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Abstract—This paper investigates the hybrid precoding design
for millimeter wave (mmWave) multiple-input multiple-output
(MIMO) systems with finite alphabet inputs. The precoding
problem is a joint optimization of analog and digital precoders,
and it imposes nonconvex constant modulus constraints on the
analog precoder. We treat this problem as a matrix factorization
problem with constant modulus constraints. The main contri-
butions of our work are listed as follows: First, we propose
sufficient and necessary conditions for hybrid precoding schemes
to realize any unconstrained optimal precoders exactly when the
number of data streams is equal to the number of radio frequency
chains. Second, we show that the power constraint in the hybrid
precoding problem can be removed without loss of optimality.
Third, we present a trust region Newton method to solve
our problem using gradient and Hessian information, and the
proposed algorithm converges to a stationary point satisfying the
first and second order necessary optimality conditions. Several
numerical examples are provided to show that the proposed
algorithm outperforms existing hybrid precoding algorithms.

I. INTRODUCTION

Millimeter wave (mmWave) multiple-input multiple-output
(MIMO) communication with linear precoding is a promis-
ing technique for future generation wireless communication
systems. For conventional MIMO systems, linear precoding
techniques are implemented in the digital domain by fully
digital precoders. Computing an optimal fully digital precoder
is a well understood procedure, and the solution is known to be
the unconstrained optimal precoder. However, it is infeasible to
employ unconstrained optimal precoders directly at mmWave
frequencies due to several hardware constraints [1]. To address
this issue, a hybrid precoding scheme has been proposed for
mmWave MIMO systems [2]–[7]. This scheme divides the
linear precoder into analog and digital precoders, which are
implemented in analog and digital domains, respectively. The
analog precoder is realized by phase shifters, thus its elements
satisfy constant modulus constraints. These nonconvex con-
stant modulus constraints form a major challenge for hybrid
precoding design, and several hybrid precoding algorithms
have been proposed to tackle this problem.

So far, most existing works on hybrid precoding [2]–
[6] assume ideal Gaussian inputs, which are rarely realized
in practice. It is well known that practical systems utilize
finite-alphabet inputs, such as phase-shift keying (PSK) or

quadrature amplitude modulation (QAM). Furthermore, it has
been shown that linear precoding under Gaussian inputs are
quite suboptimal for practical systems with finite-alphabet
inputs [8]–[12]. Recently, the authors in [7] proposed an
iterative gradient descent algorithm for single user mmWave
MIMO systems with finite-alphabet inputs. The proposed
gradient descent algorithm can achieve up to 0.4 bits/s/Hz
gains compared to the Gaussian inputs scenario.

In this paper, we study the hybrid precoding design for
mmWave MIMO systems from the matrix factorization per-
spective. The contributions of this paper are summarized as
follows:

∙ We first provide a sufficient condition under which hybrid
precoding schemes can realize any unconstrained optimal
precoders exactly. When the sufficient condition does not
hold, we also present a necessary condition for hybrid
precoding to achieve the performance of unconstrained
optimal precoders.

∙ We prove that the coupled power constraint in the hybrid
precoding problem can be removed without loss of local
and global optimality. This result greatly simplifies the
precoding design, and it provides a theoretical guarantee
for previous hybrid precoding algorithms that drop the
power constraint directly without any proof.

∙ We derive closed form expressions for gradient and
Hessian of the hybrid precoding problem. Then we utilize
these information to design a trust region Newton algo-
rithm. The proposed algorithm converges to a stationary
point satisfying the first and second order necessary
optimality conditions.

Notations: Boldface lowercase letters, boldface uppercase
letters, and calligraphic letters are used to denote vectors,
matrices and sets, respectively. The real and complex number
fields are denoted by R and C, respectively. The superscripts
(⋅)T, (⋅)∗ and (⋅)H stand for transpose, conjugate, and con-
jugate transpose operations, respectively. tr(⋅) is the trace
of a matrix; ∥ ⋅ ∥ denotes the Euclidean norm of a vector;
∥ ⋅ ∥𝐹 represents the Frobenius norm of a matrix; 𝐸x(⋅)
represents the statistical expectation with respect to x; I and
0 denote an identity matrix and a zero matrix, respectively,
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with appropriate dimensions; ⊗ and ∘ are Kronecker and
Hadamard matrix products, respectively; ℐ(⋅) represents the
mutual information; ℜ and ℑ are the real and image parts of
a complex value; log(⋅) is used for the base two logarithm.

