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Abstract—In this paper, we study the design of secure com-
munication for time division duplexing multi-cell multi-user mas-
sive multiple-input multiple-output (MIMO) systems with active
eavesdropping. We assume that the eavesdropper actively attacks
the uplink pilot transmission and the uplink data transmission
before eavesdropping the downlink data transmission phase of
the desired users. We exploit both the received pilots and data
signals for uplink channel estimation. We show analytically that
when the number of transmit antennas and the length of the data
vector both tend to infinity, the signals of the desired user and the
eavesdropper lie in different eigenspaces of the received signal
matrix at the base station if their signal powers are different. This
finding reveals that decreasing (instead of increasing) the desire
user’s signal power might be an effective approach to combat a
strong active attack from an eavesdropper. Inspired by this result,
we propose a data-aided secure downlink transmission scheme
and derive an asymptotic achievable secrecy sum-rate expression
for the proposed design. Numerical results indicate that under
strong active attacks, the proposed design achieves significant
secrecy rate gains compared to the conventional design employing
matched filter precoding and artificial noise generation.

I. INTRODUCTION

Wireless networks are widely used in civilian and military
applications and have become an indispensable part of our
daily lifes. Therefore, security is a critical issue for future
wireless networks. Conventional security approaches based on
cryptographic techniques have many well-known weaknesses.
Therefore, new approaches to security based on information
theoretical concepts, such as the secrecy capacity of the
propagation channel, have been developed and are collectively
referred to as physical layer security [1-4].

Massive MIMO is a promising approach for efficient trans-
mission of massive amounts of information and is regarded
as one of the “big three” 5G technologies [5]. Most studies
on physical layer security in massive MIMO systems assume
that the eavesdropper is passive and does not attack the
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communication process of the systems [6-9]. However, a smart
eavesdropper can perform the pilot contamination attack to
jeopardize the channel estimation process at the base station
[10]. Due to the channel hardening effect caused by large
antenna arrays, the pilot contamination attack results in a
serious secrecy threat to time division duplexing (TDD)-based
massive MIMO systems [10].

The authors of [11] propose a secret key agreement protocol
for single-cell multi-user massive MIMO systems under the
pilot contamination attack. An estimator for the base station
(BS) is designed to evaluate the information leakage. Then,
the BS and the desired users perform secure communication
by adjusting the length of the secrecy key based on the
estimated information leakage. Other works have studied how
to combat the pilot contamination attack. The authors of
[12] investigate the pilot contamination attack problem for
single-cell multi-user massive MIMO systems over indepen-
dent and identically distributed (i.i.d.) fading channels. The
eavesdropper is assumed to only know the pilot signal set
whose size scales polynomially with the number of transmit
antenna. For each transmission, the desired users randomly
select certain pilot signals from this set, which are unknown
to the eavesdropper. In this case, it is proved that the impact of
the pilot contamination attack can be eliminated as the number
of transmit antenna goes to infinity. For the more pessimistic
assumption that the eavesdropper knows the exact pilot signals
of the desired users for each transmission, the secrecy threat
caused by the pilot contamination attack in multi-cell multi-
user massive MIMO systems over correlated fading channels
is analyzed in [10]. Based on this, three transmission strategies
for combating the pilot contamination attack are proposed.
However, the designs in [10] are not able to guarantee a high
(or even a non-zero) secrecy rate for weakly correlated or i.i.d.
fading channels under a strong pilot contamination attack.

In this paper, we investigate secure transmission for i.i.d.
fading! TDD multi-cell multi-user massive MIMO systems un-
der a strong active attack. We assume the system performs first
uplink training followed by an uplink data transmission phase
and a downlink data transmission phase. The eavesdropper
jams the uplink training phase and the uplink data transmission

phase and then eavesdrops the downlink data transmission?.

We utilize the uplink transmission data to aid the channel
estimation at the BS. Then, based on the estimated channels,
the BS designs precoders for the downlink transmission.

This paper makes the following key contributions:

!For simplicity of presentation, we assume i.i.d. fading to present the basic
idea of data-aided secure massive MIMO transmission. The results can be
extended to the general case of correlated fading channels by combining the
techniques in [10] with those in this paper. This will be considered in extended
journal version of this paper.

