theorem is
effective in large scale MIMO-OFDM system, it may result in
a large performance degradation in SCMA since the number
of collision users in each subcarrier is limited (d. compared
with the total K users) due to the sparse structure of SCMA
codewords.

In this paper, instead of using central-limit theorem, the
distribution of each interference item h,,,, T, 1S projected into
Gaussian families separately based on expectation propaga-
tion [7]. Expectation propagation belongs to a class of approx-
imate inference that the intractable distributions are always
approximated with some simpler distributions (e.g., Gaussian

ftn (th7 Hn) X exp { ytn -

families) by minimizing the Kullback-Leibler divergence,

Dict (p(@)lae)) = [ p(o) log E §dx

where p(x) is the original distribution and ¢(z) is the approx-
imated distribution.

Define uinx = hnkTinkg. With the extrinsic messages
I, — o (Tenk) and I, oy, (hpnk), the distribution of vari-
able wuyy,y is given by (15) (see Appendix) where we have as-
sumed that I, k—>fm( ) ~ CN( nk;Thnk_}fthUhnk_)ftn)
which will be shown later in (53). As can be seen from (15),
the distribution of wu,; 1S a mixture of Gaussian and is
discontinuous at u,; = 0. Consequently, we resort to EP
method to project I,, ., (tnk) into Gaussian distribution.

With Ifm—mmk (utnk) ~ CN(utnk’; Tft7z_>utnk’vft7z_>“tn,k)
as an output information from f;,, shown later in (26), the
belief [8] of variable uyy is given by (16) with 5(znk), Tu,,.,
and v, , computed in (17)-(19) and C being a normalization
constant.

(14)

2
v _ Uftn_nttnk vhnk—>ftnk |xt”k| (19)
Utnk ~— v + v |£U |2'
ftn—Utnk hnk—> fink [Vink

By EP principle, b(uink) is projected into a Gaussian distri-
bution b(umk) so that Dk, [b(umk)Hb(utnk)] is minimized.
The result is reduced to moment matching such that,

b(tink) = CN (ks Fupis Durr ) (20)
7A-utnk = Z IB(xtnk>Tutnk7 (21)
Ttnk
Oy = Z B(@tnk) (ITums |2 + Vuynr) — |fumk|27 (22)
Tink

Since Iftn—>utnk (utnk) ~ CN(ut’ﬂk; Tfen—=Utnk s Ufin—tink )’
we have,
b(utnk)
Iftn"“tnk (Utnk)
X CN(UMM Tuink— fin Vtink— fin )7 (23)

Iumk-—>ft,n (utnk) =

where

Tuink

Tutnk—fin = YUink— fin (@
Utnk

_ Tftn—=tink > (24)

Uftn —Utnk

-1
1 1
Vugpp— fin = N - :
LTRSS ’Uftn‘)'utnk

Given the extrinsic message of interference us,i,¢ € Fp\k
follow independent Gaussian distributions, iy = Yin —
2 icF,\k Utni is also a Gaussian variable such that,

(25)

Iftn‘“‘ftnk (Utnk> ~ CN(ut’ﬂk; Tfin—ttnk> Uftnﬁutnk )’ (26)
where
Tfin—utne — Ytn — Z Twini— fns 27
i€F,\k
Ufin—Utnk — o’ + Z Vigni— fen (28)

1€F,\k



I 2\U x
Utnk‘)ftn.< tnk) { xtk%ftw,(xt"k)’

|

Eﬂitnk Ixt,k—>ftnk (‘rtnk) |xtnk |CN(utnk§ Thoyk— fink Ltnks Uhpi— fink | Ttnk ‘2); Ttnk 7é 0; (15)
Ttnk = 0.
b(ut”k) = Luppnr— fin (utnk)‘[ftn‘}ut,nk (utnk)

wa"k ﬂ(x”’k)c'/v.(u”'k’ Tk UUtnk)? Tink 7é 0; (16)

c- L= fin (xtnk)CN(utnk; Tftn%uf,nkvvftnau,,nk% ZTink = 0.
ﬁ(xtﬂk) = C_l‘[xt,k‘)ftnk (‘Ttnk)‘xtnk|CN(Tftn‘>utnk F Think— fenk Ttnks Ufen—uime T Vhne— fenk ‘xtnk|2>7 a7
_ Thnk_ﬁftnk Uftn_ﬂttnkztnk + Tftn_)utnkvhnkﬁftnk |"rt"k|2 (18)

b

Tugnk =

Ufin—Utnk + Uhk— fink |$tnk|2

Now by BP rule, the message sent from function node f;,
to variable node x; can be updated as,

Iftnﬁxf,k (‘rtnk) = /Iftn‘)utnk (utnk)‘[hnkﬁfm(hnk)dhnk
o8 eXp{fAftn%mmk (xtnk)}v (29)
where

2
|Tftn_>utnk B Th'rzkﬁftnztnkﬁ
Ut =ty T Vhng— fin |xtnk‘2
2
+ ln(vftnﬁur,nk + Vhpi— fin |Itnk| )’ (30)

Aftn—>l‘tnk (.I‘tnk) =

and we have assumed that the message I, — 7, (Anr) follows
CN (Bokes Thoi— fons Uhn— fon ) Which will be given in (53).
Notice that in computing (30), not only the mean value but
also the covariance of interferences are involved.

