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Abstract—We apply the efficient inverse Cholesky factorization
to Alamouti matrices in Groupwise Space-time Block Code
(G-STBC) and Alamouti-like matrices in Orthogonal Matching
Pursuit (OMP) for the sub-Nyquist sampling system. By utilizing
some good properties of Alamouti or Alamouti-like matrices,
we save about half the complexity. Then we propose the whole
square-root algorithms for G-STBC and OMP, respectively. The
proposed square-root G-STBC algorithm has an average speedup
of 2.96 ~ 3.6 with respect to the sub-optimal G-STBC algorithm.
On the other hand, when comparing the complexities of all the
steps except the projection step, the complexity for the proposed
square-root OMP algorithm is about 30% of that for the fast
OMP algorithm by matrix inverse update.

I. INTRODUCTION

The equivalent channel matrix in Group-wise space-
time block code (G-STBC) is an Alamouti matrix [1]-[3],

i.e., a block matrix involving 2 x 2 Alamouti sub-blocks

z; _052 (where c; and cs are complex scalars). Alamouti
matrices 1have some good properties [3], which have been
utilized to develop efficient matrix manipulations [1] and a
fast recursive G-STBC algorithm [2].

On the other hand, in the sub-Nyquist sampling system
[4], the Orthogonal Matching Pursuit (OMP) algorithm [5]-[7]
computes the inversion of Alamouti-like matrices, i.e., block
c1
ca
(that is obtained by deleting the negative sign in the Alamouti
sub-block). Similar to Alamouti matrices, Alamouti-like ma-
trices have also some good properties that can be utilized to
reduce the computational complexity, as shown in this paper.

In this paper, the efficient inverse Cholesky factorization
proposed by us recently [8] is applied to Alamouti matrices
in G-STBC and Alamouti-like matrices in OMP. We exploit
the properties of Alamouti or Alamouti-like matrices to reduce
the complexity dramatically. Then we develop efficient square-
root algorithms for G-STBC and OMP, respectively.

In the following sections, (o), (e)* and () denote
matrix transposition, matrix conjugate, and matrix conjugate
transposition, respectively. I, is the identity matrix with size
M, and 0, is the zero column vector with length M.
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II. SYSTEM MODELS

In this section, we introduce the system model for G-STBC
and that for OMP in the sub-Nyquist sampling system [4].

A. System Model for G-STBC

The considered G-STBC system [2] consists of 2 transmit
antennas and N (>M ) receive antennas in a rich-scattering and
flat-fading wireless channel. The transmit side de-multiplexes
a single data stream aq1,a12, - ,Gaz1,Gar2 into M layers.
Each layer a,,1,ame (m = 1,2,--- M) is encoded by an
independent Alamouti encoder, and then it is transmitted by
its respective 2 transmit antennas in 2 time slots. Let h,, ;
n=12---,Nand 7 = 1,2,--- ,2M) denote the channel
coefficient from transmit antenna ¢ to receive antenna n. Let
Tp1 and T,0 (n = 1,2,--- . N) denote the signal received
at antenna n in the 15¢ time slot and the 2% time slot,
respectively. Then the equivalent channel model [2] for G-
STBC can be represented as

x = Ha+ w, )

where w is the complex Gaussian noise vector with statisti-
cally independent entries, the equivalent receive signal vector

T
x=[z1 2, TNT Tho | 2)
the equivalent transmit signal vector
T
a=[an an am1 a2 |, 3)
and the 2N x 2M equivalent channel matrix
hir hiz - hiam—1 hiam
12 11 1,2M 1,2M—1
H=| @ & : @
h*Nl hz\iz hN¥2Mfl h§72A4
hNQ _th hN,2M “IN2M -1

Assume E(aa'’) = 02Iyy and E(wwf) = 02 1yy. The
minimum mean-square error (MMSE) estimation of a is [2]

a=R'Hx, (5)

where
R = HH + 02 /0Ty, ©)
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The recursive G-STBC algorithm [2] detects M Alamouti
codes iteratively with the optimal ordering. In each iteration,
the undetected Alamouti code with the highest signal-to-noise
ratio (SNR) is detected by (5), and then its effect is cancelled.

