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Efficient Compute-and-Forward Network Codes Search for
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Abstract—We consider the two-way relay channel (TWRC)
with compute-and-forward network coding strategy. First a new
lemma is proposed as network codes search criteria for TWRC.
Then, instead of exhaustive search, we present an efficient
network codes search algorithm based on modified Fincke-Pohst
method. Numerical results demonstrate the effectiveness and
complexity reduction of our proposed lemma and algorithm.

Index Terms—Compute-and-forward, two-way relay channel,
lattice codes, network coding, cooperative.

I. INTRODUCTION

S INCE the pioneering research work of Ahlswede et al.
[1], network coding (NC) has rapidly emerged as a

major research area in electrical engineering and computer
science. NC is a generalized routing approach that breaks the
traditional assumption of simply forwarding data, and allows
the intermediate nodes to send out functions of their received
packets, by which the multicast capacity can be achieved.
Subsequent works [2]-[3] made the important observation that,
for multicasting, intermediate nodes can simply send out a
linear combination of their received packets. Linear network
coding with random coefficients is considered in [4]. Physical
layer network coding for wireless system is presented in [5].

Recently, a new network coding strategy of compute-and-
forward (CPF) [6]-[7] attracts great attention. The main idea is
that, a relay will decode a linear combination of the transmit-
ted messages according to the observed channel coefficients.
Upon utilizing the algebraic structure of lattice codes [9]-[10],
i.e. the integer combination of lattice codewords is still a
codeword as well, the intermediate relay node decodes and
forwards an integer combination of original messages based
on designed network coding vector.

In this work, we consider CPF network coding strategy in
the two-way relay channel (TWRC) [11], where two sources
exchange information through a relay. First we modify the
previous general results in [6]-[8], add the no zero entry
constraints and propose a new lemma as network codes search
criteria for TWRC. Furthermore, we present in detail an
optimal network codes search algorithm for TWRC based on
Fincke-Pohst method [12], which returns the same solution as
exhaustive search with much lower complexity. The proposed
new lemma and algorithm lay a solid foundation for CPF
network codes search for TWRC.
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Fig. 1. TWRC model.
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Fig. 2. TWRC diagram.

II. SYSTEM MODEL

Consider the classic TWRC with two sources S1, S2 at-
tempting to exchange information with each other through a
relay R as in Fig. 1. There is no direct link between two
sources and each node is equipped with one antenna.

Without loss of generality, in one information codeword
transmission, each source has a length-k information vector
wm ∈ F

k
p , m = 1, 2, where Fp = {0, 1, · · · , p − 1} is a

prime size finite field. Each source is equipped with an encoder
Em : Fk

p → R
n that maps the length-k message wm into a

length-n lattice codeword xm ∈ R
n. The codeword satisfies

the power constraint of 1
n ||xm||2 ≤ P .

The information transmission includes two phases. In the
first phase, two sources S1, S2 transmit simultaneously to
relay R, which can be modeled by a multiple-access channel
with inputs x1, x2 and output yR. In the second phase, relay
R broadcast to S1 and S2, which can be modeled by a
broadcast channel with input xR and outputs y1 and y2. The
transmission diagram of TWRC is shown in Fig. 2.

At the end of first phase, relay R will receive

yR = h1x1 + h2x2 + zR, (1)

where h1, h2 ∈ R are real valued fading channel coefficient
from S1 and S1 to relay R respectively and zR ∈ R

n is
additive Gaussian noise. All channel coefficients are generated
i.i.d. according to a normal distribution N (0, 1).

In the framework of CPF [6], the property that any
integer combination of lattice codewords is again a lattice
codeword is exploited. After receiving the noisy vector yR,
relay R will select a scalar β ∈ R and an integer network
coding vector a = [a1, a2]

T ∈ Z
2, and attempts to decode
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xR = a1x1 + a2x2 from

βyR = βh1x1 + βh2x2 + βzR

= a1xl + a2x2 +

2∑
m=1

(βhm − am)xm + βzR︸ ︷︷ ︸
Effective Noise

. (2)

At the end of second phase, S1, S2 will receive respectively

y1 = h1(a1x1 + a2x2) + z1 (3)

y2 = h2(a1x1 + a2x2) + z2. (4)

Then, each source can subtract its own signal and attempt to
decode for the other source.