2

978-1-5386-3180-5/18/$31.00 ©2018 IEEE



1) We prove that when the number of transmit antennas
and the amount transmitted data both approach infinity,
the desired users’ and the eavesdropper’s signals lie in
different eigenspaces of the uplink received signal matrix
due to their power differences. Our results reveal that
increasing the power gap between the desired users’ and
the eavesdropper’s signals is beneficial for separating the
desired users and the eavesdropper. This implies that
when facing a strong active attack, decreasing (instead
of increasing) the desired users’ signal power could be
an effective approach to enable secrete communication.

2) Inspired by this observation, we propose a joint up-
link and downlink data-aided transmission scheme to
combat strong active attacks from an eavesdropper.
Then, we derive an asymptotic achievable secrecy sum-
rate expression for this scheme. The derived expression
indicates that the impact of an active attack on the
uplink transmission can be completely eliminated by the
proposed design.

3) Our numerical results reveal that the proposed design
achieves a good secrecy performance under strong ac-
tive attacks, while the conventional design employing
matched filter precoding and artificial noise generation
(MF-AN) [10] is not able to guarantee secure commu-
nication in this case.

Notation: Vectors are denoted by lower-case bold-face let-
ters; matrices are denoted by upper-case bold-face letters.
Superscripts ()T, (-)*, and (-)* stand for the matrix transpose,
conjugate, and conjugate-transpose operations, respectively.
We use tr(A) and A~! to denote the trace and the inverse
of matrix A, respectively. diag {b} denotes a diagonal matrix
with the elements of vector b on its main diagonal. Diag {B}
denotes a diagonal matrix containing the diagonal elements of
matrix B on the main diagonal. The M x M identity matrix
is denoted by I/, and the M x N all-zero matrix and the
N x 1 all-zero vector are denoted by 0. The fields of complex
and real numbers are denoted by C and R, respectively. FE []
denotes statistical expectation. [A],,, denotes the element in
the mth row and nth column of matrix A. [a],, denotes the
mth entry of vector a. @ denotes the Kronecker product.
x ~ CN (0,Ry) denotes a circularly symmetric complex
vector x € CV*! with zero mean and covariance matrix R .
var(a) denotes the variance of random variable a. [2]" stands
for max {0, z}. a > b means that ¢ is much larger than b.

II. UPLINK TRANSMISSION

Throughout the paper, we adopt the following transmission
protocol. We assume the uplink transmission phase, composing
the uplink training and the uplink data transmission, which is
followed by a downlink data transmission phase.

We assume the main objective of the eavesdropper is to
eavesdrop the downlink data. The eavesdropper chooses to
attack the uplink transmission phase to impair the channel
estimation phase at the BS. The resulting mismatched channel
estimation will increase the information leakage in the sub-
sequent downlink transmission. In the downlink transmission
phase, the eavesdropper does not attack but focuses on eaves-
dropping the data.

We study a multi-cell multi-user system with L + 1 cells.
We assume an N;-antenna BS and K single-antenna users are
present in each cell. The cells are index by [ = (0,..., L),

where cell [ = 0 is the cell of interest. We assume an N,-
antenna active eavesdropper® is located in the cell of interest
and attempts to eavesdrop the data intended for all users in the
cell. The eavesdropper sends pilot signals and artificial noise
to interfere channel estimation and uplink data transmission®,
respectively. Let 7" and 7 denote the coherence time of the
channel and the length of the pilot signal, respectively. Then,
for uplink transmission, the received pilot signal matrix Y " €
CNex7 and the received data signal matrix Y7 € CNex(T=7)
at the BS in cell m are given by’