II. SYSTEM MODEL AND PROBLEM FORMULATION

A. System Model

Consider a point-to-point mmWave MIMO system, where
a transmitter with 𝑁T antennas sends 𝑁S data streams to a
receiver with 𝑁R antennas. The number of RF chains at the
transmitter is 𝑁RF, which satisfies 𝑁S ≤ 𝑁RF ≤ 𝑁T. The
received baseband signal y∈C𝑁R×1 can then be written as

y = HFRFFBBx+n (1)

where H ∈ C𝑁R×𝑁T is the mmWave channel matrix;
FRF ∈ C𝑁T×𝑁RF is the analog precoder satisfying ∣[FRF]𝑘𝑙∣ =

1√
𝑁T

, ∀(𝑘, 𝑙); FBB ∈ C𝑁RF×𝑁S is the digital precoder; x ∈
C𝑁S×1 is the input data vector and n ∈ C𝑁R×1 is the inde-
pendent and identically distributed (i.i.d.) circularly symmetric
complex Gaussian noise with zero-mean and covariance 𝜎2I.

The input data vector x is uniformly distributed from a given
constellation set with cardinality 𝑀 . Suppose that the channel
H is known at both the transmitter and receiver, then the input-
output mutual information is given by [10]

ℐ(x;y)=log𝐾− 1

𝐾

𝐾∑
𝑚=1

𝐸n

{
log

𝐾∑
𝑘=1

exp

(
− ∣∣HFe𝑚𝑘+n∣∣2−∣∣n∣∣2

𝜎2

)}
(2)

where F=FRFFBB, 𝐾 =𝑀𝑁S is a constant, and e𝑚𝑘 is the
difference between x𝑚 and x𝑘, with x𝑚 and x𝑘 being two
possible distinct data vectors from x.

B. Channel Model

The mmWave MIMO channel can be characterized by
standard multipath models. Suppose the number of physical
paths between the transmitter and the receiver is 𝐿. Each path
𝑙 is described by three paramaters: complex gain 𝛼𝑙, angle of
arrival 𝜃R,𝑙 and angle of departure 𝜃T,𝑙. Under this model, the
channel matrix H is given by

H=

√
𝑁R𝑁T

𝐿

𝐿∑
𝑙=1

𝛼𝑙a(𝜃R,𝑙)a(𝜃T,𝑙)
𝐻 (3)

where {𝜃R,𝑙} and {𝜃T,𝑙} are i.i.d. uniformly distributed over
[0, 2𝜋), and {𝛼𝑙} are i.i.d. complex Gaussian distributed with
zero-mean and unit-variance. a(𝜃T,𝑙) and a(𝜃R,𝑙) are array
steering vectors of the transmit and receive antenna arrays,
respectively. In this paper, the transmitter and receiver adopt
uniform linear arrays, and the array steering vector a(𝜃) is
given by

a(𝜃)=
1√
𝑁

[
1, 𝑒−𝑗 2𝜋

𝜆 𝑑 sin 𝜃, ..., 𝑒−𝑗 2𝜋
𝜆 𝑑(𝑁−1) sin 𝜃

]𝑇
(4)

where 𝑁 is the number of antenna element, 𝜆 is the wave-
length of operation and 𝑑= 𝜆

2 is the antenna spacing.