At the relay, we are interested in the rate of a1x1 + a2x2

as a whole and capture the performance by what refer to
as the computation rate, namely, the number of bits of the
integer linear function successfully recovered per channel
use. The role of β can be thought as trying to move the
channel coefficients toward integers [7]. We conclude the
results regarding CPF network coding in [6]-[8] in the
following theorems. Denote channel vector h = [h1, h2]

T

and log+(x)
�
= max(log(x), 0).

Theorem 2.1: For real-valued AWGN network with channel
vector h and network coding vector a, the following compu-
tation rate is achievable

R(a) = max
β∈R

1

2
log+

(
P

β2 + P ||βh− a||2
)
. (5)

Theorem 2.2: The computation rate given in Theorem 2.1 is
uniquely maximized by choosing β to be the MMSE coefficient

βMMSE =
P hTa

1 + P ||h||2 , (6)

which results in

R(a) =
1

2
log+

(
||a||2 − P (hTa)2

1 + P ||h||2
)−1

. (7)

Theorem 2.3: For a given channel vector h, R(a) is max-
imized by choosing the integer network coding vector a as

a = arg min
a∈Z2,a �=0

(
aTGa

)
, (8)

with constraint ||a||2 ≤ 1 + P ||h||2 and G
�
= I− P(hhT )

1+P ||h||2 .

III. OPTIMAL NETWORK CODES SEARCH FOR TWRC

A. Formulation

Theorems 2.1-2.3 only give the general criteria to search
the optimal network coding integer vector a at relay R and
do not take consideration of the specific system constraints.
For TWRC, in order to let each source receive signals from
the other one through relay R, there should be no zero entry
in network coding vector a = [a1, a2]

T , i.e. a1 �= 0 and
a2 �= 0 must be satisfied at the same time. In other words,
network coding vector in form of [a1, 0]T or [0, a2]T will fail
the information transmission for TWRC.

Hence, we modify theorem 2.3 and propose a new network
coding vector search criteria for TWRC as follows.

Lemma 3.1: In TWRC, for a given channel vector h, R(a)
is maximized by choosing the integer network coding vector
a as

a = arg min
a∈Z2,a1 �=0,a2 �=0

(
aTGa

)
, (9)

with constraint ||a||2 ≤ 1 + P ||h||2 and G
�
= I− P(hhT )

1+P ||h||2 .

A direct approach to this optimization problem in Lemma
3.1 will be exhaustive search among all integer vectors satis-
fying ||a||2 ≤ 1 + P ||h||2. However, as the power constraint
P gets larger, the number of candidate vectors increases
dramatically. In this work, we will propose an algorithm based
on modified Finche-Pohst (FP) method, to searching within a
much smaller candidate set with the optimal solution included.

Operate Cholesky’s factorization of matrix G, G = UTU,
where U is an upper triangular matrix. Then, the optimization
of (9) becomes

a = arg min
a∈Z2,a1 �=0,a2 �=0

||U a||2F . (10)

The original FP method [12] searches through the integer
points a in Euclidean space, which make the corresponding

vectors z
�
= Ua inside a sphere of given radius

√
C centered

at the origin point, i.e. ||Ua||2F = ||z||2F ≤ C. This guarantees
that only the points that make the corresponding vectors
z within the square distance C from the origin point are
considered in the metric minimization.

Compared with the original FP algorithm, we have two main
modifications: (i) We add two constraints: the no zero entry
constraint and ||a||2 ≤ 1+P ||h||2 constraint to search for the
optimal network coding vector in TWRC. (ii) According to the
binary vector obtained by applying the direct sign operator on
the real minimum-eigenvalue eigenvector of G, denoted as
aquant, we can have a very proper square distance setting as

C = aTquantG aquant, (11)

such that the searching sphere radius is big enough to have
at least one searching point fall inside, while in the mean-
time small enough to have only a few within. We calculate
the aTGa metric for every candidate vector that satisfies
||Ua||2F ≤ C, such that the optimal network coding vector
with minimum aTGa metric (maximizing the computation
rate for relay R equivalently) is obtained from the modified
FP algorithm directly.