B. System Model for OMP in Sub-Nyquist Sampling System

Compressive sensing (CS) theory [9] asserts that a signal
vector s € CV with at most K nonzero components can
be exactly recovered from a measurement vector y € CM
with M < N. The signal vector s is called K-sparse. The
measurement vector

y = Ts, @)

tn ]
column, i.e. t;,

where the full rank M x N matrix T = [ t1 to
is commonly called the dictionary, and its i‘"
is commonly called an atom [6].

The signal recovery problem is to find the sparse solution
to the underdetermined linear system (7), i.e., to represent
y as a weighted sum of the least number of atoms. The
signal recovery algorithms include OMP [5]-[7], a greedy
algorithm that selects atoms from T iteratively to approximate
y gradually. In each iteration, OMP selects the atom best
matching the current residual (i.e. the approximation error),
renews the weights for all the already selected atoms (to obtain
the least squares approximation of y), and then updates the
residual accordingly.

In [4], the signal vector (i.e. X(f) in [4, left line 18 on page
387]) is conjugate symmetry, and so is the dictionary'. Thus
the OMP algorithm is slightly modified to select a symmetric
pair of atoms in each iteration [4, left line 16 on page 387].
Accordingly we modify the OMP algorithm described in [6,
left lines 27-34 on page 2] to summarize the OMP algorithm
in [4]. We also follow these conventions in [6]: the set T'" is a
set containing n indices, and the matrix T~ is a sub-matrix
of T containing only those columns of T with indices in I'".
Finally, we summarize the OMP algorithm in [4] as follows.

The OMP Algorithm in [4]

1. Initialise TO = @, the residual ¥° = y.
2. fork=1,2,--- | K/2
L.a) PI'OJCCthI‘l V’“

(2.b) i* = argmax (Vf)

(2.c) Select azgymmetric pair of atoms by

2k =122y U (N —i* +1).

(2.d) Renew the weights for the selected 2k atoms:

THkl

SQk == (T?ngFQk)

IThe dictionary T = SFD [4, equation (19)]. F =
[ Fr, F_r, ] [4, right line 19 on page 380] is conjugate
symmetry since F_; = F [4, equation (18)]. S is real, since Szk = ;i
[4, right line 22 on page 380] and oy is real [4, the line below
equation (4)]. Moreover, D = diag( dr, d_r, ) [4, right
line 23 on page 389]~has d_; = d; [4, equation ~(16)]. Thus we can
verify that T = SFD = [ SFp,dg, SF_p,d_r, | has
SF_;d_; = (SF;d;)*, ie, T = SFD is conjugate symmetry.

(2.e) Update the residual by §* = y — Trarsog.

3. Output: §5/2, S2xK/2 = SK-

ITI. EFFICIENT INVERSE CHOLESKY FACTORIZATIONS FOR
ALAMOUTI MATRICES AND ALAMOUTI-LIKE MATRICES

We need to compute matrix inversions in (5) and (8). R in
(5) is an Alamouti matrix [2]. On the other hand, in (8) let

Rpor = Ty, Trox. )

Obviously, Rpee = [ti1 th -« e t5]7

tHe tHer - bt t{{t*

[tan €] -t £ ] =

K3

tTtll thth - tTtlk tTt*

. is an Alamouti-like matrix.
thzl th* - th th*
t?;tzl tlft* cth b tlft*

To reuse the already listed equations for brevity, let us use
(r to express equation (i) with the subscript k of each matrix
replaced by I'* and with overlines added to all vectors and
scalars. Then Ry, (i.e. the 2k x 2k submatrix in the first 2k
rows and columns of R) and Ryp2x can be represented as [2]

/ 1
Rop_o  Vigp_o Vo
' H
Rop=| Vo o  Bok—1  Tor—12k (10)
nH *
V%o Tok—1,2k Bak

and (10)r, respectively. The inverse Cholesky factor [8] of
Ry, is Foy, that satisfies
Fo Fl =Ry (11)

We can simply apply equations (11) and (17) in [8] twice to
compute Fyp, from Fop_o. Then we have

Fop_o uap_o u’g_o
H
For=| 0555 Aok—1  Sfor—12k | (12)
i
0555 0 Aok

where we can employ equation (17) in [8] to compute

Ao—1 = 1/\/5%-1 — VB _JFor oFH  vior o, (13a)

Wop_o = —Aap_1Fop oFH _ov/or s (13b)

We can also employ equation (17) in [8] to compute the last
column of Fy;. However, we will find some algorithms that
are more efficient, to reduce the computational complexity.

