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Abstract—In this paper we study the data-error perfor-
mance of Linear Dispersion (LD) codes under spatial correlated
multiple-input multiple-output (MIMO) channels. We propose a
new precoding algorithm for LD codes by minimizing the pair-
wise error probability (PEP). This precoding can totally remove
the spatial correlation existing in the transmitter. Particularly,
the precoding process can be integrated into the LD codes design
process, which means that there is no extra computation required
in the coding process.

I. INTRODUCTION

Recently, multiple-input multiple-output (MIMO) technol-
ogy is an active research area in wireless communication.
Linear dispersion (LD) codes introduced in [1] is a good
candidate for high-data-rate MIMO wireless communication.
The codeword of LD codes is a linear combination of certain
dispersion matrices over space and time with the transmit-
ted symbols as combining coefficients. The encoding of LD
codes is simple. Furthermore, LD codes can be decoded very
efficiently by the polynomial-complexity maximum-likelihood
(ML) detector, i.e., the sphere decoder.

A common assumption in the design of space-time coding
for MIMO wireless communication system is that each chan-
nel between the pairs of transmit-receive antennas is spatially
independent [1], [2]. However, this is just an ideal situation.
In practice, spatial correlation between channels exists, and
highly affects the capacity of the MIMO channel as well as
the performance of space-time codes (STCs) [3]–[5].

In this paper, we study the pairwise error probability (PEP)
of LD codes in MIMO wireless communication system suf-
fered spatial correlation. According to analysis of the pairwise
error probability (PEP), we derive a new precoding criterion
for LD codes in spatially correlated slow-fading channels to
reduce the spatial correlation in transmitter. We assume that
no channel knowledge is known at the transmitter and perfect
channel knowledge is known at the receiver. We first introduce
the system model of MIMO and the basic structure of LD
code in Section II, followed by our precoding criterion under
spatial correlated channels. In Section III, we present several
precoding design examples. In the end of paper, we conclude
this paper.

II. DESIGN CRITERION

In this section, we will briefly introduce the multiple-input
multiple output (MIMO) model and the linear dispersion code

(LD code) at first. Then we will present the design criterion
for our proposed precoding.

A. System Model and LD codes

We consider an MT ×MR MIMO wireless communication
system working through a frequency flat-fading channel. The
commonly adopted model for this system is [2]

Y =
√

Es

MT
HS + N (1)

where Es is the total average transmitting energy during one
symbol period, H is the MR × MT channel transfer function
and, N is the MR×T zero mean circularly symmetric complex
Gaussian noise vector with covariance matrix N0IMR

, Y and
S are the received codeword and transmitting codeword over
symbol period T , respectively.

LD codes are good candidates for high-data-rate MIMO
wireless communication. Assume that we transmit K r-QAM
symbols {ci}K

i=1 with unit average energy over T symbol
intervals, the LD transmission codeword is given by [1]

S =
K∑

k=1

Akck +
K∑

k=1

Bkc∗k (2)

where {A,B}K
k=1 are the LD matrices. Thus, the transmission

rate of the LD codes is

R =
K log2 r

T

Also the LD matrices {A,B}K
k=1 should satisfy the energy

constraint expressed by
K∑

k=1

Tr(AkAH
k + BkBH

k ) = MT T.

B. Precoding under Spatially Correlated Channels

Traditional LD codes design is with the assumption that
each channel between the transmit antennas and receive an-
tennas is spatially independent. However, due to the limited
physical size of antennas and bad transmission conditions un-
der some circumstances, the spatial correlation between each
channel exists. Research showed that spatial correlation of
channels highly influences the capacity of the MIMO channel
as well as the performance of space-time codes (STCs) [3],
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[4]. Therefore, it’s very crucial to find out how the spatial
correlation affects the capacity of the MIMO channels and the
performance of STCs and how to find a new way to reduce
such influences.

Assuming that a codeword Si is transmitted. Given that the
receiver constructs an ML estimate of the transmitted code-
word based on the perfect channel knowledge, the probability
that the receiver mistakenly decodes the transmitted code-
word Si for codeword Sj is called pairwise error probability
(PEP) [2], i.e.,

P(Si → Sj |H) = Q
⎛
⎝

√
Es‖H(Si − Sj)‖2

F

2MT N0

⎞
⎠

= Q
⎛
⎝

√
ρ‖H(Si − Sj)‖2

F

2MT

⎞
⎠ . (3)

This equation is valid for MIMO channels with and without
spatial correlation.