K L K
Y = VRS bl + 303 VPl
k=1

=1 k=1
P K
v ;Wk—i-Np (1)
K h I K
Y7 =P Y hidl + 3N /Phjd,
k=1 =1 k=1

| Pe
+ FH;”A + Ny 2

€

where Py, wy, € C™! and dor, ~ CN (0,Ir_,) denote
the average transmit power, the pilot sequence, and the u-
plink transmission data of the kth user in cell of interest,
respectively. It is assumed that the same K orthogonal pilot
sequences are used in each cell where wfwy, = 7 and
w,f w; = 0. P, and d;; denote the average transmit power
and the uplink transmission data of the kth user in the [th
cell, respectively. hj, ~ CN (0, 5], In,) denotes the channel
between the kth user in the [th cell and the BS in the pth cell,
where /31, is the corresponding large-scale path loss. H! and
P, denote the channel between the eavesdropper and the base
station in the [/th cell and the average transmit power of the
eavesdropper, respectively. We assume the columns of H', are
i.i.d. with Gaussian distribution CA (0, 8Ly, ), where 3. is
the large-scale path loss for the eavesdropper. For the training
phase, the eavesdropper attacks all the users in cell of interest.
Therefore, it uses the attacking pilot sequences Z,Ile Wi
[12], where W, = [wk~~wk]T € CN+*T_ For the uplink
data transmission phase, the eavesdropper generates artificial
noise A € CNt*T—=7 whose elements conform i.i.d. standard
Gaussian distribution. N7 € CN*™ and N7 € CNex(T=7)
are noise matrices whose columns are i.i.d. Gaussian distribut-
ed with CA (0, Noly,).

We define Yy = [Yg Yg] and the eigenvalue decompo-
sition 7~ Yo Y = [vi, -, v, B[vy,- - va,]", where
the eigenvalues on the main diagonal of matrix 3 are orig-
inated in ascending order. For the following, we make the
important assumption that due to the strong active attack
and the large-scale path loss difference between the cell of
interest and other cells, PEBS, Poﬂgk, and Plﬁ?k have the

3An Ne-antenna eavesdropper is equivalent to N, cooperative single-
antenna eavesdroppers.

4We note that if the eavesdropper only attacks the channel estimation phase
and remains silent during the uplink data transmission, then the impact of
this attack can be easily eliminated with the joint channel estimation and
data detection scheme in [13]. Therefore, a smart eavesdropper will attack
the entire uplink transmission.

SFor notation simplicity, we assume the users in each cell use the same
transmit power [6]. Following the similar techniques in this paper, the results
can be easily extended to the case of different transmit powers of the users
in each cell.



relationship P.3° > Py, > P,3Y.. Let M =
N, and vector (01,---,05) has the same element as vec-

tor (Plﬁ?lf" 7PLﬂ%K7P0ﬁ81a"' 7P068K7Peﬁ57"'PeBe)
but with the elements originated in ascending order whose

(L+ 1)K +

index 1 < 43 < d9--- < i < M satis-
fies 6;, = Poﬂgk, k = 1,2,---,K. Define ng =
VN, —M-+iys VN~ M+iss " VN,—M+ig]- Define Hy =
h81a"'h8K] and H; :.[h?p"'h?z{a“' ,h9 - ’h%K]
Then, we have the following theorem.

1 0 V2 0
Theorem 1. Let Zy, TN, (Veq) HYp
[ZOp,la"'7Z0p,K] and ng = \/%M(ng) Hy, =
[heg o1, s heqor] Then, when T — oo and Ny — o,

the minimum mean square error (MMSE) estimate h.q o1, of
heg o1 based on Zg, is given by

~ N>

B op = — Y0 (\/P h, . ) 3
w0k = TN, 0Theg 0 4 Neg 3)
where nog = V9 Ny and Dy ~ CN (0, 7Noly,).

Proof. Please refer to Appendix A. O

Remark 1: The basic intuition behind Theorem 1 is that
when T" — oo and N; — oo, each channel tends to be an
eigenvector of the received signal matrix. As a result, we
project the received signal matrix along the eigenspace which
corresponds to the desired users’ channel. In this case, the
impact of the strong active attack can be effectively eliminated.

Remark 2: In Theorem 1, we assume that the coherence time
of the channel is significantly larger than the symbol duration
[14]. This assumption can be justified based on the expression
for the coherence time in [14, Eq. (1)]. For typical speeds of
mobile users and typical symbol duration, the coherence time
can be more than hundreds symbol durations or even more.

Remark 3: The simulation results in Section IV indicate
that a sufficient power gap between Fy and P, can guarantee
a good secrecy performance when the number of transmit
antennas and the coherence time of the channel are large
but not infinite. We note that allocating more power to the
desired users to combat a strong active attack is not needed.
In contrast, the larger gap between Pyf3j), and P.S50 will
be beneficial to approach the channel estimation result in
Theorem 1. This implies that decreasing the power of the
desire users can be an effective secure transmission strategy
under a strong active attack.

Remark 4: We can use large dimension random matrix
theory [15] to obtain a more accurate approximation for the
eigenvalue distribution of 1 —~——YY?H for the case when N, and
T are large but not 1nﬁn1te Then, power design pohcles for
Py, P, and P, can be obtained. This will be discussed in the
extended journal version of this work.