A. Inverse Cholesky Factorization for Alamouti Matrices

R, is an Alamouti matrix, and so are R;kl [3, Lemma
1 (Invariance Under Inversion)]. Then the LDL” factors of
R;k,l are Alamouti matrices [3, Lemma 3 (Invariance Under
Triangular Factorization)], which include the unit lower trian-
gular L and the diagonal D = diag ( di d day ).
Accordingly LyvD = L - dlag( NZA Vi, ) is also
an Alamouti matrix, which is the unique Cholesky factor of
R2_k1 [10, Theorem 4.2.5 (Cholesky Factorization)], and is
equivalent to Foi (since the permuted Fof is the Cholesky



factor of the correspondingly permuted R2_k1 [8]). Thus Fyp
must be an Alamouti matrix. Correspondingly in (12),

fok—1,2k =0, (14a)
Aok = Aop—1, (14b)
u”9,_2 = Alamouti(u’ss_2), (14c)

where (14c) means that u”s,_o is obtained from u'sp_o
directly since | u'ap—2 u”2;4—2 | is an Alamouti matrix.

B. Inverse Cholesky Factorization for Alamouti-like Matrices

It is easy to verify that the sum, difference, or product of two
Alamouti-like matrices is another Alamouti-like matrix. Then
we can prove that the inversion of an Alamouti-like matrix is
another Alamouti-like matrix, as the proof for [3, Lemma 1
(Invariance Under Inversion)].

Now let us consider (12)r. We employ (13b)r to obtain

[ Uy, ] — o Frae FA, [ Voo ] (15)
far— 1,2k r Tok—1,2k
where Frow—1 = [ Fl;;k_2 o2 ] From (15) we deduce
05%_o Azk—1
{ Ty, 5 = —Aoplly_p — Aopfor—12kTy_o,  (162)
Fob—1.2% = — Aok A2k—1Fok—1.2k» (16b)
where
f2k71,2k = 1_1/2]1572‘7/2/1@72 + A2k—172k—1,2k» (17a)
{ Gy o = Frov o Fi,, 95, . (17b)

. . . N

We can avoid comptmng (17b) and obtain Uy,
H _ —, <

from Fror2Fro. oVo,_o = —0Yy_o/A2k—1

: : H </ =/ _

directly,  since Fr% ZFF%_Q [ Vo Vs | =

Rr21k 5 [ Ve o Vo o ] is an Alamouti-like matrix.
It can be seen from (12)r that the Alamouti-
like sub-block in_ the last two rows _and columns of

| A2kt for—12k Aok 1
FraF,, -1, 2 .
r2kEpor—2 18 [ 0 Xok f2k71,2k Xok
Ay + |fok1 2k| Far-1,21 A2k , from which we deduce
fon-1, 2k/\2k )‘2k
< < - 2
Mok = A1 + [ for—1,26| (18)
Finally we substitute (16b) into (18) to obtain
_ ., A 2
Ao = 1/A[Ag1 — ’ka—1,2k‘ . (19)

Now we only need to compute (17a), (19) and (16) to obtain
the last column of Fs..