With Iy, _.x,, (%) and the factor graph in Fig. 1, the
message Ix,, _f,, (Tink) can be calculated according to the
BP rule,

Ixtk‘)ftn(xtnk) = H T A— (Ttmk)
m#n

o exp { - Z Aftmg)ztm,k (ivtmk)}

meVi\n
€Y

Now we discuss the channel estimation loop. As in (29),
the message passed from function node f;, to variable node
hpi can be updated as,

Tonshne (Bnk) = > s fon (nk) Lo s (Utnk)

Tink

= Z Ixtkﬁftn (‘Ttnk:)

Tink

! C'/\/‘(hnk'rtnk; Tftn —Utnk Uftn —Utnk )7 (32)

which is a mixture of Gaussian distribution. To get a simpler
form for Iy, p,, (hni), again we project Iy, ., (Rngk) into
Gaussian distribution by EP. The belief of h,; is given by,

b(hnk) = L, Bk ) Ihy s fon (k)
= Z B(xtnk)c-/\/‘(hnky 7~_hnk P 6h71k)7

Ttnk

(33)

where we have assumed I, _,,, (hni) follows Gaussian dis-
tribution CN (Ruie; Thyx— fin s Vhnr— f1, ) Which will be shown
later in (53). 5(znk), T, and Op,, are given by (34)-(36)
and C is a normalization constant.

U fen = tink Vhnk— fin

(36)

Y =5, +v |Tnk]?
ftn—Utnk hnk— ftn |ttnk

By EP principle, after projecting b(h,;) into Gaussian
distribution, we have,

b(hnk) = CN (hurk; Ty, O ), (37)
where by moment matching,
%hnk: = Z ﬂ(xtn]v)%hnm (38)
Tink
One = Y B@imk) (Fane® + On,y) = a0 (39)

Tink

Since Ihnkﬂfm (hnk) ~ CN(hnMThnk%fmvUhnkﬁ*ff,n)’ we
have that,

(k)
It —hy (huk) = 7——F7—
Sen st (k) T fon (At
o CN (M Ty —shis Ve —hni )  (40)
where
Thuk  Thuk—fin
Thin—hmk = Ufin—shnk (@h = o ’ﬁ}; > , (41)
nk nk—>Jtn
-1
1 1
U —shor = | = - . 42)
Jin=lont (Uhnk Uhnk‘hftn)

As Iy, _n. . (hpi) follows Gaussian distribution, the mes-
sage passed from variable node h, to function node g, can
be calculated according to the BP rule,

Tnp s (k) = [ [ Tfenston (k)
t

X CN(hnk; Thuk—qnk s Uhni ﬂan)v (43)
where

_ Tft’!LA)h’n.k 44
Thok—=ank — Yhnk—qnk § ) (44)

¢ Uftn—>hnk

1
1
Vhpk—qnr = Z s (45)
t Uft,n_>hnk



—1 2
B(@ink) = C™ Iy fon @tnt ) CN (Thyy o= fun Tinks Thin—twn > Ufen—uink T Vhoi— fon [Ttnk] )

*
— Thar=fin Vftn—uink + Tfin—Utnk Chnk— fin Tink

(34)

Thor =

2
Ufin—Uink + Uhpi— fin |xt7lk‘|

; (35)

and the production in (43) is through all time slots that A,
is maintain unchanged.

By BP-MF rule, the message passed from function node
Gnk to variable o, is given by,

Lpi—sany (ang) = exp { (I q(hnr|an)b(n,, }
x Gama(ank; 2, |Th,, 1> + Uh,,.)s (46)
where q(hpk|ank) is given by (8) and the belief b(h,y) will
be shown later in (50). The belief of v, is calculated as
b(ank) = p(ank|a7 b)ank—wnk (ank)

x Gama(ang; G, l;), 47)

where a =a+1and b=b+ |, | +vn,,.
By BP-MF rule, the message sent from function node g,
to variable h, is given by

Iy —hi (huk) = exp {<1n(1(hnk|ank)>b(ank)}

o CN (hn; 0,7, L), (48)
where 0+l )
To = )

" b+ |Thnk |2 + Vb,
is the mean value of .
To compute the belief of h,;, with BP rule we have,
b(hnk) = Ihnk—ﬂlnk (hnk)ank—ﬂlnk (hnk)
X CN(hnlm Thpr s Uhnk)a (50)
h
where - Thok—ank 51)
" 1+ Ttk Vhne—qnk ’
Uh"k — Uhnk_ﬂlnk (52)

1+ Tank Vhnke—ank

Finally, the message I, #,,., (hni) can be calculated as,

b(hn)
I, Whng) = ——7—
K ( " ) Iftn—ﬁlnk(hnk)
O CN (M Thie— fions Vi — fin )s - (53)
where
Thn Tfin—hn
Thyk— fin = Vhpi— fin (Uh = - U];t :; ’“> , (54)
nk tn Ink
-1
1 1
Vbt = fon = ( - ) . (55)
' Uhnk  VUfin—hnk

In (46)-(49) we used variational message passing to update the
messages of h,j and oy, since VB [11] has been shown to be
effective in sparse signals learning. In (48), 7o, serves as the
inverse of the channel power. When Ta_nlk — 0, the CIR A, —
0 as well. Since the inactive users are equivalent to have zero
CIRs, an inactive user k is judged when ZnEVk Qupt <6
and vise versa, where ¢ is a small enough number.