For the MIMO channel with spatial correlation, The channel
model is given by [2]

vec(H) = R
1
2 vec(Hw), (4)

where Hw is the spatially white MR × MT MIMO channel
without spatial correlation and R is the MT MR × MT MR

covariance matrix defined as

R = E [vec(H)vec(H)H ]. (5)

R is a positive semi-definite Hermitian matrix. Although the
model described above is capable of capturing any correlation
effects between the element of H, people often adopt another
easy-handling model with a little loss of generality. But this
model is adequate in most of the cases. The model is given
by [2]

H = R
1
2
r HwR

T
2
t , (6)

where Rt is the transmit covariance matrix and Rr is the
receive covariance matrix. It’s easy to verify that R, Rr and
Rt are related by

R = RT
t ⊗ Rr,

where ⊗ is the tensor product. Under spatially correlated
channels, we have

‖HE‖2
F = vec(H̃H)HR

1
2
s (IMR

⊗ EEH)R
H
2

s vec(H̃H) (7)

where E is the differences between two codewords, namely
(Si − Sj). The moment generating function [6], [7] of the
random variable ‖HE‖2

F is denoted by ψ‖HE‖2
F
(v). Assuming

that Rayleigh slow-fading is with H = R
1
2
r HwR

T
2
t . By using

the moment generating function of ‖HE‖2
F , the expression of

PEP could be simplified to

P(E|H) =
1
π

∫ π
2

0

∣∣∣∣∣IMT MR
+

ρRr ⊗ (EEHRt)
4MT sin2 θ

∣∣∣∣∣
−1

dθ

≤ 1

2 det
(
IMRMT

+ ρ
4MT

Rr ⊗ EEHRt

) (8)

Proposition 1. For slow-fading Rayleigh MIMO channels, if
there exists spatial correlation in transmitter but guarantees
the full rank of matrix Rt, such spatial correlation can be
reduced by effective precoding of LD codes. The precoding
process is formalized by

Ãk = R− 1
2

t Ak for k = 1, . . . , K (9)

B̃k = R− 1
2

t Bk for k = 1, . . . , K (10)

Proof: In order to prove the proposition, we will use the
following two lemmas from matrix analysis theorem [8].

Lemma 1. Let matrices A = (aij)m×p, B = (bij)l×q, C =
(cij)p×n, D = (dij)q×r. Then we have

(A ⊗ B)(C ⊗ D) = AC ⊗ BD (11)

Lemma 2. For matrix Am×nand matrix Bn×m, there always
exists an equality

det(Im + AB) = det(In + BA) (12)

Rt is guaranteed to be full rank. So it’s a positive semi-
definite Hermitian matrix, which means that it can be ex-
pressed as

Rt = R
1
2
t R

H
2

t (13)

Thus, (8) can be rewritten as

P(E|H)≤ 1

2 det
(
IMRMT

+ ρ
4MT

RrI ⊗ EEHR
H
2

t R
1
2
t

) .

By using the conclusion of Lemma 1, this inequality can be
rewritten as

P(E|H)≤ 1

2 det
(
IMRMT

+ ρ
4MT

(
RrEEHR

1
2
t

)
⊗

(
IR

H
2

t

)) .

By using the equality in Lemma 2, we have

P(E|H)≤ 1

2 det
(
IMRMT

+ ρ
4MT

IR
H
2

t ⊗ RrEEHR
1
2
t

)
Again using Lemma 1, we can finally get

P(E|H)≤ 1

2 det
(
IMRMT

+ ρ
4MT

IRr ⊗ R
1
2
t EEHR

H
2

t

) . (14)

Let {A,B}K
k=1 be the linear dispersion matrices designed for

MIMO channel without spatial correlation. For the case that
spatial correlation exists, assume that we take the precoding
process such as

Ãk = R− 1
2

t Ak, for k = 1, . . . , K, (15)

B̃k = R− 1
2

t Bk, for k = 1, . . . , K. (16)
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Then the codeword after precoding S̃i should be R− 1
2 Si,

which means that in this case the difference between two
codewords is Ẽ = R− 1

2 E. Plug this into (14), we can get

P(E|H)≤ 1

2 det
(
IMRMT

+ ρ
4MT

IRr ⊗ R
1
2
t ẼẼHR

H
2

t

)
=

1

2det
(
IMRMT

+ ρ
4MT

Rr⊗R
1
2
t R− 1

2
t EEHR−H

2
t R

H
2

t

)
=

1

2det
(
IMRMT

+ ρ
4MT

IRr ⊗ IEEHI
) (17)

According to (17), one can easily find out that the spatial
correlation in the transmitter represented by Rt is totally
reduced by the precoding process applied to LD codes.