IV. EFFICIENT SQUARE-ROOT ALGORITHMS FOR G-STBC
AND OMP IN SUB-NYQUIST SAMPLING SYSTEM

A. Efficient square-root algorithm for G-STBC

We use Fy,, (i.e. the equivalent Cholesky factor of R;nll)
instead of R,,. in the recursive G-STBC algorithm [2], to
develop a square-root algorithm for G-STBC. Similar to the

square-root BLAST algorithm [8], in the initialization phase
we permute the channel matrix H to be

Hopr = [ hoy 1 hgy, oo hggy 1 hyyy, | (20)
with tp7, tar—1, - - -, t1 to be the assumed successive detection
order of M Alamouti codes, while in the iterative detection
phase, we perform interference cancellation in

zon = Hirx, 1)
and we block-upper triangularize Fs,,, by
F2m 2 Wom—2 w92
F2mE = 02m 2 f57rl,27rz _fQ*m,Qm—l (22)
02m—2 f2m,2m—1 f2m,2m

where X is unitary. From (11), (21) and (5) we obtain &s,, =
FQ»,anImZQm, i.e., égm = (FQmZ)(FZmE)HZ27n, into which
we substitute (22) to estimate the last two entries of &, by

de—l — fQ*m,Qm fQ*m,mel %
A2m f2m,2m—1 f2m,2m
'H * . (23)
[ u%k—Q 2m,2m f2m,2m71 Zs
H m
Usi o _f2m,2m71 fQ*m,Qm

The estimations @s,,—1 and as,, are quantized into as,,—1 and
azm, respectively, whose effect is then cancelled in z5,, by [2]

(-2]

Zom—2 = Zoy,, (24)

[VIZm—Q V,Q/m—Q] [a’2m*1 a2m }T )
Where Z[Q:nQ] 1s Zo., With the last two entries removed, and
v2m_2 and v2m o are in Ry,y,, as shown in (10).

Table I summarizes the proposed square-root G-STBC al-
gorithm. Notice that the transformation 3 in step (b) can be
performed by the Givens rotations for Alamouti matrices that
include inner rotations and outer rotations [1]. Generally, in
the two minimum length rows (found in step (a)) that can
be represented as rows 2k — 1 and 2k, the entries in the fist
2k—2 columns are all zeros. Let €27, denote a complex Givens
rotation matrix that rotates the i‘" entry and the ;" entry in
each row of F,, and zeros the i entry in the nt" row [8].
Then the transformation X in step (b) can be performed by

th

m—1

m
_ 2k—1 2k—1
E“Ilﬂwzﬁl (3] 51935 5500),
1. i

(25)

where 93?,5}71 is an inner rotation that zeros two entries (i.e.
fak—1,25 and far 2;—1) in an Alamouti sub-block and rotates
the other two entries (i.e. fop—1,2j—1 and for 2;) into real
values, and 935:112 y +1Q§§72j _ 2 1s an outer rotation that zeros
the remaining two real values (i.e. for—1,2;—1 and for o) in a
previously inner-rotated Alamouti sub-block [1]. Since F,, is
still an Alamouti matrix after an inner or outer rotation, only
half of the entries need to be computed [1].



TABLE I
THE PROPOSED SQUARE-ROOT ALGORITHM FOR G-STBC

Initialization = Permute H into Hops by (20), and permute asys = a accordingly. Compute Rojps and zops by (6) and
(21), respectively. Compute Fo = (1/ NEEY )I2. Then compute Fap, from Fa,,_o iteratively by
(13), (14) and (12) for m = 2,3,--- , M, to obtain Fops. Set m = M.
Iterative  (a) Find the minimum length odd row and even row of Fa,,, and permute them to the last odd row and
Detection even row, respectively. Correspondingly permute agy,, Z2m,, and rows and columns in Ry, .

(b) Block-upper triangularize F2,, by (22) to obtain Fo,, 2.

(c) Compute G2,,,—1 and doy, by (23), which are quantized into a2y, —1 and a2, respectively.

(d) Cancel the effect of a2,,—1 and a2y, in z2,, by (24), to obtain z2,, 2. Remove a2, —1 and a2y,

in ag,, to obtain as,,_2. Also remove the last two rows and columns in Ra,, to obtain Ra,,_2.

(e) If m > 1, go back to step (a) with Fa,,—2, Rom—2, Zom—2 and agy—2. Let m =m — 1.