C. Problem Formulation

A fundamental approach to hybrid precoding is to max-
imize the input-output mutual information under the power
and constant modulus constraints. Suppose that the receiver
performs ideal decoding, then the hybrid precoding problem
is formulated as

maximize
FRF∈𝒰,FBB

ℐ(x;y)
subject to tr

(
F𝐻

BBF
𝐻
RFFRFFBB

)≤𝑃
(5)

where ℐ(x;y) is given in (2), 𝑃 is the power budget at the
transmitter and 𝒰 is the feasible set of analog precoders, i.e.,
𝒰=

{
FRF :∣[FRF]𝑘𝑙∣= 1√

𝑁T
, ∀(𝑘, 𝑙)}. It is challenging to solve

problem (5) directly due to two reasons: First, problem (5) is
nonconvex because both ℐ(x;y) and 𝒰 are neither convex
nor concave with respect to (FRF,FBB). Second, iterative
algorithms for problem (5) have to evaluate the objective
function ℐ(x;y) in each iteration, which can be very costly
because ℐ(x;y) has no closed form expressions.

To mitigate these difficulties and simplify the precoding
design, we adopt the following nonlinear least square formu-
lation [2], where hybrid precoders (FRF,FBB) are found by
approximating the unconstrained optimal precoder Fopt, i.e.,

minimize
FRF∈𝒰,FBB

∣∣Fopt−FRFFBB∣∣2𝐹
subject to tr

(
F𝐻

BBF
𝐻
RFFRFFBB

)≤𝑃.
(6)

The unconstrained optimal precoder is given by [10], [11]

Fopt=argmax
F∈ℱ

ℐ(x;y) (7)

where ℱ={F : tr(F𝐻F)≤𝑃} is the feasible set.

III. STRUCTURES OF THE HYBRID PRECODING PROBLEM

In this section, we first present sufficient and necessary
conditions, under which hybrid precoding schemes can realize
any unconstrained optimal precoder exactly. Then we prove
that the power constraint tr

(
F𝐻

BBF
𝐻
RFFRFFBB

)≤𝑃 in problem
(6) can be removed without loss of local and global optimality.

A. Optimality of Hybrid Precoding Schemes

The hybrid precoding scheme offers a compromise between
performance gain and hardware complexity, and its perfor-
mance is bounded by the unconstrained optimal precoder in
(7). When the hybrid precoding scheme can realize any un-
constrained optimal precoder exactly, it is an optimal scheme.
Then a fundamental question arises:

∙ Question 1: under what conditions can hybrid precoding
schemes realize any unconstrained optimal precoders?

In other words, we want to find necessary and/or sufficient
conditions, under which there exist (FRF,FBB) such that
FRF ∈ 𝒰 and Fopt = FRFFBB. The best known result related
to this question was shown in [3], [5]. It says that when the
number of data streams is restricted to be lower than 1

2𝑁RF,
we can construct analog and digital precoders to realize any
unconstrained optimal precoder with dimensions 𝑁T ×𝑁S.
However, this result sacrifices the number of data streams



to satisfy Fopt = FRFFBB. In order to achieve the maximum
mutual information, we should transmit 𝑁RF data streams
rather than 1

2𝑁RF data streams. This motivates us to reconsider
Question 1 under 𝑁S=𝑁RF.

First, we transform Question 1 into another existence prob-
lem through the following proposition.

Proposition 1: Suppose FRF is a full rank matrix, then the
following two statements are equivalent:

1) There exists (FRF,FBB) such that FRF ∈ 𝒰 and Fopt =
FRFFBB.

2) There exists a full rank square matrix S∈C𝑁RF×𝑁RF such
that UFS∈𝒰 .

Here UF ∈ C𝑁T×𝑁RF is a unitary matrix with left singular
vectors of Fopt.

Proof: The proof is omitted due to space limits.
The existence problem of UFS∈𝒰 depends on UF which

has a close connection with the channel matrix H. Let the
singular value decomposition (SVD) of H be

H=UHΣHV
𝐻
H (8)

where UH ∈ C𝑁R×𝑁 is a unitary matrix with left singular
vectors, ΣH∈C𝑁×𝑁 is a diagonal matrix with singular values
arranged in decreasing order, VH∈C𝑁T×𝑁 is a unitary matrix
with right singular vectors, and 𝑁 = max{rank(H), 𝑁RF}.
According to [10, Proposition 2], UF can always be chosen
as the first 𝑁RF columns of VH, i.e.,

UF=VH(:, 1:𝑁RF). (9)

Based on this observation, we obtain a sufficient condition for
hybrid precoding schemes to realize the unconstrained optimal
precoders.