We have several remarks for this precoding design criterion.

Remark 1. This precoding method is valid when the transmit
covariance matrix Rt is full rank. Otherwise Rt is a singular
matrix. Then we cannot decompose it to the product of R

1
2
t

and R
H
2

t .

Remark 2. From the energy point of view, spatial correlation
actually reduces the transmit energy. At the meantime, our
precoding process indeed increase the transmit energy to com-
bat such spatial correlation in the transmitter. Given a specific
transmit covariance matrix, the precoding design criterion tells
how to increase the transmit energy in order to totally reduce
the spatial correlation at the transmitter.

Remark 3. Usually people can get the transmit covariance
matrix from the geometry of transmit antennas. Therefore,
when people design an LD code for a given MIMO channel
with spatial correlation at the transmitter, they can integrate
the precoding processing into the LD code design just by
conducting a linear transform to the LD matrices design for
independent MIMO channel. There is no extra computation at
the coding process.

III. EXAMPLES OF PRECODING DESIGN

In this section we give several precoding design examples.
First, We use the cyclotomic LD codes design method pro-
posed by Zhang et al. in [9] to generate the trace-orthonormal
full-diversity cyclotomic LD codes for the MIMO channels
without spatial correlation. Then we use some typical co-
variance matrices Rt in transmitter to simulate the spatially
correlated channel. According to a certain covariance matrix,
we apply the precoding process to the LD codes designed for
MIMO channels without correlations. At last we compare the
performances of these LD codes under different circumstances.
We assume that no spatial correlation exists in receiver.

Example 1. Here we take a 2 × 2 MIMO wireless communi-
cation system. The time interval of the codeword T is equal
to 2 symbol periods. The size of LD matrices is chosen to
be the product of T and MT . Then we have {Ak,Bk}4

k=1 to
construct the LD codewords.
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One typical transmit covariance matrix is

Rt =
(

1 0.7ejπ/4

0.7e−jπ/4 1

)
(18)

Let P be the precoding matrix, then

P = R− 1
2

t =
(

1.2964 − 0.0000i −0.3743 − 0.3743i
−0.3743 + 0.3743i 1.2964

)

Let {Ãk, B̃k}4
k=1 denote the LD matrices after precoding.

Thus the precoding process could be represented by

Ãk = PAk, B̃k = PBk

for all k = 1, . . . , 4. Fig. 1 gives the performance of the
LD codes (with and without precoding) under such spatial
correlation. In order to illustrate the effort of precoding, we
also give the performance of LD codes without precoding
under uncorrelated channels. From this figure, it’s self-evident
that this simulation result is coherent with our theoretical
result.

Another typical transmit covariance matrix of 2× 2 MIMO
system is

Rt =
(

1 0.9ejπ/4

0.9e−jπ/4 1

)
(19)

The corresponding precoding matrix is given by

P =
(

1.9439 −0.8615 − 0.8615i
−0.8615 + 0.8615i 1.9439

)

By using the same precoding procedures, we can get the
performance of the LD codes (with and without precoding)
under such spatial correlation in Fig. 2. The simulation result
is also coherent with our theoretical result from part II.

Example 2. Here we give an example of a 3 × 3 MIMO
wireless communication system. We choose the time interval
of the codeword to be 3 symbol periods. Also the size of LD
matrices is chosen to be the product of T and MT .

In this case, we use the following transmit covariance
matrix:

Rt =

⎛
⎝ 1 0.9ejπ/4 0.81ejπ/2

0.9e−jπ/4 1 0.9ejπ/4

0.81e−jπ/2 0.9e−jπ/4 1

⎞
⎠

The corresponding precoding matrix P is⎛
⎝ 2.0055+0.0000i −0.7609−0.7609i −0.0000−0.2887i
−0.7609+0.7609i 2.6852−0.0000i −0.7609−0.7609i
−0.0000+0.2887i −0.7609+0.7609i 2.0055

⎞
⎠

By using the same precoding procedures as before, we can get
the performance of the LD codes (with and without precoding)
under such spatial correlation in Figure 3. Due to the sharp
increase of computation caused by the enlarged size of MIMO
system, we just calculate the bit error rate up to 8dB. However,
the result is still compatible with our theoretical result.

IV. CONCLUSIONS

In this paper we study the bit-error performance of LD
codes communicating in spatially correlated MIMO channels.
A new precoding scheme is proposed to reduce the spatial
correlation in transmitter. The precoding is applied to non-
singular transmit covariance matrix and requires no extra
computation in LD coding process. Three simulation examples
is presented to verify our theoretical results.
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