Since the radius is fixed for our modified FP algorithm, the
complexity uncertainty due to the radius update, which means
that the radius need to be expanded if no points found in the
sphere and the radius need to be reduced if too many points
found within as shown in the literature of sphere decoding, is
not a question in this optimization.

B. Searching Algorithm Derivation

Let uij , i, j = 1, 2, be entries of matrix U. Then, the
searching vector a that makes aTGa ≤ C can be expressed
as

aTGa = ||U a||2F = (u11a1 + u12a2)
2 + (u22a2)

2

= g11 (a1 + g12a2)
2 + g22a

2
2 ≤ C

(12)
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where gii = u2
ii for i = 1, 2 and g12 = u12/u11. To satisfy

(12), it is equivalent to consider,{
g22a

2
2 ≤ C

g11 (a1 + g12a2)
2 + g22a

2
2 ≤ C

(13)

We begin with evaluation of the entry a2. Set Δ2 = 0,
C2 = C. Referring to (13), we get

LB2 ≤ a2 ≤ UB2, (14)

and

UB2 =

⌊ √
C2

g22
−Δ2

⌋
, LB2 =

⌈
−
√

C2

g22
−Δ2

⌉
. (15)

where �x� is the smallest integer no less than x and 	x
 is
the greatest integer no bigger than x. The candidate for a2 is
chosen as an integer inside its bound requirement (14)-(15)
and excludes zero.

To evaluate a1, set Δ1 = g12a2, C1 = C−g22a
2
2. Referring

to (13) we will have

LB1 ≤ a1 ≤ UB1, (16)

and

UB1 =

⌊ √
C1

g11
−Δ1

⌋
, LB1 =

⌈
−
√

C1

g11
−Δ1

⌉
. (17)

Then a1 is chosen as an integer inside its bound requirement
(16)-(17) and excludes zero.

The entries a2, a1 are chosen as follows: for a chosen a2
that satisfies its bound requirement (14)-(15) and a2 �= 0, we
can choose a1 satisfying its bounds requirements (16)-(17) and
a1 �= 0. If such a1 does not exist, we go back and choose other
a2. Then search for a1 that meets its bounds requirement for
this new a2 and a1 �= 0. When a set of a2, a1 is chosen, we test
the ||a||2 ≤ 1 + P ||h||2 constraint. If satisfied, one candidate
network coding vector a = [a1, a2]

T is obtained. We choose
the one among all network coding candidate vectors that gives
the smallest aTGa metric, which equivalently maximizes the
computation rate at relay R.

Note that this searching procedure will return all candidates
that satisfy aTGa ≤ C, and gives the one with minimum
value. There is at least one candidate vector aquant such that
its entries satisfy all the bounds requirements, since that is
how we set the radius value in (11). On the other hand, the
exhaustive search result aexhaustive that returns the minimum
metric will also fall inside the search bounds, since

aexhaustive
TG aexhaustive ≤ aquant

TG aquant = C. (18)

Hence, we are guaranteed to find the optimal exhaustive search
result by the proposed algorithm. Simulation results in Section
IV also demonstrate this optimality.

C. Optimal Network Codes Search Algorithm for TWRC

We summarize our proposed algorithm to search the optimal
network coding vector for TWRC as follows.

Optimal Network Codes Search Algorithm for TWRC

Input: Channel coefficient vector h.

Output: The optimal network coding vector amin for TWRC.
Step 1: Based on the channel coefficient vector h, construct

matrix G as G = I− P(hhT )
1+P ||h||2 .

Step 2: Calculate the binary quantized vector obtained by ap-
plying the direct sign operator of the real minimum-eigenvalue
eigenvector of G, denoted as aquant, and set C as

C = aTquantG aquant. (19)

Step 3: Operate Cholesky’s factorization of matrix G, G =

UTU. Let uij , i, j = 1, 2 denote the entries of matrix U. Set
gii = u2

ii for i = 1, 2 and g12 = u12/u11.
Step 4: Search the candidate vector a = [a1, a2]

T according
to the following procedure.

