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Polar Coding Strategies for the Interference
Channel With Partial-Joint Decoding
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Abstract— Existing polar coding schemes for the two-user
interference channel follow the original idea of Han and
Kobayashi, in which component messages are encoded inde-
pendently and then mapped by some deterministic functions
(i.e., homogeneous superposition coding). In this paper, we pro-
pose a new polar coding scheme for the interference channel
based on the heterogeneous superposition coding approach of
Chong, Motani, and Garg. We prove that fully joint decoding
(the receivers simultaneously decode both senders’ common
messages and the intended sender’s private message) in the
Han-Kobayashi strategy can be simplified to two types of partial-
joint decoding, which are friendly to polar coding with practical
decoding algorithms. The proposed coding scheme requires less
auxiliary random variables and no deterministic functions and
can be efficiently constructed. Furthermore, we extend this result
to interference networks and show that partial-joint decoding is a
general method for designing heterogeneous superposition polar
coding schemes in interference networks.

Index Terms—Polar codes, interference channel, Han-

Kobayashi region, superposition coding, joint decoding.

I. INTRODUCTION

OLAR codes, proposed by Arikan [1], are the first class

of channel codes that can provably achieve the capacity of
any memoryless binary-input output-symmetric channels with
low encoding and decoding complexity. Since its invention,
polar codes have been widely adopted to many other scenarios,
such as source compression [2]—-[5], wiretap channels [6]-[11],
relay channels [6], [12], [13], multiple access channels
(MACQ) [5], [14]-[17], broadcast channels [18], [19], broadcast
channels with confidential messages [10], [20], and bidi-
rectional broadcast channels with common and confidential
messages [21]. In these scenarios, polar codes have also shown
capacity-achieving capabilities.
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The interference channel (IC), first initiated by Shannon [22]
and further studied by Ahlswede [23], models the situation
where m sender-receiver pairs try to communicate simul-
taneously through a common channel. In this model, it is
assumed that there is no cooperation between any of the
senders or receivers, and the signal of each sender is seen as
interference by the unintended receivers. Although the 2-user
discrete memoryless IC (DM-IC) is rather simple in appear-
ance, except for some special cases [24]-[31], determining
the capacity region of a general IC remains an open problem.
Reference [23] gave simple but fundamental inner and outer
bounds on the capacity region of the IC. In [32], Carleial
determined an improved achievable rate region for the IC by
applying the superposition coding technique of Cover [33],
which was originally designed for the broadcast channel. Later,
Han and Kobayashi established the best achievable rate region
for the general IC to date [34]. A more compact description
of the Han-Kobayashi region was given in [35]. The idea of
the Han-Kobayashi coding strategy is to split each sender’s
message into a private part and a common part, and allow
the unintended receiver to decode the common part so as to
enhance the total transmission rates. To achieve the whole
Han-Kobayashi region, it is required that each receiver decodes
its intended private message and both senders’ common mes-
sages jointly.

There are limited studies on the design of specific coding
schemes that can achieve the Han-Kobayashi region. A low-
density parity-check (LDPC) code-based Han-Kobayashi
scheme was proposed for the Gaussian IC in [36], which
has close-to-capacity performance in the case of strong inter-
ference. In [37], a specific coding scheme was designed
for the binary-input binary-output Z IC using LDPC codes,
and an example was shown to outperform time sharing of
single user codes. For polar codes, [38] pointed out how
alignment of polarized bit-channels can be of use for designing
coding schemes for interference networks, and presented an
example of the one-sided discrete memoryless 3-user IC
with a degraded receiver structure. A polar coding scheme
that achieves the Han-Kobayashi inner bound for the 2-user
IC was proposed in [39], and [40] used a similar scheme
to achieve the Han-Kobayashi region in the 2-user classical-
quantum IC. The idea of [39] is to transform the original IC
into two 3-user MACs from the two receivers’ perspectives,
and design a compound MAC polar coding scheme for them.
The achievable rate region of the compound MAC equals the
Han-Kobayashi region, and can be achieved by polar codes.
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This design is based on the original Han-Kobayashi scheme
of [34], in which component messages are independently
encoded into auxiliary sequences and then mapped to the
channel inputs by some deterministic functions (also known
as homogeneous superposition coding [41]). By ranging over
all possible choices of these functions and distributions of
auxiliary random variables (ARV), the whole Han-Kobayashi
region can be achieved. However, such an approach could be
problematic in practice since finding such functions may be a
very complex task.

Our work is inspired by the compact description of
the Han-Kobayashi region based on the Chong-Motani-Garg
scheme [35], in which no deterministic functions are required
and less ARVs are needed. This approach belongs to the
heterogeneous superposition coding scheme [41], in which
the common message is encoded first and then a satellite
codebook for the private message is generated around it.
When implementing such a scheme using polar codes, we find
that the fully-joint decoder which simultaneously decodes all
three component messages is difficult to design, because the
encoding scheme forces us to decode the common message of
a sender before its private message when successive cancel-
lation decoding (SCD) is used. By analyzing points on the
dominant faces of the Han-Kobayashi region and utilizing
random coding techniques, we find that it is possible to
loosen the fully-joint decoding requirement and propose to
use two types of partial-joint decoders. Each receiver can
either jointly decode both senders’ common messages first and
then the intended sender’s private message, or solely decode
the intended sender’s common message first and then jointly
decode the rest two. Based on this finding and enlightened
by Goela et al.’s superposition polar coding scheme for the
broadcast channel [18], we design two types of polar coding
schemes and show that every point on the dominant faces of
the Han-Kobayashi region can be achieved. Compared with
the existing scheme of [39], our proposed scheme achieves a
larger rate region for the same joint distribution of ARVs, and
can be constructed efficiently. Most notably, with the proposed
scheme, the task of finding proper ARVs for a DM-IC can
be reduced significantly. Further, we extend the partial-joint
decoding scheme to arbitrary discrete memoryless interference
networks (DM-IN) and show that heterogeneous superposition
polar coding schemes that can achieve optimal rate regions can
be easily designed based on it.

In our proposed scheme, joint decoders and the correspond-
ing code structure use the 2-user MAC polarization method
based on Arikan’s monotone chain rule [5], whose encoding
and decoding complexities are similar to those of single-
user polar codes. We use Sasoglu’s result [42] to extend
it to arbitrary prime input alphabets, and propose a low-
complexity construction on the method of [43]. To deal with
non-uniform input distributions, one may apply Gallager’s
alphabet extension [44, p. 208] as in [39], the chaining con-
struction [45], or a more direct approach by invoking results
on polar coding for lossless compression [18], [20], [46], [47].
In this paper, we follow Chou and Bloch’s low-complexity
approach [20], [47], which only requires a vanishing rate
of shared randomness between communicators. One crucial
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point in designing capacity-achieving polar codes for a general
multi-user channel is how to properly align the polar indices.
One solution is the chaining method, which has already been
used in several areas [9]-[11], [19], [48]. Another way is to
run additional stages of polarization to align the incompatible
indices, as shown in [49] and used in [39]. In this paper,
we adopt the chaining method as it does not change the
original polar transformation.

The rest of this paper is organized as follows. In Section II,
we introduce the 2-user DM-IC model and the Han-Kobayashi
region, and propose two types of partial-joint decoders.
In Section III, we review some background on polarization
and polar codes necessary for our code design. In Section IV,
we provide an overview of our scheme and analyze its
feasibility. Details of our proposed schemes are presented in
Section V, and the performance is analyzed in Section VI
In Section VII, we extend the proposed scheme to arbi-
trary DM-INs. Section VIII concludes this paper with some
discussions.

Notations: [N] is the abbreviation of an index set
{1,2,..., N}. Vectors are denoted as XV 2 {Xx!, X2, ... R
XN} or Xx4b & (xe xetl .. XP} for a < b. For a subset
A C [N], XA denotes the subvector (X! :ie A} of X"V,
Gy = ByF®" is the generator matrix of polar codes [1],

where N = 2" with n being an arbitrary integer, By is
the bit-reversal matrix, and F = i (1) . Hy(X) stands

for the entropy of X with g-based logarithm, and H (X) is
short for the log-2 based entropy unless otherwise specified.
on =2~V with some £ € (0, 12).

II. PROBLEM STATEMENT

A. Channel Model

Definition 1: A 2-user DM-IC consists of two input
alphabets X1 and X», two output alphabets ) and )», and
a probability transition function Py, y,|x,x,(¥1, y21x1, x2). The
conditional joint probability distribution of the 2-user DM-IC
over N channel uses can be factored as

N
N N | N N | I A A R |
nyyéﬁx?x?’()’] 9y2 le ’X2)= PY1Y2|X1X2(y19y2|-xla-x2)‘

i=1
(1
Definition 2: A (2NRi 2NR2 N)  code for the 2-user
DM-IC consists of two message sets M1 = {1,2, ..., [2NR1]

and Mo ={1,2,...,[2NR2]}, two encoding functions
va(ml) M > XIN and xév(mz) Mo > XZN, 2)
and two decoding functions
i) VY e My and ip(vy)) 2 V) > Moo (3)

Definition 3: The average probability of error PE(N) of

a NR 2NR: "N code for the 2-user DM-IC is defined
as the probability that the decoded message pair is not
the same as the transmitted one averaged over all possible
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message pairs,

1
N) _
PV = ey 2
(M1, M2)e M xM>

Pr{ (i (V). o (¥3)) 7 (M1, M) | (M1, M) sen]
)

where (M, M>) are assumed to be uniformly distributed
over My x M.

B. The Han-Kobayashi Rate Region

In the Han-Kobayashi coding strategy, each sender’s mes-
sage is split into two parts: a private message, which only
needs to be decoded by the intended receiver, and a common
message, which is allowed to be decoded by the unintended
receiver. Each receiver decodes its intended private message
and two common messages jointly so that a higher trans-
mission rate can be achieved. In the rest of this paper, we
will refer to the two senders and two receivers as Sender 1,
Sender 2, Receiver 1 and Receiver 2 respectively. Sender 1’s
message, denoted as Mj, is split into (M;,, M;.), where
M, € My, £1(1,2,...,[2¥51]} denotes its private message
and Mi. € M. £ {1,2,...,[2¥T1]} the common message.
Similarly, Sender 2’s message M; is split into (Mz,, M>.)
with My, € Ma, & {1,2,...,[2V%]} and My, € My &
(1,2, ...,[2NT2]}. Define Wy, Wa, V; and V, as the random
variables for messages M1., Mz, My, and M>, respectively,
with Wi, Wh, Vi and V, being their alphabets. Then each
encoding function can be decomposed into three functions.
For va (my), the three functions are

w (Mie) : Mic=> WY, oY (M) : Mip > VY
and x,N (WY, V) WV V¥ = M. 5)

Similarly, for xév (m>y), the three functions are

W (Mae) - Mo > W, o) (Map) : Moy > VY
and x,Y (WY, V) - Wl x vV > 2N, (6)

With this approach, Han and Kobayashi established the best
achievable rate region for the general IC to date [34]. The
result is summarized in Theorem 1.