Proposition 2: When the number of paths 𝐿 = 𝑁RF =
𝑁S ≤ min(𝑁R, 𝑁T), there exists a full rank matrix S such
that UFS∈𝒰 .

Proof: See Appendix A.
Combining Propositions 1 and 2, we conclude that hybrid pre-
coding can achieve the performance of unconstrained optimal
precoders if the following condition holds:

𝐿=𝑁RF=𝑁S≤ min(𝑁R, 𝑁T). (10)

However, condition (10) does not always hold. In the rest of
this subsection, we will investigate the existence problem of
UFS∈𝒰 under general scenarios.

First, we rewrite UFS∈𝒰 as

∣u𝐻
𝑘 s𝑙∣= 1√

𝑁T
, 𝑘 = 1, ..., 𝑁T, 𝑙 = 1, ..., 𝑁RF. (11)

where u𝐻
𝑘 is the 𝑘-th row of UF, and s𝑙 is the 𝑙-th column of

S. Combining equation (11) and rank(S)=𝑁RF, our problem
is equivalent to finding 𝑁RF linear independent solutions {s𝑙}
to the following system of quadratic equations:

∣u𝐻
𝑘 s∣= 1√

𝑁T
, 𝑘 = 1, ..., 𝑁T. (12)

Unfortunately, problem (12) is intractable because checking
the existence of solutions to a general system of quadratic

equations is nondeterministic polynomial time (NP)-hard [13].
Instead, we investigate necessary conditions for the existence
of solutions to problem (12).

The main idea is to transform the quadratic system (12) into
a linear system by semidefinite programming. Define Z=ss𝐻

and C𝑘=u𝑘u
𝐻
𝑘 , then our problem is equivalent to finding 𝑁RF

linear independent solutions to the following linear system
with a nonlinear equality constraint:

tr(C𝑘Z)=
1

𝑁T
, 𝑘 = 1, ..., 𝑁T, Z=ss𝐻 . (13)

To rewrite (13) in standard forms, C𝑘 and Z are vectorized
based on the following results:

tr(C𝑘Z)=vec(C𝑇
𝑘 )

𝑇 vec(Z) (14)

vec(ss𝐻)=s⊗ s∗. (15)

Then problem (13) can be expressed more compactly as

C𝑇 z=1, z=s⊗ s∗ (16)

where z=vec(Z) and C is given by

C=𝑁T ⋅
[
vec(C𝑇

1 ), ..., vec(C
𝑇
𝑁T
)
]
. (17)

The main barrier for solving problem (16) is the nonlinear
constraint z=s⊗s∗, which restricts solutions of C𝑇 z=1 with
a certain structure. Therefore, we first ignore z= s ⊗ s∗ and
focus on the linear system C𝑇 z=1. Clearly, if problem (16)
has 𝑁RF linear independent solutions, then C𝑇 z = 1 should
have at least 𝑁RF linear independent solutions. Based on this
observation, the following proposition provides a necessary
condition for the existence of a full rank S such that UFS∈𝒰 .

Proposition 3: If there exist a full rank square matrix S
satisfying UFS∈𝒰 , then we have

1) ∣∣s𝑙∣∣2=1, 𝑙 = 1, 2, ..., 𝑁RF

2) rank(C)≤𝑁2
RF−𝑁RF+1

where C is a matrix function of UF.
Proof: The proof is omitted due to space limits.

When the number of paths 𝐿>min(𝑁R, 𝑁T), C is usually a
full rank matrix. In this case, we derive the minimum number
of RF chains needed for hybrid precoding to achieve the
performance of unconstrained optimal precoders.