Based on Theorem 1, we can design the precoders for
downlink transmission.

ITII. DOWNLINK TRANSMISSION
In this section, we consider the downlink transmission. We
assume the BSs in all L + 1 cells perform channel estimation
accordlng to Theorem 1 by replacing heg ox, hego, Fo, and
V0 by heq,zk, hegix, P, and Veq, respectively. Then, the Ith
BS des1gns the transmit signal as follows
K
X = \/sztlké’zm
k=1

l:O,"'7L, (4)

where P is the downlink transmission power,
H h
'Vl eq,lk
(Veo)” ecvaT
for the kth user in the [th cell.

For the proposed precoder design, the base station only
needs to know the statistical channel state information of the
eavesdro P.BY in ord V. Thi i

pper .. in order to construct V. This assumption
is justified in [10].

Because each user in the cell of interest has the risk of being
eavesdropped, an achievable ergodic secrecy sum-rate can be
expressed as [16]

ty =
, and si is the downlink transmitted signal

K

Ree = > [Rx — CP]* (5)

where IRy, and C}"° denote]C a111 achievable ergodic rate between
the BS and the kth user and the ergodic capacity between the
BS and the eavesdropper seeking to decode the information
of the kth user, respectively.

The received signal yoy at the kth user in the cell of interest
is given by

Yok = Z hlk Xl + ng
=0

~

~

= VB3 (V0,)" et g,
heq,Ok:H
0 \H (x0 \H < fleq,m
+\/ﬁ(h0k) (Veq) Z T~ ot
t=1,1k ||Deq,0
- 1 n< h
+VPY (h) " (VE) "D sy +na. (6)
=1 t=1 eq,lt

where ng ~ CN (0 is the noise in the downlink
transmission.
We use a lower bound for the achievable ergodic rate Ry

as follows [17]

» Noa)

Ry = log (1 + ) (N
where
Vi =
o 2
2 ]ab]
2 L 2
Nog + var (90k k) + Z E U98t7k‘ } +X Y FE ngotk‘ ]
t=1,t#k I=1t=1
(3)
d by, = VP (k)" (VL))" Rewu
and gy Uk [[Beq.re]]”

For C}Y¢, we adopt the same pessimistic assumption as in
[10], i.e., we assume that the eavesdropper can eliminate all
interference from intra and inter-cell users to obtain an upper
bound of C}}V¢ as follows

P eve
(R
heq,OkH

CeVe
Ny

k,upper — E 10g2 (9)

where "
geve = (Begor) (V) (H) (12) (V2) " Beg or. (10)
Based on (5), (7), and (9), we have the following theorem.

Theorem 2. For the considered multi-cell multi-user massive
MIMO system, an asymptotic achievable secrecy sum-rate for



the transmit signal design in (4) is given by
K

Ny — o0 _
Rsec, ach :; Zlog (1 + 'Yk) (11)
k=1
whfre a
Ve = I
N0d+P(a2—a1)+P(K—1)68k+PKZB?k
2
a P()T (POTB(())]C (Nt + K — 1) + KN()) (13)
1 P—
(Por + Np)®
ag =
2
Pot (B0 Nt + B (K —1))” + No (N33, + 3 (K — 1) 55.)
POTB(())k (Nt + K — 1) + Ny
(14)
Proof. Please refer to Appendix B. O

Theorem 2 is a general expression which is valid for
arbitrary K and L. Also, Theorem 2 indicates that when
N; tends to infinity, the impact of the active attack from
the eavesdropper disappears if the proposed joint uplink and
downlink transmission design is adopted.

IV. NUMERICAL RESULTS

In this section, we present numerical results to examine the
proposed design and the obtained analytical results. We set
L_3N,_12850k—1k K, B, = 0.2,
k=1 K, =1, LandPofPlf...*PL
We deﬁne the signal-to-noise ratio (SNR) as SNR = P/Ny,.
Also, we define p = Pg/PyK.

Figure 1 plots the asymptotic and exact secrecy rate perfor-
mance vs. the SNR for 7' = 1024, Py/Ny = 5 dB, p = 30,
and different numbers of users, respectively. The exact secrecy
rate is obtained based on Monte Carlo simulation of (8) and
(9). We note from Figure 1 that the asymptotic secrecy rate
in Theorem 2 provides a good estimate for the exact secrecy
rate.