Theorem 1 [34], [50]: Let P* be the set of probability
distributions P*(-) that factor as

P*(q,v1, 02, w1, w2, X1, X2)
= Po(q)Pv,101|q) Pv,)0(0219) Pw, 10 (w1]q) Pw, 0 (w2]q)
X Px \viw 0 (X1101, 01, ) Pxyvaw, 0 (X2102, w2, ),  (7)

where Q € Q is the time-sharing parameter, and Px,|v,w, o (+)
and Px,|v,w,0(-) equal either O or 1, i.e., they are determin-
istic functions. For a fix P*(-) € P*, consider Receiver 1 and
the set of non-negative rate-tuples (Sy, Ty, Sz, Tp) denoted

1975

by R(I'_Ik (P*) that satisfy

0=<8 < I(Vi; 1|Wi1W20), (3)
0<T\ < I(Wi; 1|ViWw20), &)
0<Th < I(Wy; V1|ViW,0), (10)
Si+ T < I(ViWy; Y1IW20), (11)
S1+ Ty < I(ViWa; Y1IW10), (12)
T+ T < I(W1Wa; Y1|V10), (13)
Si+ T+ T < I(ViW1 W2 Y110). (14)

Similarly, let R(I'_ﬁ((P*) be the set of non-negative rate-tuples
(S1, Th, S2, Tr) that satisfy (8)—(14) with indices 1 and 2
swapped everywhere. For a set S of 4-tuples (Sy, T1, S2, T»),
let R(S) be the set of (R, Ry) such that 0 < Ry < S|+ T
and 0 < Ry < S, + T, for some (S, Ty, Sz, Tz) € S. Then we
have that

R =R( U Rk (PR (PH)
P*eP*

15)

is an achievable rate region for the DM-IC.

The original Han-Kobayashi scheme can be classified
into the homogeneous superposition coding scheme [41], in
which component messages of each sender are independently
encoded into auxiliary sequences and then mapped to the chan-
nel input sequence by some symbol-by-symbol deterministic
function. The scheme of [39] belongs to the this type. Another
variant of superposition coding is the heterogeneous superposi-
tion coding [41], introduced by Bergmans [51]. In this variant,
the coarse messages are encoded into auxiliary sequences
first, and then a satellite codebook for the fine message
is conditionally independently generated around it. Usually
the heterogeneous variant is simpler than the homogeneous
one since it requires fewer ARVs. Reference [35] presented
a simplified description of Han-Kobayashi region based on
this approach (referred to as the Chong-Motani-Garg scheme
in this paper), in which only three ARVs are used and no
deterministic functions are needed. Their result is summarized
in Theorem 2.

Theorem 2 [35], [50]: Let Py be the set of probability
distributions P|'(-) that factor as

P (q, w1, w2, x1, x2)
= Po(q) Px, w10 (x1, w1lq) Px,w,0 (x2, w2lq),

where |W;| < |X;| +4 for j = 1,2, and |Q| < 6. For a fix
P (-) € P{, let Rug (P*) be the set of (R1, Ry) satisfying

(16)

0< R < I(X1;:Y1|W20) £ a,

0< Ry < I(X2; Y2|W1Q) £ b,

Ri+ Ry < I(X1Wa; Y11Q) + [ (X2; Y2|[WiW2 Q) £ ¢,
(19)

[(X1;: YI|WiW2 Q) + 1(XaWy: Y2|0) 2 d,
(20)

1(X1Wa; Y1IW1 Q) + (X2 Wi; V2| W2 Q) £ e,
1)

IA

a7
(18)

A

Ri+ R

IA

R+ Ry

IA
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2R1 + Ry = I(X1Wo; V11Q) + 1(X1; 1|WiW20)

+ (X2 Wi; Y2[W2 Q) £ f, (22)
Ri + 2Ry < I(X2; 2|WiW2 Q) + 1 (X2Wy; Y2|Q)
+I(X1 Wy Y1IW1 Q) £ g. (23)
Then we have that
Rux = |J Rux(P) (24)

PiePy

is an achievable rate region for the DM-IC.

It is shown in [35] that the regions described in Theorem 1
and 2 are equivalent, and constraints (9), (10) and (13) and
their counterparts for the second receiver are unnecessary.
It is straightforward to see that RY, . (P*) € Ry (P]) by
using Fourier-Motzkin elimination [35], where RY, , (P*) =
RO (P*) N RY;% (P*) and

E P*(q,v1, 02, wi.w2, X1, X2).
v1EV], 0V,

P(q, wi.w2, x1,x2) =

However, to prove the converse, we will need [35, Lemma 2],
which states that Ryg (P;) S Ry (P*) U R (P™) U
RY; g (P™**), where

> P

P — Z P*, prEr —
w1eW wreWWs

This indicates that for a given joint distribution, the original
Han-Kobayashi region can be smaller than the compact one,
as shown in [35, Remark 3]. Thus, to achieve Ry k (P}) for a
some P} with the scheme of [39], one generally needs three
codes designed for different joint distributions. In this paper,
we aim to design a heterogeneous superposition polar coding
scheme to achieve Ry K(Pl*) directly.

C. Partial-Joint Decoding for the 2-User DM-IC

To achieve the whole Han-Kobayashi region, both superpo-
sition coding variants require joint decoding of all component
messages at each receiver, which we refer to as fully-joint
decoding. For the homogeneous variant, fully-joint decod-
ing can be realized by polar codes using MAC polarization
techniques since each component message is independently
encoded, as [39] has adopted. For the heterogeneous variant,
however, fully-joint decoding may not be easily implemented
using polar codes and practical decoding algorithms (such
as SCD), as the coarse message and the fine message are
encoded sequentially. When decoding the fine message in
a heterogeneous superposition polar coding scheme (such
as [18]), the estimate of the coarse message is required as side
information. To design a low-complexity polar coding scheme
that can achieve Ry (P;") directly, we propose two types of
partial-joint decoding orders and prove their achievability.

Definition 4 (Partial-Joint Decoding): The two types of
partial-joint decoding are defined as:

o (Type 1) a receiver jointly decodes two senders’ common
messages first, and then decodes its private message with
the estimates of the common messages;

o (Type II) a receiver decodes its intended common message
first, and then jointly decodes the unintended common
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message and its private message with the estimate of the
intended common message.

Theorem 3: Let R}Dar(Pl* ) be the achievable rate region of
the DM-IC when both receivers use the Type I partial-joint
decoding, and R%ar(Pl* ) (resp. R;Dar(Pl* )) the region when
Receiver 1 (resp. 2) adopts Type I while Receiver 2 (resp.1)

applies Type II. Define Rpur(P}) = R}Dar(Pl*) U R%,ar(Pl*) U
R%ar(Pl*). Then we have

Rear(Py) = Ruk (P)). (25)

Proof: See Appendix A. 0

Remark 1: It is worth noting that we do not consider
the case when both receivers use the Type II partial-joint
decoding. This is because the Han-Kobayashi region can
already be covered by the other three decoding strategies.
In fact, one can easily verify that the achievable rate region in
this case can also be achieved by at least one of the other three
strategies since the upper bounds on the common message
rates (R, < I(Wi: Yi|Q) for k = 1,2) are non-optimal.
This explains why in our proposed polar coding scheme in
Section IV we do not need such a strategy either.

Remark 2: The reasons why the fully-joint decoder is hard
to design are twofold, the decoding algorithm and the code
structure. Existing polar codes are optimized for SCD, which
is sequential in nature. To design a joint decoder using SCD,
one has to use methods similar to the permutation based MAC
polarization — mixing different users’ sequences of random
variables into a single one and then decoding them together.
However, in the heterogeneous scheme, Wy and Xy (k =1,2)
are correlated. If we try to apply this method, the induced
random process will have a complicated memory. Although
there have been studies on polarization for processes with
memory [42], [52], [53], the results are still far from handling
such a problem now. If we want to realize genuine fully-joint
decoding (e.g., using maximum-likelihood (ML) or ML-like
decoding), then the corresponding structure of codes should
also be optimized for this decoding algorithm (we cannot
use the same code structure optimized for SCD and just
switch to ML decoding, as the achievable rate region of the
scheme remains the same). However, neither the construction
complexity nor the decoding complexity is affordable.

III. POLAR CODING PRELIMINARIES

A. Polar Coding for Lossless Source Compression

First, let us recap the lossless source polarization scheme
introduced in [2] and generalized to arbitrary alphabet in [42].
Let (X,Y) ~ pxy be a pair of random variables over
(X x Y) with |X| = gx being a prime number.! Consider
X as the memoryless source to be compressed and Y as
side information of X. Let U'"N = X'"NGy. As N goes
to infinity, U/ (j € [N]) becomes either almost indepen-
dent of (Y''N, U1y and uniformly distributed, or almost
determined by (YN, U/=1) [2]. Define the following sets

lAlthough for composite gy, polarization can also happen if we use some
special types of operations instead of group operation [42], [54]-[56], we only
consider the prime number case in this paper for simplicity.
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of polarized indices:

HYY = (€ INT: HUIY'™, 0971 = log, (gx) — o),
(26)
LYY = € IN]: HU YN, U1 < oy). 27)
From [20] and [42] we have
Jim —|H( "V = Hyy(X|Y),
lim —|£§?|”Y| = 1 — H, (X]Y). (28)

With U (E%;)C and YV, XN can be recovered at arbitrarily
low error probability given sufficiently large N.

The compression of a single source X can be seen as a
special case of the above one by letting ¥ = #.

B. Polar Coding for Arbitrary Discrete Memoryless Channels

Polar codes were originally developed for symmetric
channels. By invoking results in source polarization, one
can construct polar codes for asymmetric channels without
alphabet extension, as introduced in [46]. However, the scheme
of [46] requires the encoder and the decoder to share a large
amount of random mappings, which raises a practical concern
of not being explicit. In [18], [20], [47], and [57], deterministic
mappings are used to replace (part of) the random mappings so
as to reduce the amount of shared randomness needed. Next,
we briefly review the method of [20] and [47],% which only
requires a vanishing rate of shared randomness.

Let W(Y|X) be a discrete memoryless channel (DMC) with
a gx-ary input alphabet X', where gx is a prime number. Let

U'N = X"NGy and define Hy ™ and H&Al])), as in (26), and

LIS(AB, as in (27). Define the information set, frozen set and
almost deterministic set respectively as follows:

72H L), (29)

Fr 2 HE 0 Lqhrs (30)

Fa 2 (YD) 31)

The encoding procedure goes as follows: {ul} jez carry infor-
mation, {u’};cz, are filled with uniformly distributed frozen
symbols (shared between the sender and the receiver), and
{u/} jerF, are randomly generated according to conditional
probability Pyigri- 1 (uu"7~1). To guarantee reliable decod-
ing, {ul}_
receiver with some rehable error-correcting code, the rate of
which vanishes as N goes large [20]. Since {u/} jer, only
need to be uniformly distributed, they can be the same in
different blocks. Thus, the rate of frozen symbols in this
scheme can also be made negligible by reusing them over
sufficient number of blocks.

HM)CA( E(N))C are separately transmitted to the

2We note that the common message encoding scheme in [20] (consider
the special case when there is no Eve and no chaining scheme) and the
scheme in [47] share the same essence, although there is a slight difference in
the partition scheme for information and frozen symbols (see [20, eq. (11)],
[47, eq. (10)]), and [47] uses deterministic rules for some symbols while [20]
uses random rules.

1977

After receiving y'"V and recovered {u’} .