Corollary 1: When C∈C𝑁2
RF×𝑁T is a full rank matrix, we

require at least
√

𝑁T − 3
4 +

1
2 RF chains for hybrid precoding

schemes to realize any unconstrained optimal precoder exactly.
Proof: The proof is omitted due to space limits.

B. Structures of Problem (6)

The hybrid precoding problem (6) is a nonconvex problem,
and theoretical challenges of problem (6) are listed as follows:

1) The optimization variables FRF and FBB are coupled
through the power constraint. Therefore, we cannot de-
ploy the alternating minimization approach which re-
quires separate variables in constraints. If we jointly
optimize (FRF,FBB), the difficulty also lies in handing the
intersection of power and constant modulus constraints.



2) The bilinear mapping (FRF,FBB) �→FRFFBB is not a one-
to-one mapping, thus (FRF,FBB) and (FRFΣ,Σ−1FBB)
result in the same objective value, where Σ is a diagonal
matrix with unit modulus diagonal entries to ensure
FRFΣ ∈ 𝒰 . In other words, we should expect problem
(6) to have infinite number of local minima and saddle
points.

Existing works [2], [4], [6] address the first issue by simply
dropping the power constraint, and then solve the following
relaxed problem:

minimize
FRF∈𝒰,FBB

∣∣Fopt−FRFFBB∣∣2𝐹 . (18)

Since FRF and FBB are separate in constraints, problem (18)
can be solved by standard optimization techniques, e.g., the
alternating minimization approach. After obtaining a high
quality solution (F̂RF, F̂BB) to problem (18), the normalization

F̂BB :=
√
𝑃 ⋅ F̂BB

∣∣F̂RFF̂BB∣∣𝐹
(19)

is utilized to satisfy the power constraint. However, the corre-
sponding solution after normalization may not be a high qual-
ity solution to problem (6). To the best of our knowledge, the
relationship between problems (6) and (18) has not been fully
understood in previous works. In this paper, we fully address
this issue by proving the equivalence between problems (6)
and (18).

Theorem 1: If (F̂RF, F̂BB) is a KKT point (or globally
optimal solution) of problem (18), then it is also a KKT point
(or globally optimal solution) of problem (6).

Proof: See Appendix A.
According to Theorem 1, any KKT point of problem (18)

satisfies tr
(
F𝐻

BBF
𝐻
RFFRFFBB

)≤𝑃 , thus the power constraint can
be removed without loss of local and global optimality.

Problem (18) is a constant modulus matrix factorization
problem where a given matrix Fopt is factorized into two
complex matrices (FRF, FBB) under constant modulus con-
straints on FRF. Based on the previous analysis, problem (18)
has infinite number of saddle points, and we will design an
efficient algorithm that can address this issue in Section IV.

IV. CONSTANT MODULUS MATRIX FACTORIZATION

First, we observe that for any given FRF, problem (18) is a
least square problem

minimize
FBB

∣∣Fopt−FRFFBB∣∣2𝐹 . (20)

Suppose that FRF has full column rank, then the optimal
solution to problem (20) is

FBB = F+
RFFopt (21)

where F+
RF = (F𝐻

RFFRF)
−1F𝐻

RF is the Moore-Penrose pseu-
doinverse of FRF. Inserting (21) into problem (18), FBB is
eliminated and we obtain the modified problem:

minimize
FRF∈𝒰

𝑓(FRF)= ∣∣Fopt−FRFF
+
RFFopt∣∣2𝐹 (22)

This elimination technique is called the variable projection
method, which was proposed in [14] to solve unconstrained
problems in real field. The following theorem guarantees that
problems (18) and (22) are equivalent.

Theorem 2: If F̂RF is a KKT point of problem (22) and
F̂BB = F̂+

RFFopt, then (F̂RF, F̂BB) is a KKT point of problem
(18). Furthermore, F̂RF is a globally optimal solution of
problem (22) if and only if (F̂RF, F̂BB) is a globally optimal
solution of problem (18).