B. Complexity Analysis

The computational analysis of the proposed algorithm is
discussed in this subsection. In data detection loop, the
computation consumption is dominated by (17)-(22) where
the complexity in calculating B(Z¢nk), Tu,,, and vy, , is
in the order of N(M + 1)d. for each time slot. Similarly,
the computation consumption for channel estimation loop is
dominated by calculating 8(%nk ), Th,,, and Oy, in (34)-(36)
where the complexity is also in the order of N(M+1)d,.. From
the above discussion, the proposed algorithm has a complexity
that grows linearly with the number of collision users in each
subcarrier d. and the alphabet size M.

IV. SIMULATION RESULTS

In this section Monte Carlo simulation is provided for
the comparison of different schemes in terms of normalized
minimum mean square (NMSE) for channel estimation and
bit error rate (BER). The frequency-selective block-fading
channel coefficients h,,; are generated randomly according to
a zero mean unit variance Gaussian distribution. We assume
that h,,; remains constant in N, = 64 SCMA codewords and
N, =9 pilot symbols are inserted within one fading block for
channel estimation. The 200% overloaded SCMA system with
M =4, N =20, K =40,d, = 2 and d. = 4 is considered in
this paper. 9 out of 40 active users are generated randomly and
the active users transmit 2048 half rate turbo coded bits in each
transmission. Monte Carlo with 1000 random transmissions
are simulated to get the final results.

The proposed scheme is referred as BP-GA-EP (belief
propagation based Gaussian approximation with expectation
propagation) and is compared with BP-MF [9] and BP-
GA [12], respectively. For BP-GA-EP and BP-GA, 5 iterations
with the pilot symbols are ran to get an initial estimation of
hnr and 10 iterations are followed for joint channel estimation
and data detection. The VB can only find a local optimum
solution and is sensitive to the initialization. Therefore, for BP-
MF, an MMSE estimation of h,,; is computed first before the
pilot aided iteration. With the pilot aided channel estimation,
MPA with 3 iterations are computed to get an initial estimation
of the mean of x,;. After that, 10 iterations joint channel
estimation and data detection are implemented.

In Fig. 2 , the NMSE which is defined by E{‘h”‘k}fiflg’*ﬁ
is compared. As can be seen from the figure, the pfbposed
BP-GA-EP performs best among the three methods. It has 3
dB gain compared with BP-GA at 10~2 and more than 2 dB
gain compared with BP-MF at 10~3. Further, the gap becomes
larger as the SNR increases. In Fig. 3, BER performance is
evaluated. From the figure, we can observe that the BP-GA

has a poor performance due to the limited number of collision
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users in each subcarrier for SCMA. At this time, the central-
limit theorem becomes less effective. Meanwhile, compared
with BP-MF the BP-GA-EP has about 1 dB gain since it
explores not only the mean value but also the covariance in
computing (30), the probability of the data symbols. The genie
aided case when the receiver has the perfect CSI and knows
exactly the users’ activity is also plotted and the performance
degradation is about 2 dB due to the imperfect CSI estimation.

V. CONCLUSION

In this paper, a joint channel estimation and data detec-
tion receiver for uplink grant-free SCMA is developed. In
estimating of the CSI and user activity, not only the pilot
symbols but also the SCMA codewords are explored. However,
the estimation of multi-variables makes the direct use of
BP infeasible due to the high complexity. The approximate
inference based on EP is proposed in order to reduce the com-
putational complexity. Simulation results show that compared
with the existing methods, the proposed scheme has a better
performance for both channel estimation and data detection.

APPENDIX

To get the distribution for message I,, , — f,,, (Unk) in (15),
we first compute the cumulative probability distribution (CDF)
which is given by

p(hnkxtnk < utnk) = <p(hnkxtnk < Utnk|$tnk)>1xtkﬁfmk (Ttnk)
= Ixtk%ftnk (xtnk = 0)5(utnk > O)

+ Z Ixtkﬁftnk (xtnk)p(hnkxtnk < utnk|xtnk)7
7Jtnk750
(56)

where 5(Utnk > 0) = p(utnk > hnkxtnk|1‘tnk = 0) is an
indicator function depending whether wuy,; > 0 or not. Due to
this indicator function, the CDF is discontinuous at u;,; = 0.
Let F(utnk) = P(hnkZink < Unk), We have,

lim  F(ugg) — lim  F(umk)
Ugnk—0 Uppn—0~

p(utnk = 0) =
= Ixtk—>ftnk (l'tnk = O) (57)

For xy,,) # 0, the distribution of u,) can be get in a similar
way as in [13], Chapter 6.
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