E(H(N))CQ(E(N) )C ’
the receiver computes the estimate '™V of u'*V with a SCD
as

w, i j e (LYNC

i/ = { argmaxye(o,1) PU/|y1:NU1:j—1(u|y1:N,Mlzj*l), (32)
if j e EX‘Y
It is shown that the rate of this scheme, R = |Z|/N,
satisfies [46]
lim R=1I1(X;Y). (33)
N—o0

C. Polar Coding for Multiple Access Channels

Let Py|x,x,(y|x1,x2) be the transition probability of a
discrete memoryless 2-user MAC, where x; € A with
|X1| = gx, and xp € &, with || = gx,. For a fixed product
distribution of Py, (x1)Px,(x2), the achievable rate region of
PY\X1X2 is given by [58]

R
R(Py|x,x,) = (R;)

Polar coding for MACs has been studied in [5]
and [14]-[17]. Although [17] provides a more general scheme
that can achieve the whole uniform rate region of a m-user
(m > 2) MAC, in our scheme, we adopt the monotone
chain rule expansion method in [5] because it has simple
structure and possesses similar complexity to the single-user
polar codes. Reference [5] mainly deals with the Slepian-Wolf
problem in source coding, but the method can be readily
applied to the problem of coding for the 2-user MAC since
they are dual problems, which has been studied in [14] and
used in [39]. However, both [14] and [39] consider uniform
channel inputs. Here we generalize it to arbitrary input case
with the approach of the previous subsection. Note that
although the input alphabets of the two users can be different,
the extension is straightforward since there is no polarization
operation between the two channel inputs. For simplicity,
we assume gy, and gx, are prime numbers. Define

0 <Ry <I(Xy;Y[X2)
0 <Ry <I(X2;Y|X1)
Ry + Ry < I(X1,X2;7)

(34)

UiN =x{""Gy, UyN =x3VGy. 35)
Let S'2N be a permutation of U, 1N U, N such that it preserves
the relative order of the elements of both U II:N and UQI:N s
called a monotone chain rule expansion. Such an expansion
can be represented by a string boy = b1bs ... by, called the
path of the expansion, where b; = 0 (j € [2N]) represents
that S/ € U/*N, and b; = 1 represents that S/ € U;*N. Then

we have

(YN, Ul ylyy
= H(U11:N, Ule) _ H(U11:N, U21N|Y1N)
2N
= NH(X|)+ NH(Xy) — ZH(Sjlyl:N, Sl;j_l).

J=1
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It is shown in [5] that H(S/|Y'N sUi=1)y (; e [2N])
polarizes to 0 or 1 as N goes to infinity.> Define the rates
of the two users as

1 S .
Ruy = H(X1) == > H(STIy!Y, s171,

Jj€Su,
1 S Vi
Ru, = H(X2) = — > HSTIYEY, $B7h, - 36)
j€Su,
respectively, where Sy, £ {j € [2N] : b; = 0} and Sy, £

{j €e[2N]:b; =1).

Proposition 1 [5]: Let (Ry, R2) be a rate pair on the
dominant face of R(Py|x,x,). For any given € > 0, there
exists N and a chain rule byy on UIIZN UQI:N such that byy
is of the form 0/1NON~=1 (0 < i < N) and has a rate pair
(Ry,, Ry,) satisfying

Ry — Ry,| <€ and |Ry — Ry,| < €. 37)

Although the permutations can have lots of variants, even
non-monotone [17], Proposition 1 shows that expansions of
type 0'1VON=7 (0 < i < N) are sufficient to achieve every
point on the dominant face of R(Py|x,x,) given sufficiently
large N, which can make our code design and construction
simpler. To polarize a MAC sufficiently while keeping the
above rate approximation intact, we need to scale the path.
For any integer [ = 2", let by denote

bi---b1by---by N b,
l I 1
which is a monotone chain rule for U 11 AN U21 N 1t is shown
in [5] that the rate pair for byy is also the rate pair for /boy.
Now we can construct a polar code for the 2-user MAC
with arbitrary inputs. Let f; (i) : [N] = Sy, (k =1,2) be the
mapping from indices of Ukl:N to those of S5V Define

ng) {j € [N]: H(SHWghflN=1y 5 102, (gx,) — N},
ﬁ‘s’x)ly L {j € [N]: HSHDy N ghfD=ly < 5y, (38)
which satlsfy

lim —| Hy | Z Hgy (S7)Y"N ghi=h),

JeSuk
ngn |£(N)| L z qu (Sj|Y1N glij— 1) (39)
jESUk
Since X1 and X, are independent, we have
Hy = Hyy, (40)
2 (j e[N]: HULIU ™Y = logy(gx,) — on).  (41)
Partition user k’s (k = 1, 2) indices as
Te £ Hg) N LGy,
Fir & H ‘N’ n(Ls,) e
(H(N))C (42)

3The entropy here is calculated adaptively. If j € Sy, (k = 1,2), then
entropy is calculated with gy, -based logarithm.
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1%

Fig. 1. Proposed heterogeneous superposition polar coding scheme for the
2-user DM-IC.

Then each user can apply the same encoding scheme as the
single-user case. The receiver uses a SCD to decode two
users’ information jointly according to the expansion order.
The polarization result can be summarized as the following
proposition.

Proposition 2 [5]: Let Py|x,x,(y|x1, x2) be the transition
probability of a discrete memoryless 2-user MAC. Consider
the transformation defined in (35). Let Ny = 2" for some
no > 1 and fix a path bay, for UIIZN0 UZI:NO. The rate pair for
bay, is denoted by (Ry,, Ry,). Let N = 2!Ny for 1 > 1 and
let S'2N be the expansion represented by 21b2N0. Then, for
any given 0 > 0, as | goes to infinity, we have (the entropy
here is also calculated adaptively)

— {1 <j<2N:6<H(S/ YW, s <1 -
2N

T
u—)RU1

5} — o,

| 22|

d T —> RUZ (43)

Proposition 1 and 2 can be readily extended from
[5, Ths. 1 and 2] by considering Y as side information of
source pair (X1, X») and performing the same analysis. Thus,
we omit the proof here.

IV. AN OVERVIEW OF OUR NEW APPROACH

In this section, we introduce the main idea of our scheme.
Since the purpose of introducing the time-sharing parameter Q
in Theorem 1 and 2 is to replace the convex-hull operation,
in the code design part, we will consider a fixed Q = ¢ and
drop this condition in the expressions for simplicity.

Our proposed heterogeneous superposition polar coding
scheme is illustrated in Fig. 1. Sender k’s (k = 1, 2) splits
its message My into a private message My, and a common
message My.. Encoder &; maps My, into a sequence U,/CIZN
of length N, which goes into a polar encoder to generate an
intermediate codeword WkIZN (corresponding to ARV W in
Theorem 2). Encoder &, then maps My, together with Wklw
into U ,}:N , which goes into another polar encoder to generate
the final codeword X ,?N .

A. Synthesized MACs for Receivers

For a target rate pair P, let R,f and Ry respectively denote
the corresponding private and common message rates of
Sender k (k = 1,2), and define P! £ (RY + R{, RS) and
P2 £ (RS, RY +RS) as Receiver 1’s and Receiver 2’ s receiving
rate pairs respectlvely Furthermore, define P¢ £ (RS, R5)
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as the common message rate pair. In the rest of this paper,
we refer (R?, RY, Rg, R5) to a rate decomposition of P.

For the purpose of decomposing a target rate pair into a
private and common message rate tuple suitable for our partial-
joint decoding scheme, we first define the effective channel of
each receiver. For Receiver 1, its effective channel, Py,|x,w,,
is defined as

Py, ix,w, (31 1x1, w2) £ Z Py, 1x,x, 11x1, X2) Px,y w0
X2

x(x2lwz, q).  (44)

Similarly, the effective channel of Receiver 2 is defined as

Pyyjwyx, (y2lw1, x2) £ Z Py, 1x,x, (21x1, X2) Px w0

X1

x(xilwi, q).  (45)
The achievable rate regions for these two MACs are
R 0 <R <I1(X1; Y1IW2)
R(Prjx,w,) = (R;) 0< Ry < I(Wxi|X1) f, (46)
Ry + Ry < (X1 W2; Y1)
R 0 <R < 1(W; Y2|X2)
R(Pyr,jw,x,) = (R;) 0 < Ry < I(X2; Y2|W1) 47)
Ry + Ry < [(X2Wy; Y2)

Now we can study the Han-Kobayashi coding problem in
Py, 1x,w, and Py, w,x,. In these two MACs, the rate of Xy
(k =1, 2) equals the overall rate of Sender k, while the rate of
Wi equals the common message rate of Sender k. Obviously,
P! and P? must lie inside R(Py,x,w,) and R(Py,jw,x,)
respectively in order to make reliable communication possible.

Giving only two effective channels is insufficient to deter-
mine the suitable decoding order for a target rate pair. If we
hope to use a partial-joint decoder, the following two MACs,
Py, \w,w, and Py,|w,w,, will be useful. For k = 1, 2, define

Py, \wyw, (Yklwi, w2)
= Z Z Py, 1x1 %, (Vklx1, X2) Px w0 (x1 w1, q)

X X2

X Px,\wy 0 (x2|w2, q), (48)
the achievable rate region of which is
R 0 <Ry = I1(Wy; Yik|W2)
R(Pywiw,) = (R;) 0 < Ry < I(Wp; Y |Wy) (49)

R+ Ry < I(WiWa; Yi)

The relations between the above four achievable rate regions
are shown in Fig. 2. If the common message rate pair lies
inside R(Py,w,w,), then Receiver k can apply the Type I
partial-joint decoding. Otherwise it will need to use the
Type 1I one.

B. The General Idea of Our Scheme

According to the two receivers’ different choices of partial-
joint decoding orders, we define the following two types of
points (rate pairs).

1979
Ry Ry
R(Pyywiw,) === R(Prywaws)
—R(Prxuwz) R(Prayjwixa)
Wy YilX,) (X Y2l
(W Y3 [W1)
(W Yal ) b
I(Wy; Y1)
Ry Ry
0 5 5 0
Fig. 2. Illustration for the achievable rate regions of the synthesized MACs.

Definition 5 (Type A Points): A Type A point P in
Ruk (P) is a rate pair which can be decomposed into a
private and common message rate tuple that satisfies:

(R, RS) € R(Py;jw,w,) N R(Pyyiw,w>)»
RY = I(X1; Y1|W1Wy),
Ry = I(X2: 2| Wi W2). (50)

Definition 6 (Type B Points): A Type B point P in
Ruk (P) is a rate pair which can be decomposed into a
private and common message rate tuple that satisfies:

(R{, R5) € R(Pyyw,w»),
R, < I(Wp: Yp),
R = I(Xx; Yk |Wi1 W),
R = I(Xp Wi Yir|We) — R,

where k, k' € {1,2} and k # k'

To achieve a Type A point P, both receivers can apply the
Type 1 partial-joint decoding. We first design a polar code
for two common messages that achieves P¢ in the compound
MAC composed of Py,jw,w, and Py, w,w,, and then design
a point-to-point polar code for each sender’s private message
with the common messages being side information. To achieve
a Type B point, one receiver applies the Type I partial-joint
decoding while the other applies Type II. Let us consider
k = 2,k" = 1 as an example. The code structures for two
common messages (M., M>.) and Sender 1’s private message
M, are jointly designed in such a way that, Receiver 1 can
first decode Mj. (equivalently WllzN ) with YllzN and then
jointly decode (M), M>.) with the estimate of WIIZN , while
Receiver 2 can jointly decode (M., M>.) with YZIZN . The code
structure for Sender 2’s private message M>, is simply point-
to-point polar codes.