B. Efficient square-root algorithm for OMP in Sub-Nyquist
Sampling System
From (8), (9) and (11)r we can deduce

Sor = F]_'*2k F?Qk Ti’_-\_IQk y. (26)
In (26), let
ylpzk = T?%y? (27)
which satisfies
/ /T H H T
Y r2e = [ Y rze-z t’sz—ly t’Y%y (28)

where t., is the i'" column in Tp2«. Then we subsitute (27)
and (12) into (26), to finally obtain

sor = [83_5 08 )" + [fan—1 for ] [far1 Far )™ y/pe, (29)

where f;,_1 and fy are the (2k — l)th’ and 2k columns of
Frew, respectively. Moreover, from (11)r we deduce

W% —2 /(= |rel?)

Frz: = (30)

0 \/7“1,1/(7"%,1 = |r1,21?)

To obtain the square-root algorithm for OMP, we only need
to use step (2.d’) instead of step (2.d) in the OMP Algorithm
in [4] (summarized in section I.B). Step (2.d”) is as follow:

if(k = 1): compute y'r2, Fr2 and s by (27), (30) and (26)
(where TL,,y = y'p2), respectively.

else: compute Fprar from Frex—2 by (13)p, (17), (19),
(16) and (12)r (where (17b) in (17) does not need any
computations, as above-mentioned). Compute y’r2x and sop
by (28) and (29), respectively, from y'pex—2 and Ssog_o.

V. COMPLEXITY EVALUATION

In the proposed inverse Cholesky factorization for Alamouti
matrices and that for Alamouti-like matrices, the complexities
for the computations of the even columns (i.e. (14), (17a),
(19), (16)) can be neglected, with respect to those for the
computations of the odd columns (i.e. (13), (13)r). Thus com-
pared to the inverse Cholesky factorization [8] directly applied
to Alamouti or Alamouti-like matrices, the proposed inverse
Cholesky factorization can save about half the complexity.

COMPLEXITY COMPARISON BETWEEN THE V-BLAST ALGORITHM IN [8]

TABLE I

AND THE PROPOSED G-STBC ALGORITHM

Step The V-BLAST Alg [8] The G-STBC Alg
Compute R (3M2N) (2M2N)
Compute F (%M?’) (%M:”)
Givens Rot. | (M3, £ M?) t0 (0) (5 M3, 2M?) 10 (0)
Sum from (2M3 + L M2N, | from (3 M3 + 2M?N,
M3 + SM2N) $M3 4+ 2M2N)
to (M3 + IM2N) to (3 M3+ 2M?>N)

Let (j, k) denote the complexity of j complex mul-
tiplications and k complex additions, and it is simplified
to be (j) if j = k. Table I compares the computation-
al complexity of the proposed square-root algorithm for
G-STBC and that of the square-root algorithm for Verti-
cal Bell Laboratories Layered Space-Time architecture (V-
BLAST) in [8]. Notice that in the Hermitian Alamouti ma-
trix Rops and the upper triangular Alamouti matrix Fag,,,
only 1 entries need to be computed. In (25), Qgé‘igjl_l and
935:1172]4 +1Q§§,2j 12 only rotates non-zero entries in the first
2j and 2j+2 rows, respectively. The complexities of a com-
plex inner rotation and a real outer rotation are (4,2) and
(2,0), respectively. Thus the average complexity of (25) is

M m m m—1

> (51 > ( (4,2)(27) +2 X (270)(2j+2)> /2> A
m=1 k=1 \j=k j=k

(Sﬂf , %) where the probabilities for k = 1,2,--- ,m are

assumed to be equal. The complexity of (25) is zero when the
assumed detection order is the same as the actual order [8].