Proof: The proof is omitted due to space limits.
The variable projection technique reduces the search space

from (FRF,FBB) to FRF, thus improving efficiency and possibly
reducing the number of suboptimal KKT points. As a result,
problem (22) is more likely to converge to a globally optimal
solution than problem (18).

Problem (22) can be further transformed into a uncon-
strained problem via change of optimization variables. Note
that nonconvex constant modulus constraints imply that we can
only change the phase of the analog precoder FRF. Therefore,
instead of using FRF as the optimization variable, it is more
convenient to optimize the phase of FRF directly. Let the phase
of FRF be Φ, i.e., [FRF]𝑘𝑙 = 1√

𝑁T
𝑒𝑗[Φ]𝑘𝑙 . Using Φ as the

optimization variable and rewriting FRF as FRF(Φ), we can
drop the constant modulus constraints 𝒰 and reformulate (22)
as the following unconstrained minimization problem:

minimize
Φ

𝜑(Φ)= ∣∣Fopt−FRF(Φ)F+
RF(Φ)Fopt∣∣2𝐹 . (23)

The gradient and Hessian matrices of 𝜑(Φ) are given in the
following theorem.

Theorem 3: The gradient and Hessian matrices of 𝜑(Φ) are
given respectively as

∇𝜑(Φ)=2ℑ[Z1FoptZ
𝐻
2 ∘F∗

RF

]
(24)

∇2𝜑(Φ)=2ℜ[diag(vec[Z1FoptZ
𝐻
2 ∘F∗

RF

])−M
]

(25)

where Z1=FRFF
+
RF−I, Z2=F+

RFFopt, and M is given by

M=D∗
[
(Z2Z

𝐻
2 )𝑇 ⊗Z1+(F𝐻

RFFRF)
−𝑇 ⊗Z1FoptF

𝐻
optZ

𝐻
1

]
D

−D∗[E+E𝑇
]
D∗. (26)

Here E=(Z1FoptZ
𝐻
2 )𝑇⊗(F+

RF)
𝐻K𝑁T,𝑁RF with K𝑁T,𝑁RF being

the commutation matrix, and D=diag[vec(FRF)].
Proof: The proof is omitted due to space limits.

With the gradient and Hessian matrices at hand, we propose
a trust region Newton method to solve problem (23). At each
iteration of the trust region Newton method for minimizing
𝜑(Φ), we have an iterate Φ𝑘, a radius Δ𝑘 of the trust region,
and a quadratic model

𝑞(S∣Φ𝑘)=g𝑇
𝑘vec(S)+

1

2
vec(S)𝑇

[∇2𝜑(Φ𝑘)
]
vec(S) (27)

where g𝑘=vec
[∇𝜑(Φ𝑘)

]
, and 𝑞(S∣Φ𝑘) serves as the approx-

imation of the value 𝜑(Φ𝑘+S)− 𝜑(Φ𝑘). Next, we determine
the step S𝑘 by solving the following trust region subproblem:

S𝑘=argmin
S∈𝒮

𝑞(S∣Φ𝑘) (28)



where 𝒮=
{
S: ∣∣S∣∣𝐹 ≤Δ𝑘

}
. Then we update Φ𝑘 and Δ𝑘 by

checking

𝜌𝑘=
𝜑(Φ𝑘+S𝑘)− 𝜑(Φ𝑘)

𝑞(S𝑘∣Φ𝑘)
(29)

where 𝜌𝑘 is the ratio of the actual reduction in the function to
the predicted reduction in the quadratic model. Updating rules
for Φ𝑘 and Δ𝑘 are given as follows [15]:

Φ𝑘+1=

{
Φ𝑘 + S𝑘 if 𝜌𝑘 > 𝜂1

Φ𝑘 if 𝜌𝑘 ≤ 𝜂1
(30)

Δ𝑘+1=

⎧⎨
⎩

𝛾1∣∣S𝑘∣∣𝐹 if 𝜌𝑘 ≤ 𝜂1

Δ𝑘 if 𝜂1 < 𝜌𝑘 < 𝜂2

max(𝛾2∣∣S𝑘∣∣𝐹 ,Δ𝑘) if 𝜌𝑘 ≥ 𝜂2

(31)

where 𝜂1 < 𝜂2 < 1 and 0 < 𝛾1 < 1 < 𝛾2 are pre-specified
positive values. The details of our trust region algorithm are
given in Algorithm 1.