In Section II-C we have proved by random coding that
partial-joint decoding can achieve the whole Han-Kobayashi
region. The following lemma provides another evidence to
support this conclusion.

Lemma 1: Every point on the dominant faces of Ry (P}")
can be classified into either Type A or Type B.

Proof: See Appendix B. g

IA

&1y

V. PROPOSED POLAR CODING SCHEMES

In this section, we describe details of our proposed two
types of polar coding schemes for the 2-user DM-IC. We con-
sider the case when gy, = |X]| and gx, = |X>| are two prime
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numbers, gw, = |Wi| is the smallest prime number larger than
qx, +4, and qw, = |W>| is the smallest prime number larger
than gx, +4. For a rate pair P, let P(1) and P(2) respectively
denote its first and second component.

A. Common Message Encoding

1) Fartition Scheme for Type A Points: Let P¢ = (RS, RS)
be the common message rate pair for a Type A point P on
a dominant face of Rpg (P"). Obviously, P¢ must lie on
the dominant face of either R(Py,jw,w,) or R(Py,|w,w>),
otherwise we can choose a larger common message rate pair to
achieve higher rates. Without loss of generality, we assume that
P¢ is on the dominant face of R(Py,|w,w,) in this subsection
as an example.

First, choose a point P¢ on the dominant face of
R(Py,|w,w,) which is larger than P€ in the sense that P¢(1) >
P(1) and f’c(2) > P¢(2), as the target point for conduct-
ing the monotone chain rule expansion in our code design.
Let S'2V be the monotone chain rule expansion that
achieves P¢ in R(Py,|w,w,), and T'2V the expansion that
achieves P° in R(Py,jw,w,). Denote the sets of indices
in S12V with §/ € UiltN and S/ ¢ UélzN by Sy and
Syj respectively, and those in T'2N with T/ € U"N and

I e U/IZN by TU/ and TU/ respectively. For k = 1,2, let
Jie(j) -

to those of S Uk

[N] — SU/ be the mapping from indices of Uk
and gi(j) : [N] — 7y, the mapping
J

. T,
from indices of Ukl'N to those of 7~ Y. Define the following
polarized sets
(N) A{] € [N] : H(SHD|s1D=1) > Jog, (gw,) — N}
g(mm 2{j e [N]: H(SAWDy [N ghflD=1y < 51,
) - 51\/},

. H(Tgk(j)|y211N, Tligk(j)—l) < 5N}~

H(N’ £{j € INT: H@# DT D) = logy (qw,
(N)

TUL Y2 (52)

£{j V]
Since two senders’ common messages are independent from
each other, we have

HN _

Sy

N) _ /()
M) =y,

Tiiy =1
where Hyy) 2 {j € [N]: H(WU/ |U/7 ") = logy(qw,) —dn}.
Deﬁne the following sets of indices for Sender 1,
(N) (N) N (N) (N)
C H ﬂﬁ o7 Ci £ HT , NL b I72? (53)

and similarly define C21 and C% for Sender 2. From (43) we
have

1
lim —|C!| = P°(1
N1—I>nOON|1| ()9
1 -
lim —|C?| = P¢(1) > P°(1
NgnooNlll ()— ()’
1
lim —|C;| = P°(2
ﬁ%N“' ),
= P°(2) > P°(2).

1
lim —|C? 54
Jim, 1 9
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Fig. 3. Graphical representation of the partition for U {I:N of Type A points.

Choose an arbitrary subset of Clz\C ! denoted as Cl21 , such that
|C121| = ICl1 \C12|, and an arbitrary subset of C% \ C!, denoted
as C31, such that |C3!| = |CJ\C2|. Partition the indices of U{IZN
as follows:

Tie=Cinet, Il.=ch\c, 13 =cil,

Fl, = HW\ @ VT, UTY), Flg=HPHC,  (55)

as shown in Fig. 3, and similarly define 75, I2c’ 1'226, ér

and F, for Sender 2.

2) Partition Scheme for Type B Points: Let P be a point
of Type B, P¢ be the corresponding common message rate
pair, and P! and P? be Receiver 1’s and Receiver 2’s rate
pairs respectively. Without loss of generality, we consider the
case when P € R(Py,jw,w,) \ R(Py,|w;w,) and P°(1) <
I(Wy;Yy) in this subsection as an example. In this case,
Receiver 1 applies the Type II partially decoding while
Receiver 2 adopts Type 1.

Choose P! = (I(XW; Y1) — P'(2),P!(2)), which is on
the dominant face of R(Py,|x,w,) and larger than P!, and
Pc = (1(W1 Wa; Y2)—P(2), PC(Z)), which is on the dominant
face of R(Py, w,w,) and larger than P¢, as the target points
for conducting monotone chain rule expansions in our code
design. Let S'>N be the monotone chain rule expansion that
achieves P! in R(Py,|x,w,), and T'?N the expansion that
achieves P¢ in R(Py,jw,w,). Denote the sets of indices in
SN with §7 e UN and §7 e UN by Sy, and Sy
respectively, and those in T'2VN with T/ € Uil‘N and T/ €

1N by TU/ and TU/ respectively. Let f1(j) : [N] = Sy,
be the mapping from indices of U1 N o those of SSUI,
) N] — SU/ the mapping from indices of U21 N to

those of § U2, and g¢(j) :
indices of Uk1 N to those of T Ty, for k =1, 2. Define Hg,v),

(N) (N) 4/ (N) 4/(N)  p(N) (V) ()
Hy HSE’HT/’HT/’ﬁu/lYl £T/|Yz arldliT/‘Y2 in the

same way as in the Type A case, and additionally éeﬁne
(V) -
£W1 v, — ) < 5/\/}.
Define the following sets of indices for two senders:

cEHy nLy,, 2 HY) N z(TN,’W

[N] — TU/ the mapping from

2{jelN]: H(U1’|Y11:N, U1 = (56)

a2Hyn £

a2 Hy ey o

Sy / |Yy° (57)
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which satisfy
1
lim —|Ci| = I(Wy; Y1) > P(1),
Jim €yl (Wi; Y1) > P(1)

1 -
IC{1 =Pe(1) = P°(1),

lim —

N—oco N
1 _

lim —|C}| = P'(2) = P¢(2

Nl—I>nOON|2| () ()’
1 -

lim —|C3| = P°(2) = P°(2).

Ngnoolel () ()

If P(1) = 1 (Wy; Y1), let Cl1 = C}. Otherwise choose a subset
C} of C; such that |C}| = NP°(1). Similarly, if P¢(1) = P¢(1),
let C? = Cy. Otherwise choose a subset C? C C such that
|C12| = NP¢(1). Partition the indices of U{IZN as follows:

Tie=Clnc:, 1l.=ci\c}, Ti =ci\cl,
Fl, = HWO\ @ UTL UTE), Fly=HYHC,  (58)

and similarly define Z,., 7} . Z3., F}, and J, for Sender 2.

3) Chaining Scheme for Common Messages: Suppose the
number of chained blocks is K. Let Fi., F|. and F7,
(resp. Fa, F/2 . and F/z’ ) be three random sequences of length
|71, |Z1,| and |Z%.| (resp. |F}, 1, |Z4.| and |Z3,]) respectively
and uniformly distributed over W; (resp. W,). Sender 1
encodes its common message as follows.

(1) In Block 1,

. {u/lj }; €T, uz!, Store common message symbols.

o (u)ez;, = Fie.

* {“/1]}1'6112(_ =Fj.

o {u/lj }ie F|, are randomly generated according to condi-
I: j—1).

tional probability PUl/jIU;l:j’l (u 11 i,
(2) In Block i (1 <i < K),
, ,s s
. {ulj}jeInuIl'c’ {ulj}je]-'{, and {ulj}jej_‘{d are determined
in the same way as in Block 1.
o {u} jeTp, are assigned to the same value as {u;} jezl. in
Block i — 1.

(3) In Block K,
o {ulj}jez,c, {Mlj}jefl’r, {ulj}jdlzc and {ulj}je]_-l/d are deter-
mined in the same way as in Block i (1 <i < K).
'j _w
o {ui}jer) =F.
In each block, a vanishing fraction of the almost deter-
/- /-
ministic _symbols, .{ulj }jep! and {u1.j }jeps, are separately
transmitted to Receiver 1 and 2 respectively with some reliable
; 1 _ (N)yC N) e s

error-correcting code, where D; = (HW1 )N (L:Sug m) in

the Type A case and D{ = (HS/\:))C N (LI(V{,VI)‘YI)C in the
Type B case, and D% = (H%))C N (E(TIZ?‘YZ)C in both cases.

Note that random sequence Fj. is reused over K blocks.
Thus, the rate of frozen symbols that need to be shared
between Sender 1 and Receiver 1 in the common message
encoding, ﬁﬂF]cH— |F'.|+IF{_]), can be made negligible by
increasing K.

Sender 2 encodes its common messages similarly by swap-
ping subscripts 1 and 2.

1981

B. Private Message Encoding
1) Partition Scheme for Type A Points: Define

<
=
>

L {j € [N]: H(U{|U11:N, Uél:N, Ullzjfl)
{jelN]: HU] Y], UihN, Uél:N,
U™ <ow),

(N)
£X|\Y1 Wi W,

(>

(59)

s ) (V)
gnd similarly define Hy_ |y, and £X2|Y2W1 w,- Due to the
independence between two senders’ messages, we have

™) ™) ™) ™)
Hxiwiw, = Hxyiws Hgiww, = Higpwy» (60)
where My, 2 {j € IN] + HWU/ UMY, 077 =

log,(gx,) — 51\/} for k = 1, 2. Then define the following sets
for U/*N

A (N) (N)
Ill’ - HX1|W1W2 N £X1\Y1W1W2’

_ 94(N) (N) C
Fir = Hyiwyw, 0 Cxyvowywy)
_ (N) c
Fra = M jw,w,) ™

N N
Dy = (H§(|?W| Wz)c n (L:g(l?)ﬁ Wi Wz)c' (6D

For U21:N , Lop, Far, Foq and D, are defined similarly.
2) Partition Scheme for Type B Points: From Definition 6
we know that
RY =P'(1) — 1(Wy; Y1),
RY = 1(X2; V2| Wi W2).

(62)
(63)

(V) (V) (V) (V) :
Define Hxl\wl’ HX2|W|W2’ Hx2|w2 and L:X2|Y2W|W2 in the
same way as in the Type A case, and additionally define

(N)
ESU] Y1 W

A {] € [N]: H(Sf‘(j)|Y11:N, UihN, Slifl(j)—l) < 5N}~
(64)

Then define 75, F2,, F2q4 and D, for UZI:N in the same way
as in the Type A case, and define

_ (V) (V)
Tip = HX||W| mESUIIY|W|’

) (N) c
Fir :HX||W| ﬂ(ﬁsul\ylwl) >
Fia = (M, ly,)

Dy = (HE’(I\l]\)Wl)C n (ﬁgﬁl)m Wl)C’ (65)
for U IIZN . Note that the permutation S'?V is chosen to achieve
P! in Receiver 1’s effective channel Py,x,w, without the
knowledge of Wi, but the code construction for U 11:N is deter-
mined jointly by this permutation and the side information
of W'V,

3) Encoding for Private Messages: Let Fy), (resp. F2,) be a
random sequence of length |F7,| (resp. |F2)|) and uniformly
distributed over X (resp. A2). Sender 1 encodes its private
message in each block as follows.