Figure 2 compares the secrecy performance of the proposed
design and the MF-AN design in [10] for large but finite [V
and T as a function of p for K = 5, Py/Ny = 5 dB, SNR
= 5dB, and different values of 7. We keep P, constant and
increase P, to increase p. We observe from Figure 2 that when
the power of the active attack is strong, the MF-AN design
cannot provide a non-zero secrecy rate. However, our proposed
design performs well in the entire considered range of p.
As p increases, the gap between P.[. and Poﬂgk increases
as well. Therefore, the secrecy rate increases with p for the
proposed design. Moreover, Figure 2 reveals that increasing
T is beneficial for the secrecy performance of the proposed
design.

V. CONCLUSIONS

In this paper, we have proposed a data-aided secure trans-
mission scheme for multi-cell multi-user massive MIMO sys-
tems which are under a strong active attack. We exploit the
received uplink data signal for joint uplink channel estimation
and secure downlink transmission. We show analytically that
when the number of transmit antennas and the length of
the data vector both approach infinity, the proposed design
can effectively eliminate the impact of an active attack by
an eavesdropper. Numerical results validate our theoretical
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analysis and demonstrate the effectiveness of the proposed
design under strong active attacks.

APPENDIX A
PROOF OF THEOREM 1
We define QO = [wl, s ,wK]T, Do =
T

VP [dor, - ,dok]", Qp = VPQE, - VPO )
[\/Pldn,"' VPidig,-- ,V/Prdpy, - V/Prdog] .
Xo = [\/ Py Do|, X; = Qr D],

X, = |\/ 7 Z Wi (/REA].

Based on (1) and (2), the received signal Y, can be re-
expressed as
Yo = HoXo + H/X; + HX, + N
where N = [N)  NYJ.
When T — oo, based on [18, Corollary 1], we obtain (16)
given at the top of the next page, where

5)

Uy =| Uy B, HB? HB?| a7
By = diag (691, , Bok) (18)
BI:diag(ﬁ?l7“'75?1{7"'75217"'752[{) (19)
PI:diag(Plv"'apla"'7PL7"';PL) (20)
and Uy, € CNex(Ne=M) hag orthogonal columns.
When N; — oo, we have
—uly, 31 21)
Nt Yy YY Ny -



YOYH T—o0

1
N, T o Hy' +

—H,X; X{a¥ —HOX X7 (A" 1
N N T T NT (|)" + NN
1
=~ | Uw H,B;'? H.5.'? HB;'"?
t
Noln,—m uH
) 1/2 Hyal/2 w
% + NOI(L DK B—1/2HH
ﬂex BeX X + NoIn, B—l/QHH
1/2
m + Nolx B, '/*Hl
Noly,—m
Tooo 1 P;B; + Nol(p—1)kx H
— —U U 16
N (BYP. + No) Iy, Y (16)
PyBg + Nolg
From (16)—(21), we know that for T — oo, N; — 00, Uy _ 1o [Pm- 1 (%)™ [y, 1] By
is the right singular matrix of Y. Therefore, we obtain (Por + N0)2 N
o 0 H 0 Ni—o0 i 1 _
Z= /TN, (Veq) YP - x [hglv"'th} h +ﬁ [h81,' 'th] BOl
1 — H_
\/Ti( ) PoS2Xo + —== \/Ti (VO ) Ng (22) x [hglv e th} nP(I}

Define z = vec (Z),), where Z, is defined in Theorem 1. P, X -
From (22), we can re-express the equivalent received signal = -—"—— Z BOt h8t (h8t) h),
during the pilot transmission phase as follows (P 0T + NO t=1