Algorithm 1 Trust region algorithm for problem (23)

1. Given Fopt. Set initial Φ0 and Δ0.
2. For 𝑘 = 0, 1, ... (outer iterations)

∙ If ∣∣∇𝜑(Φ𝑘)∣∣𝐹 <𝜖, stop.
∙ Solve the trust region subproblem (28) to obtain S𝑘.
∙ Compute 𝜌𝑘 via (29).
∙ Update Φ𝑘 to Φ𝑘+1 according to (30).
∙ Obtain Δ𝑘+1 according to (31).

3. Return FRF=
1√
𝑁T

exp(𝑗Φopt) and FBB=F+
RFFopt.

In each iteration of Algorithm 1, a solution to the trust
region subproblem (28) can be computed in polynomial time
by the safeguarded root finding method [16]. Moreover, the
convergence of Algorithm 1 is guaranteed by the following
proposition.

Proposition 4: The solution obtained by Algorithm 1 satis-
fies the first and second order necessary optimality conditions,
i.e., ∇𝜑(Φopt)=0 and ∇2𝜑(Φopt)ર0.

Proof: The proof follows directly from Theorem 4.7 of
[16].

V. NUMERICAL RESULTS

In this section, we provide a numerical example to evaluate
the performance of our proposed algorithm. The parameters
in Algorithm 1 are set as

𝜂1=0.05, 𝜂2=0.9, 𝛾1=0.25, 𝛾2=2.5. (32)

Consider a transmitter with 𝑁T = 32 antennas and 𝑁RF =
2 RF chains sends 𝑁S = 2 data streams to a receiver with
𝑁R = 8 antennas. The number of paths 𝐿 is set as 2. The
input signal is drawn from QPSK modulation, and the signal-
to-noise ratio (SNR) is defined as SNR = 𝑃

𝜎2 . Finally, the
average mutual information is plotted versus SNR over 500
channel realizations.

Fig. 1 shows that our proposed algorithm outperforms the
gradient descent (GD) algorithm with finite-alphabet inputs
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Fig. 1: Average mutual information versus SNR for different methods in a 8×32 system
with 𝑁RF =𝑁S =2.

[7], the orthogonal matching pursuit (OMP) algorithm with
Gaussian inputs [2] and the MO-AltMin algorithm with Gaus-
sian inputs in whole SNR regimes. Note that our proposed al-
gorithm has about 5 dB gain as compared to the OMP and MO-
AltMin algorithm, and it has about 0.1 bps/Hz improvement
compared with the GD algorithm. Since mmWave provide
very large bandwidths, a gain of 0.1 bps/Hz would translate
to a large increase in the effective data rate. Moreover, our
proposed algorithm achieves nearly the same performance as
the unconstrained optimal precoder, and this result is in accord
with Proposition 2.

VI. CONCLUSION

This paper considers the hybrid precoding design for
mmWave MIMO systems with finite-alphabet inputs. The
precoding problem is formulated as a matrix factorization
problem with constant modulus constraints. We first propose
sufficient and necessary conditions for hybrid precoding to
achieve the performance of unconstrained optimal precoders.
Then we show that the power constraint can be removed
without loss of optimality. Finally, we propose a trust region
Newton method to solve the precoding problem. A numerical
example is provided to show the performance gain of our
proposed algorithm over existing algorithms.