. {u{} jeI,, store private message symbols.

J
o {u1}jer, =Fip.
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o {u{} jeFy are randomly generated according to probabil-

. 1:j—1
1ty.PU Ny - |(u |u1 Uy ).

o {u{} jep, are separately transmitted to Receiver 1 with

some reliable error-correcting code.

Sender 2 encodes its private message similarly by swapping
subscripts 1 and 2. Note that random sequence F;, and F,,
are reused over K blocks. Thus, the rate of frozen symbols in
the private message encoding can also be made negligible by
increasing K.

C. Decoding

1) Decoding for Type A Points: Receiver 1 decodes two
senders’ common messages from Block 1 to Block K.

e In Block 1, for k =1, 2,

' o N
u!, if j e (E( )m)c

ity = argmaxue(o,1) Pesi(y v gt (66)
(u|y,}:N stfD=1 " if j e ES e

o In Block i (1 <i < K), {u1 }jEIZ and {u2 }jeﬁ are

deduced from {u1 }jEIl and {u2 }jEIl in Block i — 1
respectively, and the rest are decoded in the same way as
in Block 1. g

o In Block K, {121 } eT!. and {u2 } e7) are assigned to the
pre-shared value between Sender 1 and the two receivers,
and the rest are decoded in the same way as in Block i
(1 <i<K).

Having recovered the common messages in a block,

Receiver 1 decodes its private message in that block as

J . ()] c
uy, if je (£X1\Y1W1W2)
_j —’1:N
u{ = argmaxue{()l}PUj‘leU/INU/lNulj 1(u|y1 s U™,
-'1:N  1ij—1
iy, Y uy? ), it E£X1|Y1W1W2
(67)

Receiver 2 decodes similarly, except that it decodes from
Block K to Block 1.
2) Decoding for Type B Points: Receiver 1 decodes from
Block 1 to Block K.
o In Block 1, Sender 1 first decodes its intended common
message as

ui, if j e (Ly),)°

Ny 1 1
ulj = { argmax,e(o,1) PU |Y1 NU’]] l(u|y1 , J= ),
e (N)
ifi e Lyy,
(68)

Then it decodes its private message and Sender 2’s
common message jointly as
J T Ny e
uy, if j e (£SU1|Y1)
J
1 = qargmaxye{o,1} Psfl(j)|Y11¢NU1’1iN51fl(j) 1
1:N N 1:fi(j)—1
(ulyy s,

u
if j € L:SU 12
(69)
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uj, if j e (L:(Sué)‘yl)c
iy = qargmaxue(o,1} Pypiyln st - (70)

(ulle 1:f3)— 1) if j e LI( )m

e InBlock i (1 <i < K), {121]} ez and {ﬁzj}jdzz_ are

deduced from {ﬁ/l I jeT! and {”2} e, in Block i — 1
respectively, and the resf are decoded in the same way as
in Block 1.

o In Block K, {u }1611 and {u2 }]EII are assigned to the
pre-shared value between Sender 1 and the two receivers,
and the rest are decoded in the same way as in Block i
(1 <i<K).

Receiver 2 decodes from Block K to Block 1 in the same

way as in the Type A scheme.

D. Code Construction

As pointed out by a reviewer of this paper, existing efficient
construction algorithms (such as [43]) for point-to-point polar
codes may not be directly applied to the permutation based
MAC polar codes in the general case, as the permutation
introduces a random variable that involves a complicated
relation with the original pair of random variables. Thus, it is
currently not clear how much the code construction complexity
of the permutation based MAC polar codes is. Nevertheless,
as has been shown in [5], permutations of type 0'1VON~
(0 <i < N) are sufficient to achieve the whole achievable rate
region of a 2-user MAC. In this subsection we show how to
construct this kind of MAC polar codes with the approximation
method of [43].

Let W(Y|Xy, X3) be a discrete memoryless MAC with
X, € A and X, € A). DeﬁneUlN—XlNG 1N:
XINGy, and S"2N =y’ ””UleUf’”H N0 <im < N
In this case, the polarization of user 1’s first i;, synthesized
channels is the same as that in the equivalent point-to-point
channel when user 2’s signal is treated as noise, and the
polarization of user 1’s last N — i, synthesized channels is
the same as that in the equivalent point-to-point channel when
user 2’s signal is treated as side information. Thus, the method
of [43] can be directly applied (one can also use the proposed
Algorithm 1 by swapping the roles of the two users and
considering the special cases of i,, = 0 and i,, = N). For
user 2, to apply the method of [43], the recursive channel
transformations need to be modified accordingly. Define the
following two types of channel transformations for W:

WHE WO, ullul, uld)
= Z W' u] @ ui, ub @ ud)W (>, u3) P(u?)P(u3)
M%EXQ
W R WO, ul, ullu?, u3)
= WO i @ ud, uy ® U)W (2 uf, u3) P(u}) P(u)

Based on the channel degrading and upgrading method of
[43, Algorithms A and B], we propose a constructing method

4In Algorithm 1 we have restricted i, to be chosen from [1, N] because
m — 1 must be non-negative. The case when i, = 0 is the same as that of
im = 1 except that u} needs to be averaged out in the end.
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for this type of MAC polar codes as shown in Algorithm 1.
The degrading_merge(W, u) (resp. upgrading_merge(W, u))
operation in this algorithm is to produce a degraded (resp.
an upgraded) version of W, whose output alphabet size is at
most u so that it can be estimated at affordable cost. We only
present a general picture of how this algorithm goes here. For
details about the degrading and upgrading procedures, we refer
the readers to [43], [59], and [60].

Algorithm 1: Channel Degrading/Upgrading Procedure
for the MAC
Input: An underlying MAC W, a bound g = 2v on the
output alphabet size, a code length N = 2", an index ig4
(0 <ig < N — 1) with binary representation
ig = (aiaz .. .ay), representing the index of a
synthesized channel, and an index i,, (1 <i, < N) with
im — 1 = (b1b>...b,), representing the permutation type.
Output: A DMC that is degraded/upgraded with respect
to the (iy + 1)th synthesized channel of user 2.
Ow <
degrading_merge(W, u)/upgrading_merge(W, 1),
s =0,
for j=1,2,...,n do
if a; =0 then
| Woa=QwH Ow,
else
L Wa=0Q0wX Qw,
if b; =0 then
Iy = (b1b2 .. .bj_11>2,
if i; # (a1...a;), then
‘ Wo @S on ey, e

1
else
Ls=1;

if s = 1 then
iy :(al...aj_lc_zj)z, where a; =a; ® 1

®)
Zulix‘*" EX] Wa,

W, =
Ls=0
Ow <
| degrading_merge(W,, 1) /upgrading_merge(W,, u),
if iy + 1> i, then

R |
Qi Flus ™ = o
> i ey Qw @l g TP
else

o g+l < gl Qg+l ig+1
L Qi1 Gl ™) = ow @™ uf T P
return Q;, 1

The idea of Algorithm 1 is to first approximate the synthetic
MAG:s in the recursive process and then synthesize the desired
DMC in the end. In this algorithm, the purpose of (a) is
to reduce the subsequent computations since ullp with i, =

(br-+-bj-118 .5} will not be shown in the channel

outputs of user 2’s synthesized channels if b; = 0, where

b}+1 ...b) is any binary sequence of length n—j.(b)is to
handle a special case when b; = 0 but ull’Jrl happens to be
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TABLE I

n=5iq=13(ajaz...an) = (01101),),
im =7 ({b1ba...by)y = (00110)5)

J | aj b; ir+1 is +1 Wa

1 0 0 2 \ W(yl:zlull, u%)

2 1 0 \ Wy, ui, M%Wl,“%)

3001 |1 \ 3 WS, ul= w3 ut, uy)

4 0 1 \ \ W(yl:l(),ul:4’u1:6|u¥’ u;)
1:32 1'17 1%3 14 14

5 1 0 8 \ WO u w2 lu ™, uy

a channel input. In this case we will have to eliminate the
redundant channel output u’f“ in the next stage. Note that
the procedure of (b) only needs to be executed once at most.
y denotes the output of channel Qw. Although Algorithm 1
has some extra computations compared to [43, Algorithms A
and B], the time complexity to evaluate all N synthesized
channels can still be reduced to O(N) by sharing intermediate
calculations between different synthesized channels.

Table I shows an example of the recursive process when
n =25 ig =13 (e, (aq1az...ay), = (01101),), i, = 7
(.e., (b1by...by), = (00110),), in which we have ignored the
channel degrading/upgrading procedure and only demonstrated
the evolvement of the synthesized channels. In this example,
s = 1 is triggered in the j = 2 stage, so in the next stage u?
(is = (010),) is averaged out.

VI. PERFORMANCE ANALYSIS
A. Achievable Rates

1) Type A Scheme: In the Type A scheme, the common
message rates of the two senders in this scheme are

re _ KiTiel + (K= DIT,| _ 1] 17l
: KN N KN’
e KD+ (K =D 1G] 1Tl
RS = =—=-—=_ (7D
KN N KN
From (54) we have
li R{ =P°(1), li RS = P€(2). 72
N—>ool,HI}—>oo 1 ( ) N—>o<§,r}1(—>oo 2 ( ) ( )
The private message rates of the two senders are
p_ 1 p_ 1
R1 = N|Ilp|, R2 = N|12p|~ (73)

Since the private message encoding is just standard point-to-
point polar coding, we have
lim RY =1(X1; YV1|[WiW2), lim RY =1(Xo; Y2|WiWa).
N—oo N—oo
(714)
Thus, our proposed scheme achieves the target Type A
point P.

2) Type B Scheme: In the Type B scheme, the common
message rates can also be written as

c_lell 1T o 1G] Tl
R =—— , RS=—— , (75)
N KN N KN
with
lim Ri =P(1), lim RS =P°(2).

N—o00,K—00 N—00,K—00
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Same as in the Type A case, the private message rate of
Sender 2 achieves (63). For Sender 1’s private message
rate, the following lemma shows that our proposed scheme
achieves (62). .
Lemma 2: lim %ﬂ'lpl =PI(1) — I(Wy; 1))
N—oo .
Proof: See Appendix C. (]

B. Total Variation Distance

Let Py(u) denote the target distribution of random
variable U, Qu(u) denote the induced distribution of U
by our encoding scheme, and ||P — Q] denote the total
variation distance between distributions P and Q. We have
the following lemma.