K
z=1/P Y (wi ®Ix)hegor +1 (23) N Z i hg, (89, (hgt)Hﬁeq] : 27)
t=1
where
(VO ) pl When N, — oo, based on [18, Corollary 1], we have
n=|: (24) N, (3B, (ﬁm) ' (nf,) "
(VO ) ny N B9 (8%) N
and not in (24) is the tth column of N = Sl Ot —— ——tr (h ot h t ) = 5% (28)
Based on (23), the MMSE estlmate of h.q 0r is given by 1 0 Ntaoo
heq,Ok = /Po(PorIx + Nolg) Hwy ® IK)HZ (h ) (50’“) (g k) fople  (29)
1 1 Ny—o00
vV Py ~H 0 0 ~ ¢
ﬁ (, /Porheg ok + (wi @ 1) n). (25) Nt o +(80:) (hot) n., — 7No. (30)
-
For the noise term in (25), we have Substituting (228)—(30) into (}237), we have
~ N;—o00
(wr ®Ig) n=(V9) Z%Nt MmHAAG:fﬁF%#%M+
0 0
Por? By, (K = 1) + KTNo) - 31)
H * H _ 0k
- VOQ) Zwktwt = (ng) Ney (26)
t=1 0 . .
where wy; is the tth element of wy. Combining (25) and (26) Next, we evaluate var (g Ok’k)' First, we ob]tDa mn
" H - - 0 "
completes the proof. (hgk) (ng) heq’%hg]’%vgqhgk — - TR (hgk)
(Pot + No)
1 ~1/2 -
APPENDIX B Xvwf@&r“h&ﬂBo/(vﬂﬁmﬂm+V&mO
PROOF OF THEOREM 2 ¢ "
% (VPorheqon + VE,ficq FBO Y200, bl ] Th,

First, based on the property of MMSE estimates, we know P ) )
vt 2 ] = VP [ T ()" b B

Based on (3) and 336), we have 2(P0_71/+2 No) o t . K

hw%H ?44&4F x or By Uﬁ“'ho] w&)@8)[%u~iﬁd

7 Pyt + Ny “12 0 L H
x By /4 ﬁtB / [hgy, - hgx ] Degnify [hoy, - - hog]

H
x (\/POTheq’Ok n ngﬁeq) (\/Porheqpk n ngﬁeq)

(32)



_ 1 _
xB, 1/2} \/JTtBO Yz [h01» s th]thk
P, Pyr? _

- (POT'SN )2 [ ](\)[2 (h8 ) [hOlf"h(O)K] B;'
[h()lv ] ( ) ( ) [h017 th] Bal
[hou ]H 0k+ (h ) [h01a"'h8K]B51
[hou"' ]H eqn [017' h ]361
x [hgy, - - hox] hg, (33)

Frolm 28) and (29), we have
v (08)" (081, by By [y, hyc ] (15,)
Nt_mo BOkNe + B (K — 1)

(h()k) [hoh' h()K} Bo [h(n»' h()K] Neg
nll q [hglv : "th} B;' [h81> s th]thk
(34)
Also, we have
_ H H
= NP 5y 081, hog ] By [h,, - hog ] hgy (hy)

X [hou"'th]B [h01a 'th]Hﬁeq

oo 1

= WTNotf([h01a"'h8K]B [h()lv"'th}thk
(ho) [h01» 'th] Bo [h01v"'h8K]H)

N,

:T O(h()k) [h()h 'th} Bo [h(n»' h()K]

X [h01a -hy) ] _1[h01, 'th]thk
N, _

S (080" 37 (58) i, (w6)”
. t=1
Z ﬁop ()p(h(]p) h()k
1 -1 H —1
(00" (58) 1, (00)" (8, (1) " b 35

When k 7é t # p, we have
e Dl () "mi (00)" (53, (u6,) "ni, )

0
Nt:;OO f{)]k (36)
When k= t =D, we have
H
(h o) (88 0 (h) ™ (88) b (hGe) "hf
Nf:;oo Ntﬂok (37)
When k=t#p k=p#t, k#t=p k#*p=1t, we
have 1 H 1 H 1 H
W(hgk) (5&) h8t (hgt) (6&) (hgt) hgthgk
Ni—o0

Bow (38)
Combining (31), (33)—(38), and the definition of ggk’k, we
have

var (ggk’k) =az —aj. (39)

where as and aq are defined in (13) and (14).
2 2
For F “ggt,k‘ ] and B Uglotk‘ }, we have

hey ohZ
2 eq,0t ,0t ~ ~
E Uggm\ } = Aieqztr (heq,okthOk)
heq,Ot
= Pﬁgk (40)
h.,;hH
2 eq, Jdt - ~
B lofx|*] = PE | ==t (e bl )
heq,lt
= P (41)
For ZYL?pper in (9), we know from (16) that when N; — oo,
(vVe,) (H)"" — 0. Therefore, we have
O e S0, (42)

Substituting (31), (39) (40) (41), and (42) into (5) com-
pletes the proof.
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