(i) Initialize Δ2 = 0, C2 = C, metric = C, amin = aquant

and k = 2.
(ii) Set the upper bound UBk and the lower bound LBk as

follows

UBk =

⌊ √
Ck

gkk
−Δk

⌋
, LBk =

⌈
−
√

Ck

gkk
−Δk

⌉

and ak = LBk − 1.
(iii) Set ak = ak + 1. If ak = 0, move to ak = 1. For

ak ≤ UBk, go to (v); else go to (iv).
(iv) If k = 2, terminate and output the searching result amin;

else set k = k + 1 and go to (iii).
(v) For k = 1, go to (vi); else set k = k − 1, and

Δ1 = g12a2, C1 = C − g22a
2
2,

then go to (ii).
(vi) Test for ||a||2 ≤ 1+P ||h||2 constraint to get a candidate

vector a. If aTGa ≤ metric, update amin = a and
metric = aTGa. Go to (iii).

IV. EXPERIMENTAL STUDIES

We present experimental studies to demonstrate the effec-
tiveness of our proposed lemma and algorithm. First, with the
average of 10000 randomly generated channel realizations, we
show in Fig.3 that if network coding vector is searched based
on general criteria of theorem 2.3 without our lemma, the
probability that the resulting vector will have at least one zero
entry and fails the TWRC system. It can be observed that this
issue is actually very severe. For example, with P ≤ 15dB,
the probability of zero entry is always beyond 1/2.

In Fig. 4. we compare the average rate of several strate-
gies under TWRC model. (i) Relay R decode and transmit
x1 + x2 to both sources, which we denote as “DF-NC”. This
strategy can been seen as static network coding as it does
not consider the channel variations. (ii) Relay R decode a
linear integer combination of both sources, while the network
coding vector are set by simply rounding channel vector h
directly, denoted as “HNC”. (iii) The general CPF scheme
while the network coding vector is optimized without our
proposed lemma. We denote as “CPF without zero entry
constraints”. (iv) The CPF scheme under our proposed lemma
and algorithm for TWRC, denoted as “CPF with proposed
algorithm”. (v) The CPF scheme under our proposed lemma
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TABLE I
COMPLEXITY COMPARISON: AVERAGE NUMBER OF CANDIDATE VECTORS

P 0dB 5dB 10dB 15dB 20dB 25dB 30dB
Proposed 1.1970 1.9388 3.1606 5.5110 10.3098 20.0808 38.6586

Exhaustive 1.8188 7.1324 25.7178 86.7106 287.6744 957.2552 3073.03
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Fig. 3. Probability of zero entry in TWRC.
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Fig. 4. Average rate comparisons for TWRC.

and exhaustive search, denoted as “CPF with exhaustive
search”. (vi) The “Upper Bound” on the computation rate,
RUpper = minm=1,2

1
2 log(1 + |hm|2P ) [6].

As show in Fig. 4, the performance differences are apparent.
“DF-NC” gives very poor result compared with other strate-
gies since the network coding vector is not adaptive to the
changing channel. “HNC” strategy somehow consider network
coding adaptively, but the network coding vector is chosen
in a simplified way and not optimal. “CPF with proposed

algorithm” performs superior to other practical strategies and
actually overlaps with the “CPF with exhaustive search” curve.
It further verifies the optimality of our proposed algorithm

which produces the same solution as exhaustive search.
Finally, to demonstrate the complexity reduction of pro-

posed algorithm with exhaustive search, in Table 1 we show,
over 10000 randomly generated channel realizations, the sta-
tistical average number of network coding candidate vectors
need to be searched to find the optimum solution. We can
see that the candidate set is reduced significantly by our
proposed algorithm hence lower the complexity dramatically.
For example, when P = 15dB, there are in average 86.7106
integer vectors need to considered for aTGa calculation to get
the optimal network coding vector for exhaustive search, while
with our proposed algorithm, we only need to consider in
average 5.5110 integer vectors. Hence, our proposed algorithm
has the same optimal solution as exhaustive search with much
lower complexity.
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