Lemma 3: Fori € [1, K],

||PWII:NW21:NX}:NX£:NY11:NY211N
_ Q(WllzNwzlsz}:NX%:NyllzNYzlzN)[ | <4log2/Non, (76)

where (+); stands for random variables in Blocki (1 <i < K).
Proof: See Appendix D. U

C. Error Performance
Lemma 4: The error probability of a receiver with the

Type I partial-joint decoding in the overall K blocks can be
upper bounded by

K+ 1)(K +2
pl < %(HN&V + 2K (K + 1)/log2y/Néy,
(77)

while error probability of a receiver with the Type Il partial-
Jjoint decoding in the overall K blocks can be upper bounded
by

2K(K?+6K — 1)

3
x+/log2{/Noyn. (78)
Proof: See Appendix E. U
We can see that the chaining scheme has a more detrimental
effect on the Type II decoding than on the Type I one.
This is because in the Type I decoding, only the common
message decoding stage involves chaining, while in the Type 11
decoding, both stages of decoding involve chaining.

KK + DK +5)

Pe” < c

oN +

D. Complexity

Since both our scheme and the scheme of [39] use the
monotone chain rule based MAC polar codes, their encoding
and decoding complexities are similar. As we have discussed
in Section V-D, our proposed polar codes can be constructed
with complexity O(N). Note that it is not clear whether the
3-user MAC polar codes used in [39] can also be constructed
in a similar way. Therefore the construction complexity of our
scheme is smaller than that in [39] (at least equal if the per-
mutation based m-user MAC polar codes can be constructed
at complexity O(mN)).

In the rest of this subsection, we discuss another simplifica-
tion of our proposed scheme compared to [39], i.e., the com-
plexity reduction in the design of ARVs. The Han-Kobayashi
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region is expressed with ARVs. Finding suitable ARVs to
achieve a target rate pair is in fact part of the code design,
since unlike the channel statistics which are given, the ARVs
need to be designed and optimized. Consider a 2-user DM-IC
Py, v,1x,x, (1, ¥2|x1, x2) and fixed ARV alphabets Wi, W,

V1 and V. Denote Pw,, Pw,, Py, and Py, as the sets of
distributions Pw,, Pw,, Py, and Py,, respectively, Px, w,v,
and Px, w,v, the sets of deterministic mappings Py, w,v, and
Px,\w,v,, respectively, and Px,w, and Px,w, the sets of joint
distributions Px,w, and Px,w,, respectively. Since Py, w,v,
and Px,w,v, equal either 0 or 1, it is easy to see that

IWil- Vi1 & Wal-Val-| A2

[Px 1wy v | =2 [Pxyiwavs| = 2

It is impractical to evaluate all the distributions in the
aforementioned sets, thus certain quantization is needed. As an
example, we assume that probabilities can only be chosen
from a quantized subset of [0, 1], say Pp, and define 77;‘[,1,
77;‘[,2, P:‘,}, P:‘,z, P;’}lwl and P;sz respectively as the subsets
of Pw,, Pw,, Pvi» Pvy, Px,w, and Px,w, when the prob-
abilities are restricted to be chosen from Pp. To evaluate
the original Han-Kobayashi region, the number of calcula-
tions for the region of R, (P*) defined in Theorem 1
is 2V X W2l -Vl |7D;}kvl| . |7);‘)‘Vz| . |7D"§l| . |7D;“/2|.
Meanwhile, to evaluate the compact Han-Kobayashi region,
the number of calculations for the region of Ry (P}") defined
in Theorem 2 is [Py y, | - [Px,w,|- As long as [Xi] < [Vi]
and || < Vs, IP;"(IWII and |77§‘(2W2| will not be larger than
[Py, - IPy, | and [Py, | - [Py, |, respectively. Due to this fact
and that the expressions for Ry (P]) is much simpler than
those of RY, , (P*), we can conclude that our proposed scheme
only requires 2|W1|-|V1\~\X1|£r\w2|-|vz|-|?<2| computation (at most)
compared to the scheme of [39] in the design of ARVs.
This can be quite a complexity reduction, especially for large
alphabet size cases.

VII. EXTENSION TO INTERFERENCE NETWORKS

So far we have shown that our proposed two types of
partially decoding schemes can achieve the Han-Kobayashi
region of the 2-user DM-IC via both random coding and polar
coding. A natural question is whether they can be extended to
arbitrary DM-INs. In this section, we show that partial-joint
decoding works for DM-INs as well.

A K-sender L-receiver DM-IN, denoted by (K, L)-DM-IN,
consists of K senders and L receivers. Each sender k € [K]
transmits an independent message M at rate Ry, while each
receiver [ € [L] wishes to recover a subset D; C [K]
of the messages. Similar to the Han-Kobayashi strategy in
the 2-user DM-IC, Mj can be split into several component
messages, each intended for a group of receivers. If a message
is intended for only one receiver, we refer to it as a private
message. Otherwise we refer to it as a common message.
We only consider the case when each sender has only one
private message intended for some receiver and (possibly)
multiple common messages intended also for this receiver.
More complicated cases can be resolved by decomposing a
sender with multiple private and common messages into a
certain number of virtual senders of this type.
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Fig. 4. Sender 1’s part in the equivalent channel of the (K, L)-DM-IN.
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Fig. 5. Sender 1’s part in the equivalent channel of the (K, L)-DM-IN with
the proposed approach.

Fig. 4 shows Sender 1’s part of the equivalent channel of
the (K, L)-DM-IN with a private message M intended for
Receiver 1, and common messages Mic,, Mic,,- .., Mic,,
(a1 > 1) intended for Receiver 1 and some other receiver
groups. It is shown in [61] that the optimal achievable rate
region when the encoding is restricted to random coding
ensembles is the intersection of rate regions for its component
multiple access channels in which each receiver recovers
its private message as well as its common messages. Thus,
one can design a code for the compound MAC to achieve
the optimal rate region, which belongs to the homogeneous
superposition variant and has been realized by polar codes
in [39]. Here we discuss using the proposed partial-joint
decoding idea to design a heterogeneous one.

Firstly, consider the case when only Sender 1 uses
the heterogeneous approach. Instead of generating a code-
word for each message and then merging them with some
mapping function as in Fig. 4, now we generate code-
words for common messages first and then encode them
together with private message Mj; via superposition cod-

ing, as shown in Fig. 5. Let P*(X1|U11,Ulcl,...,Ulcal)
be the deterministic mapping from U11,U1C1,...,U1cal
to X; in Fig. 4, and let Pl*(X1|U1C1,...,U1Cal) =

ZUH PUn)P*(X1/Un, Uicys - - - UlCal) be the conditional
distribution of random variables X1, Uic,, ..., U] Cay in Fig. 5.
We can see that synthesized MACs for other receivers are not
affected with this setting since Uy plays no part in them. Thus,
the achievable rate regions of other receivers’ synthesized
MACSs remain the same. Note that deterministic mapping P*
and ARV Uj; are no longer needed in this design.

Now let us discuss the achievable rates from Receiver 1’s
point of view. Denote Sender 1’s common messages as a whole
by Ui, with rate Rfl, and other senders’ common messages
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which are intended for Receiver 1 by Uy, with rate R{’. The
private message rate is denoted by Rf . With the homogeneous
approach in Fig. 4, the achievable rate region of Receiver 1 is

Riy (P
[ RY < I(Un1; Y1|Ui¢,, Ure,)
R}' < I(Uj; Y1|Uy1, Uye,)
RY R” < I(Ui,; Y1|U11, Uie))
= R R+ R{' < I(U11, Ui 11|Uye,)
Ry RI + R < I(U11,Upe,: Y1|Upe))
R' + R}” < I(Uic,, Uic,; Y1|Un1)
RI + R' + R" < I(U11,Upe;, Up,: V1)

(79)

With the heterogeneous approach in Fig. 5, the achievable rate
region of Receiver 1 becomes

) RY R < I(Uy,: Y11X1)
Riy(PH=1( B}’ RY + R} < 1(X1; Y1|Use,)
R’} | RV +R{' + R” < I(X1,Uy,; Y1)
(80)

Since (U1, Ui¢,) — X1 is a deterministic mapping, we can
readily see that upper bounds for R, Ry = R} + R{' and
R¢!" = RY + R{' + R{" are invariant with the heterogeneous
approach. Thus, if we are interested in the overall rate between
the user pair of Sender 1 and Receiver 1 rather than each com-
ponent message rate, the heterogeneous approach can achieve
the same or even a larger rate region than the homogeneous
approach for a given joint distribution.

Similar to the 2-user DM-IC case, when we apply polar
codes to realize the heterogeneous scheme, the design of fully-
joint decoders is a problem as a sender’s common messages
must be decoded before its private message. Now consider
using the proposed partial-joint decoding scheme. With the
Type I decoding order, all common messages intended for
Receiver 1 are jointly decoded before the private message.
The achievable rate region is

RY < I(X1; Y1|Uie,, Uie,)

RP
1 R < I(Ujg,; Y1|Uxe)
Parl ; pxy __ c1 J— lers P11+ e,
P)=3| R
RN " (P) R%" R}* < 1(Uj,; Y1|Ujc,)

—_

R' + R{” < I(Uy¢;, Upe,; Y1)
(81)

With the Type II decoding order, Sender 1’s common mes-
sages are decoded first, and then the private message and
other senders’ common messages are jointly decoded. The
achievable rate region is

R' <I(Uie;: 1)

RP
RParll(pr) R“l‘ RY < I(X1; Y1|Uie,, Uie,)
IN ! Ré" R < I(Uy,; Y11X1)
1

R{? + RT” < I1(X1, Ulco; Y IUlcl)
(82)

It is easy to verify that the following two regions, {(R1, RT") :
R =R/ +CR?, (RV, R, Rfoc) € Rf](l,”c(Pl*z U Rf’;;r/”(P]*)}
and {(R1, R{°) : Ri = RY +R{', (R, R{', R") € R} (P})},
are equivalent.
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In the above we have discussed the case when only one user
pair applies heterogeneous superposition coding and partial-
joint decoding. More complicated cases can be extended from
this case by adding one user pair with the proposed scheme
at a time. To apply polar coding, one simply needs to adopt
MAC polarization with more than 2 users and follow our
proposed scheme for the 2-user DM-IC. To conclude, we have
the following proposition.

Proposition 3: The proposed heterogeneous superposition
polar coding scheme with the two types of partial-joint
decoding achieves the optimal rate region of DM-INs
when the encoding is restricted to random coding
ensembles.

Remark 3: Comparing (79) and (80) we can see that the
heterogeneous approach has a much simpler expression of
achievable rate region. Since we have shown that these two
superposition schemes result in the same achievable rate
region with respect to the overall rate between each user pair,
the heterogeneous approach can serve as an useful tool for
deriving simplified achievable rate regions for DM-INs.

VIII. CONCLUSION REMARKS

Based on the compact description of the Han-Kobayashi
region and the coding strategy lying behind [35], we have
shown that every point on the dominant faces of the Han-
Kobayashi region can be achieved by polar codes in a simpler
way compared to the scheme of [39]. We prove that the
fully-joint decoding requirement in the Han-Kobayashi coding
strategy can be loosened to partial-joint decoding, which
is more friendly to polar code designs. This result reveals
more insights on the roles of ARVs and coding strategies
for DM-INs.

The chaining method we used in this paper and the polar
alignment technique used in [39] both make polar coding
schemes lengthy, as a much larger block length is needed to
achieve close-to-optimal rates. It is shown in [42] that the
non-universality of polar codes is a property of the successive
cancellation decoding algorithm. Under ML decoding, a polar
code constructed for the binary symmetric channel (BSC)
universally achieves the capacity for any binary memoryless
symmetric (BMS) channel. Also, as we have mentioned in
Remark 2, fully-joint decoding in the heterogeneous super-
position coding scheme is possible with ML decoding. This
makes us wonder if there exist ML-like decoding algorithms
and the corresponding code structures for polar codes which
maintain universality while still enjoying low complexity.
If the answer is yes, our proposed scheme may be further
simplified as well as polar coding schemes for other multi-user
channels.