APPENDIX A
PROOFS OF PROPOSITIONS 2 AND THEOREM 1

Proof of Proposition 2: We first rewrite H in (3) in a
more compact form as

H=ARdiag(𝜶)A
𝐻
T (33)

where 𝜶 =
√

𝑁R𝑁T
𝐿 [𝛼1, ..., 𝛼𝐿]

𝑇 , AR ∈ C𝑁R×𝐿 and AT ∈
C𝑁T×𝐿 are array steering matrices with constant modulus
entries, given by

AR=
[
a(𝜃R,1), ...,a(𝜃R,𝐿)

]
(34)

AT=
[
a(𝜃T,1), ...,a(𝜃T,𝐿)

]
. (35)

According to [2], when 𝐿 = 𝑁RF = 𝑁S ≤ min(𝑁R, 𝑁T),
rank(H)=𝐿. Therefore, the rows of A𝐻

T form an orthogonal



basis of ℛ(H), where ℛ(⋅) represents the space spanned by
rows of a matrix. Moreover, since H can be expressed as
H=UHΣHV

𝐻
H , the rows of V𝐻

H also form a basis of ℛ(H).
Therefore, there exists a full rank square matrix S such that

AT=VHS=UFS∈𝒰 . (36)

where the second equality holds due to equation (9). This
completes the proof.

Proof of Theorem 1: If (F̂RF, F̂BB) is a KKT point of
problem (18), then it satisfies KKT conditions:

(Fopt−F̂RFF̂BB)F̂
𝐻
BB=Υ∘F̂RF, F̂BB = F̂+

RFFopt, F̂RF∈𝒰 (37)

where Υ𝑘𝑙 is the lagrangian multiplier associated with con-
stant modulus constraints. Inserting F̂BB = F̂+

RFFopt into
tr
(
F̂𝐻

BBF̂
𝐻
RFF̂RFF̂BB

)
, we obtain

tr
(
F̂𝐻

BBF̂
𝐻
RFF̂RFF̂BB

)
=tr

(
F̂RFF̂

+
RFFoptF

𝐻
opt) (38)

≤
𝑁T∑
𝑖=1

𝜆𝑖

(
F̂RFF̂

+
RF

)
𝜆𝑖

(
FoptF

𝐻
opt

)
(39)

where 𝜆𝑖(⋅) represents the eigenvalue of a Hermitian matrix
in decreasing order. The inequality in (39) follows from [17,
Lemma II.1]:

𝑛∑
𝑖=1

𝜆𝑖(A)𝜆𝑛−𝑖+1(B)≤tr(AB)≤
𝑛∑

𝑖=1

𝜆𝑖(A)𝜆𝑖(B) (40)

where A∈C𝑛×𝑛 and B∈C𝑛×𝑛 are Hermitian matrices. Let
the singular value decomposition (SVD) of F̂RF to be

F̂RF = UΣV𝐻 (41)

where U ∈ C𝑁T×𝑁RF is an unitary matrix, Σ ∈ R𝑁RF×𝑁RF is
a diagonal matrix of singular values arranged in decreasing
order, and V ∈ C𝑁RF×𝑁RF is an unitary matrix. Using the
SVD of F̂RF and standard mathematical manipulation, the
eigendecomposition of F̂RFF̂

+
RF can be expressed as

F̂RFF̂
+
RF=UU𝐻 . (42)

Therefore, the eigenvalues of F̂RFF̂
+
RF are

𝜆𝑖(F̂RFF̂
+
RF) =

{
1, 𝑖 = 1, 2, ..., 𝑁RF

0, otherwise
(43)

and tr
(
F̂𝐻

BBF̂
𝐻
RFF̂RFF̂BB

)
can be further upper bounded by

tr
(
F̂𝐻

BBF̂
𝐻
RFF̂RFF̂BB

)≤𝑁RF∑
𝑖=1

𝜆𝑖

(
FoptF

𝐻
opt

)≤tr(FoptF
𝐻
opt)≤𝑃.

Since any KKT point of problem (18) satisfies the power
constraint automatically, it is also a KKT point of problem
(6).

If (F̂RF, F̂BB) is a globally optimal solution of problem (18),
then (F̂RF, F̂BB) is also a KKT point. Based on the previous
analysis, (F̂RF, F̂BB) satisfies the power constraint, and it is a
globally optimal solution of problem (6). This completes the
proof.
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