When the square-root V-BLAST algorithm [8] is directly
applied to the equivalent channel model (1) that can be
regarded as a 2M x 2N V-BLAST system, the required
complexity is from (L2M3 + 4M2N, 32 M3 + 4M?N) to
(3M? + 4M?2N). Thus when M = N, the average speedup
in floating-point operations (flops) of the proposed square-root
G-STBC algorithm over the square-root V-BLAST algorithm
[8] directly applied to (1) ranges from 2.19 to 2. On the other
hand, the complexity of the MMSE sub-optimal ordered suc-
cessive interference cancelation (OSIC) detector for G-STBC
using sorted QR decomposition (SQRD) is (8M? + 4M?N)



x 10"

—<— sqrt BLAST Alg (min. mean value)
—bH— sqrt BLAST Alg (max. mean value)
6| —#— proposed sqrt G-STBC Alg (min. mean value) Sy
—&— proposed sqrt G-STBC Alg (max. mean value)
—*— recursive G-STBC Alg

—&— directly apply sqrt BLAST Alg to G-STBC (min.)
—— directly apply sqrt BLAST Alg to G-STBC (max.)
4| —6— sub-optimal OSIC SQRD G-STBC Alg i

FLOPS

Number of Receive Antennas

Fig. 1. Comparison of computational complexity among the sub-optimal
OSIC G-STBC algorithm in [11], the OSIC G-STBC algorithm obtained
by directly applying the square-root V-BLAST algorithm [8], the proposed
square-root OSIC G-STBC algorithm, the recursive G-STBC algorithm [2],
and the square-root V-BLAST algorithm [8].

[11, equation (19)]. When M = N, the average speedup (in
flops) of the proposed OSIC G-STBC detector over the sub-
optimal OSIC G-STBC detector [11] ranges from 2.96 to 3.6.
Assuming N = M, we carried out numerical experiments
to count the average flops per time slot of the presented G-
STBC or V-BLAST algorithms, for different /N, the number
of receive antennas. The considered G-STBC system includes
M Alamouti sub-streams and 2M transmitters, while the
considered V-BLAST system includes M sub-streams and M
transmitters. All results are shown in Fig. 1. It can be seen
that they are consistent with the theoretical flops calculation.
On the other hand, in the sub-Nyquist sampling system
[4], we simulate the flops of the proposed square-root OMP
algorithm, the original OMP algorithm using direct matrix
inversion [5], the original OMP algorithm with direct matrix
inversion replaced by the inverse Cholesky factorization in [8],
the fast OMP algorithm based on QR decomposition [5], [6],
and the fast OMP algorithm by matrix inverse update [6], [7].
Our simulations do not include the flops of the projection step
(i.e. step (2.a)) since they are the same for all the presented
OMP algorithms. As the simulations for Fig. 5a in [12], we
set K = vV/N/2, M = K (logy N —2), and give flops for
N = 2! (i = 4,5,---,10). The results are shown in Fig.
2. Our simulations also show that the flops for the proposed
square-root OMP algorithm are only about 30% of those for
the fast OMP algorithm by matrix inverse update [6], [7].

VI. CONCLUSION

When applying the efficient inverse Cholesky factorization
[8] to Alamouti matrices in G-STBC and Alamouti-like ma-
trices in OMP for the sub-Nyquist sampling system [4], we
utilize some good properties of Alamouti or Alamouti-like
matrices to save about half the complexity. Then we propose
the whole square-root algorithms for G-STBC and OMP in

10’ .
10°F X E
SR
¥ 00X
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5 X
107 G £
2 B
(e}
-
w
10k 1
* -~ OMP Alg by matrix inversion
s & -+ OMP Alg by QR decomposition
10°F x - OMP Alg by matrix inverse update
- Apply inverse Cholesky factoriztion
directly in OMP Alg
102 : —&— proposed square-root OMP Alg
10' 10° 10° 10*
N: Dimension of the Original Signal
Fig. 2. Comparison of flops among the presented OMP algorithms.

[4], respectively. The proposed square-root G-STBC algorithm
has an average speedup of 2 ~ 2.19 with respect to the
square-root V-BLAST algorithm [8] directly applied to the
equivalent channel model for G-STBC, and has an average
speedup of 2.96 ~ 3.6 with respect to the sub-optimal OSIC
G-STBC detector in [11]. On the other hand, when comparing
the complexities of all the steps except the projection step,
the complexity for the proposed square-root OMP algorithm
is about 30% of that for the fast OMP algorithm by matrix
inverse update [6], [7].
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