APPENDIX A
PROOF OF THEOREM 3

Definition 7 [58, p. 521]: Let (X1, X2, ..., Xy) denote
a finite collection of discrete random variables with
some fixed joint distribution, Px,x,. x,(X1,X2,...,Xk),
(x1,x2,...,x;) € X1 xXo X+ +-xXp. Let S denote an ordered
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subset of these random variables and consider N independent
copies of S. Thus,

N
Pr(SY :sN) :HPr(S,- =), sV e SV,
i=1

The set ’Z;(N) of e-typical N-sequences (X{v, Xév, e
defined as

,x,iv) is

TN (X1, X2, ..., Xk)
= [(x{v,xév,..

VSE(Xl,X2,.-.,Xk)]-

1
.,x,iv):‘—ﬁlogPSN(sN)—H(S) <€,

Codebook Generation: Consider a fixed Po(q)Px, w0
(x1, 011q) Px,wy|0 (X2, w2]q). Generate a sequence g'*V
]_[j-\]:1 Po(q). For k = 1,2, randomly and independently
generate 2VR; codewords w,lN (mpe), mee € [1: ZNRi], each
according to H;-Vzl Pw,0(w{|g’). For each my., randomly

~

and conditionally independently generate INRY codewords
N (mee, mip), mgp € |1 2VR{], each according to
H;v:l Px, w0 (xj [} (mie), 7).

Encoding: To send my = (mgc, myp), Sender k (k = 1,2)
transmits x,l:N(mkc, mpp).

Decoding: In the Type I partial-joint decoding, Receiver k
(k =1, 2) decodes in the following two steps:

o (Simultaneous decoding for two senders’ common mes-
sages) The decoder declares that (r11., m2c) is sent if it
is the unique message pair such that

(0™, 0N i), 0 o), oY) € T,

otherwise it declares an error.
o (Private message decoding) If such a (1., my.) is found,
the decoder finds the unique 7, such that
(qltN» w%:N (M1e), wé:N (M), x]i:N (ke nA’lkp), ylltN)
c Z(N);

otherwise it declares an error.

In the Type II partial-joint decoding, Receiver k decodes in
the following two steps:

o (Intended common message decoding) The decoder
declares that mi. is sent if it is the unique message such
that

("™, wi Ohe), yi™) € TH;

otherwise it declares an error.

o (Simultaneous decoding for the unintended common mes-
sage and the private message) If such a rmy. is found,
the decoder finds the unique (7, fitgp) such that

1I:N 1N~ I:N [~ 1IN (o~ ~ 1:N
(q s wk (mkc), wk’ (Wlklc), xk (kaa mkp)a yk )
c Z(N)’
where k' = mod (k,2) + 1; otherwise it declares an
error.
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Error Analysis: First we consider Type I. Assume that
message pair ((1,1), (1, 1)) is sent and Receiver 1 applies
the Type I decoding. Define the following error events

1 . . . .
0 2 1@"Y wf™ (0, wiN ), N (1,1, 1Y) ¢ 7O,
5{? 2 ("N, Wl (mie), wiN (1), yNy € TV
for some m1, # 1},
£ 2", wl™ (1), kN (mae), yN) € TV
for some my. # 1},
ED 24", wlN (m10), N (mae), yiN) € TV
for some mi. # 1, moc # 1},
W2 1@" 0N (), kN (), 2V (1 my ),y
for some m, # 1},
R 2 ("0l (1),wFN (mae), ™ (1,my ), v ™) e TN
for some mo. #!1, m1, #1}.

) e Te(N)

The average probability of error for Receiver 1 can be upper
bounded as

PE") < PER) +PE) +PER) +PER) +PER)
< PE) +PEN) +PED) +PER) + PED,
(83)

where (83) holds because P(E(I)) < P(E(I)) By the law of
large numbers (LLN), P(€ (1)) tends to 0 as N — oo. By the
packing lemma, P(El({)) P(E([)) P(E([)) and P(E([)) tend
to 0 as N — oo if the conditions

Ry < I(Wy; Y1|W20)
RS < I(Wa; Y1|W1 Q)
R+ Ry < I(WiW2; Y1]0)
RY < I(X1; "1|W1W20) (84)
are satisfied, respectively. The rate constraints when

Receiver 2 applies Type I decoding are similar by swapping
subscripts 1 and 2 in (84).

Next we consider Type II. We also assume that message
pair ((1, 1), (1, 1)) is sent and Receiver 1 applies the Type II
decoding. Define the following error events

£l 24", wf™ (1, wiN (), <N (1, 1), 1Y) ¢ 7O,

e 21", wiN mie), y™) € T for some mie # 1),

GV 2 1(@"N, wiN (1), wiN (1), 2N (1, my ),y e T
for some my, # 1},

WD 2 1@ "N, ™ (1) whN (mae) N (1, myp) yiN) e T
for some mo. # 1, myp # 1}.

The average probability of error for Receiver 1 can be upper
bounded as
PE!D) < PELD) +PEUD) +PEL) + PELD). (85)

Similarly, by the LLN, P(Sl(([) )) tends to 0 as N — oo. By the
packing lemma, P(&; ”)) P(E(”)) and P(E(”)) tend to O as
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N — oo if the conditions
R < I(Wy; Y1]Q)
RV < I(X1; Y1 |WiW20)
RV + RS < I(X\Wa; Y1|W,0) (86)

are satisfied, respectively. The rate constraints when Receiver 2
applies the Type II decoding are similar by swapping
subscripts 1 and 2 in (86).

Suppose both receivers adopt the Type I decoding.
From (84) and its counterpart for Receiver 2 we know that
the achievable rate region is

Rpar(P)
R{ < min{I(Wy; Y1|W2Q), [(Wy; Y2|W20)}
R{\ | RS < min{l(Wy: Y1|W1Q), I (Wa; Y2|W1 Q)}

RIS RS + RS < min{l (W, Wa; Y1|Q),
= R{) I(W1Wa; Y2 0)}
RY RY < I(X1; Y1|W1 W2 Q)

RY < 1(X2; Y2|W1W20)
(87)

Now suppose Receiver 1 uses Type I while Receiver 2 adopts
Type II. From (84) and the counterpart of (86) for Receiver 2
we have

Ripar(PY)
R{ < I(Wy; Y1|W20)
R\ | RS <min{l(Wy; Y1|W,0), [(W2; Y2]0)}

| RS R{ + RS < I(W,W2; 11|Q)
1| R R} < I(X1; Y1|[W1W20)
RY Ry < I(Xa: Y2|W W2 Q)

RY + R < I(XaWy; Y2|W20)
(88)

Similarly if Receiver 2 uses Type I while Receiver 1 adopts
Type II, we have

Par(Pl)
R{ < min{I(Wy; Y2|W20), I(Wy; Y1|0)}
R{ RS < I(Wa; Y2|W1 Q)
_ RS R + RS < I(W1Wa; Y21Q)
1| R RY < I(X1: Y1|W1W2Q)
RY R} < I(X2; Y2|W1W20)
RY + RS < I(X,Wa; Y1|W,0)

(39)
From (87) we have
RY + RS + R§ < min{I(X1Wa; Y11Q), (X1; Y1|W1 W2 Q)
+ 1(W1 Wa; 12| Q)},
min{l (X2 W1; Y21 Q), I (X2; Y2|W1 W2 Q)
+ 1 (W1 Wa; Y11 Q)}.

RY + R{ + RS

IA

From (88) we have
RV+R{ + RS < I(X1Wa; Y1]0),
RY+R{+ RS
1 (X2 Wy; Y2| Q)

< min { I (X2 Wy; Y2|W20) + I (Wa; Y1IW1Q),
I(X2; 2[WiW2 Q) + T(W Wp; Y1 Q)
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From (89) we have
RY 4+ R{ + RS
1(X1Wa; Y110)
<min { /(X;W; Y1IW1 Q) + I (Wi; Y2|W20), ¢,
I(X1; YiIWi W2 Q) + I(Wi Wa; 12| Q)
RY 4+ R{ + RS < I(X2Wi; 2| Q).
Then we can obtain the following achievable rate region

R < I(Wi; Y1IW2Q)
RY < I(X1; Y1IWiW20)
RS RY + RS < I(X1Wa: Y1|W1 Q)
RS | | RY + R{ + RS < I(X{Wa; Y1|Q)
RY RS < I(Wy; Y2|W1 Q)
RY R} < 1(X2: V2|W1 W2 0)
R} + R{ < I(XaWi; Y2|W2 Q)
Ry + R{ + R < I(X2W1; Y2|Q)

RPax(Pl*) =

(90)

Using the Fourier-Motzkin elimination we can readily
show that (90) results in the same region as in Theorem 2
with the following two additional constraints (same as the
Chong-Motani-Garg region shown in [35, Lemma 4]):

Ry < I(X1; 1|[WiW2Q) + 1 (X2 W; V2| W2 0),

Ry < 1(Xo; 2|[WiW20) + 1(X1Wo; Y1[W1 Q). (O1)

From [35] we know that the Chong-Motani-Garg region is
smaller than the compact Han-Kobayashi region for a P; only
if

I(XoWyi; Y1[W2Q) < I(Wy; Y1|Q)

or

1(X1W2; V2[W1Q) < I(W2; Y2|Q). 92)

For the former case, an intuitive interpretation is that
Receiver 2 is unable to achieve the unintended common
message rate of R{ = I(W;; Y1]|Q) even if it tries its best.
In this case, Sender 1 will not transmit any common message
(i.e., Wi = 0) [50, Problem 6.12]. Similarly, for the latter case,
we will set Wo = . Thus, these rates are still achievable with
the proposed scheme. This completes the proof.

APPENDIX B
PROOF OF LEMMA 1

Since R1+Ry =c¢, Ri+R> =d, Ri+Ry =¢,2R1+Ry = f
and Ry + 2R, = g are the possible dominant faces of the
Han-Kobayashi region, we prove Lemma 1 by deriving value
ranges of common message rates for points on each of them.

A. Points on Rj + Ry =cand Rj + R, =d
Suppose P € Ryx (P[) is a point on line
Ri+Ry=c. (93)

Let (Rp,Rf,Rg,Rg) be a rate decomposition of P. The
equality of (93) forces those in the counterpart of (8) for
Receiver 2 and (14) to hold. Thus,
RY = 1(X2; V2|W1 W2 Q),
RY 4+ R{ + RS = I(X1W2; 111Q).

(94)
95)
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From (95) and (17) we have
RS > 1(W; Y10).
From (94) and (18) we have

RS < I(W; Y2|W1 Q). (96)

From (93) and (22) we have
Ry>2c— f

=1(X2; |WiW20)+1 (W Wa; Y1|Q)— I (W1; Y2 W2 Q).
From (93) and (23) we have

Ry <g—c=1(X2W1; Y2|Q) — I(Wy; Y1]0).
Thus,
T(WiWa; Y11Q) — I(Wy; Y2 W2 Q) < RS < I(W1Wa; Y2|Q)
I(Wy; Y110).
If Ri + R» = ¢ is a dominant face of the Han-Kobayashi
region, ¢ < d and ¢ < e must hold. From (19), (20) and (21)
we have
I(W1; Y2lW2 Q) > 1(Wy; Y1]Q),

[(WiWs; Y2|Q) = I(W1Wa; Y1]|Q). O7)

1) For max{l(Wa; Y11Q), [(WiW2; Y1|Q) — I(Wy; Y2
IW20)} < R < I(Wa2; Y1|W1 Q) (if not null), let
Ry = I(W1Wy; Y1|Q) — RS,
RY = I(X1: "i|WiW120).
Obviously (R, R;) € R(Py,w,w,) and R{ < I(Wy; 1>
[W2Q). Then from (96) and (97) we know that (R{, R5) €
R(Py, w,w,). Therefore P is of Type A.
2) For I(W2; Y1|W1Q) < R; < min{l(WW>; V2|0) —
I(W1; Y11Q), I (Wa; Y2|Wi Q)} (if not null), let
Ry = I1(Wy; Y110),
Ry = I(X1W; Y1|W1Q) — RS.
In this case, P belongs to Type B.

For a point P € Rk (P{) on line R1+ Ry = d, the analysis
is similar.

B. Points on R;j + Ry = ¢
Suppose P € Ryk (Pf) is a point on line

Ri+Ry=e. (98)

Let (R? ,Rf,Ré7 ,R) be a rate decomposition of P. The
equality of (98) forces those in (12) and its counterpart for
Receiver 2 to hold. Thus,

RV + RS = I(X1Wa; Y1|W,0),

RY + R = 1(X2Wy; Y2|W2 Q).
Then from (8), (14) and their counterparts for Receiver 2,
we have

[(Wy; 12|W20) < R < I(Wy; Y1]Q),

< (99)
I(W2; Y1[W1Q) < RS < I(Wa; Y2|0).

(100)
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From (22) and (98) we have
RV + Ry < I(X1; Y1IWiW20) + I(W); Y110),
RY + RS > I(XaWi; Y2|W2 Q) + I(Wa; Y1|W1 Q)
—I(W1; 1110).
From (23) and (98) we have
RY + R{ = 1(X\Wa; Y1|W1Q) + [(Wy; V2| W2 Q)
— I (W2; 1210),
RY + RS < I(X2; Y2|W1W2 Q) + I (Wa; Y2|0).
D If 1(X2; Y2WiW20)+1(Wo; Y1 [W1Q) < P(2) < 1(X2;

Y2 |WiW2Q) + 1(Wa; Y2|Q), let RY = I(X2; Yo|WiW20).
Then

IV

R; = P(2) — I(X2; V2|W1 W20),

R{ = I(W; Y2|W20),

RY = 1(X1Wa; Y1|WQ) —
From (99) we know that R{ < I(Wj; Y1|Q). Thus, P belongs
to Type B.

) If I(Xo Wy Y2[Wa Q)+1(Wo; Y1 |W1 Q)—1(Wy: Y1]Q) <
PQ2) < I(X2; o|WiW20) + I1(Wa; Y1|W1Q), let R] =
I(X1; Y1 |[WW>20Q). Then

RS = I(Wy; Y1|W10),

Ry = P(2) — [(Wa; Y1|W Q),

R = I(X2Wy; 2|W2Q) + 1(Wa; Y1|W1 Q) — P(2).
From (100) we know that RS < I (W; Y2|Q). Thus, P belongs
to Type B.

C. Points on 2R; + Ry = f and Rj + 2R, = g
Suppose P € Ryk (P[") is a point on line
2R+ Ry = f. (101)

Let (RY, RS, RY, RS) be a rate decomposition of P. The
equality of (101) forces those in (8), (14) and the counterpart
of (12) to hold. Thus,

R} = I(X1: Y1|[W1W20), (102)
RS+ RY = 1(XaWi: Y2 W2 Q). (103)
RS + RS = [(WiWa; V1]Q). (104)
Then we obtain from (11) that
Ry < I(Wy: Y1IW20). (105)

From (19)—(21), (101) and (102) we have
1 (Wy; Y2|W20)
R{ = max { I(WiWp; Y1|Q) — 1(W>; Y2|Q)
1(Wy; Y1]0)
Thus,
L(WiWa; Y11Q) — I (Wi; Y2|W20)
1 (W2; Y2| Q)
I1(Wa; Y1IW10)
We can see that (R{,R5) € R(Py ww,) and R <
I (W»; Y2]Q). Thus, P belongs to Type B.

RS < min
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For a point P € Rpyg(P[) on line Ry + 2R, = g,
the analysis is similar.
Now we have completed the proof.

APPENDIX C
PROOF OF LEMMA 2

H(Nl) A {] € [N]: H(sfl(j)lylliN, UiIZN, Slifl(j)—l)

> logy(gx,) — on}, (106)

and let Bg[\j?lyl W, = (7‘(??2“,I Wi E(Sﬁ)lﬁ W|)C' Then we have
1 L (V) BM €
ﬁlIU" = ﬁ'Hxllwl (HSUI\Y1W| SU |Y|W1)

Lo ) C A (R™) c
= ﬁ'Hxllwl m(7_{511 \Y1W|) m(BSU |Y|W|) |

Lo HWN) BW)
= N'Hxllwl (H SU\Y1W|) |_ SU1|Y'W'|
(N) (N)

(V) |

- ﬁ'HXHWl' a ﬁ'HSU,IY1W1| a ﬁ' Sy, 1w !

From (28) we have
1
m_—IHg | = Hoy, (X11Wh).
From [62, Lemma 1] we have

: (N)
ngn |BSU 1Y W|| 0.

From (39) we have
1

(™)
_lHSU1|YI W1|

= lim — Z Hyy (S71YN, Wi, st

J€$U1

. 1 12N |y I:N
th (N qxl(S 1Y, W )

—— Z Hyy (ST|Y/N, W
jESU/

’Slcj—l))

: 1 1:2N 1:N 1 1:N |y I:N
th (N Hyy (82N, Wiy )—Nqul(Wl [Y; )

- — Z Hyy (ST|Y/N, W
jESU/

’Slcj—l))

. 1 122Ny I:N
i, 37, 511

1 NN ol
+ Jim NH[,X (WM YN, S12Ny — Hy o (Wh]Y7)

— lim —
N—oo N

Z qu (Sj|Y11N WlN Sl] 1)
]ESU/

Hyy, (X1W2IY1) Hyy, (WilY1)

LS Hyy ($TY I, st
]eSUé
= Hgy, (X1 W2|Y1) — Hgy (W1 Y1)
- (qul (W) = I(X 1 Wa; Y1) + l_’l(l))
gx, (X1) = Hgy (Wi|Y1) —P'(1),

(107)

(108)
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where (107) holds because Hy, (W N|Y*N, §12V) =0, and
(108) holds by

LN ¢l:j—1
kS
]ESUé
o, (W2) —P'(2)
= Hyy, (W2) — (I(X1W2; Y1) — P'(1).
Thus,
li 1 IZipl
im —
N—oo N Ip
ax, X1IW1) = (Hgy, (X1) = Hyy, (Wi[Y1) — P (1))
qx, (Xl Wl) - I{qx1 (Wl) - qul (Xl)

+ Hyy, (Wi[Y1) + P (1)

=Pl ()= I(Wi: 1)), (109)

where (109) holds because Hgy, X W) = Hgy, (X1).

APPENDIX D
PROOF OF LEMMA 3

We drop the subscript (-); for simplicity here as the analysis
for any i is the same. Since Gy is an invertible mapping,
by the chain rule for the Kullback-Leibler divergence we have

D(PW11:N||QW11:N) (110)

=]D)(P /1:N||QU{1:N)

:ZD( /lj l||QU ‘U/l] 1)

= Z ]D)(PU/ |U1’ |||QU ‘Ul/ 1) (111)
jEH(N)

= > (log(qw) — HU/U™h) (112
jE'H(N)

< Non, (113)

where (111) holds by our common message encoding scheme,
(112) holds by the fact that information symbols and frozen
symbols are umformly distributed, and (113) holds by the
definition of set H Slmllarly,

D(PUll:lell:N [l QUll:lell:N)

N
- ZD(PU{W]];_;_
j=1

= % D(PU{‘lUll:j—lwllzN||QU1j‘Ull:j71Wl|;N)
jEHX1)|W1
= > (log(gx,) —
. N
jEHg(l)WVl

Noy.

Ly Qs L=ty 1)

1: 1 .
Hgy (U] |U} 7 W Yy)

IA

(114)
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Then by the chain rule for the Kullback-Leibler divergence we
have

D(PWII:NXII:N”QWII:NXII:N)

= D(PWII:NUII:N||QW11:NU1I:N) (115)
= D(PU1|:N|WI|:N||QU1|:N|WI|:N) + D(PW11:N||QW11:N) (116)
< 2Noy. (117)
Similarly,
D(PWZI:NX%:NHQWZI:NX%:N) < 2Noy. (118)
Then we have
||PW|1:NW21:NX%:NX5:N — QWII:NW21:NX|1:NX%:N||
= ||PW1I:NX}:N PWZI:NXZI:N — lelzNXll:N QWZI:NX%:N”
< ||PWII:NX}:N PW21:NX2I:N — QWII:NXII:NPWZI:NX%:N”
+|IQW11:NX|1:NPW21:NX5:N — QWII:NX%:N QW21:NX%:N|| (119)

= ||PW1I:NX}:N — lelsz}:NH + ||PW2I:NX%:N — QWZI:NX%:N”

(120)
< 4,/log2\/Ndy,

(121)
where (119) holds by the triangle inequality, (120) holds by
[63, Lemma 17], and (121) holds by (117), (118) and Pinsker’s
inequality.

Since PYII:NYZI:le}:NXZI:N =
[63, Lemma 17] we have

LNy LNy 1:N y 1:N b
QY| vV XN xpN, DY

P LNy 1Ny N y Ny Ny LN — LNy 1:N y:N y N y LN y 1IN
” Wl W2 Xl X2 YI Y2 QWI W2 Xl X2 Yl Y2 ”

= ||PW11:NW21:NX}:NX%:N — QWII:NWZI:NX}:NXZI:N”

< 4,/log2+/Noy.

(122)

APPENDIX E
PROOF OF LEMMA 4

To evaluate all error events in the proposed scheme, we
denote the random variables drawn from the target distribution
as U1, X 1, Y1, etc., those induced by our encoding scheme as
U1, X1, Y1, etc., and those of the decoding results as U, Xy,
Y 1, etc.

We first bound the error probability of a receiver with the
Type I partial-joint decoding. As an example, we consider
Receiver 1 in the Type A scheme. Define the following error
events

gl,i AL {(WIIZN WZIZNX}:N?IIZN)I_
75 (WllzN WZIZNX}:NYIIZN)},
5% it 21 (Uichainingl-];chaining)ii1
£ (0ichaining 0;chaining)i_l 1,
Ewywa,i 20N TNy £ (TN T,
Exii = (O # (O,

where “chaining” in the superscript stands for the elements
used for chaining.
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The error probability of Receiver 1 when decoding messages
in Block i (1 <i < K) can be upper bounded by

1
Pe,i

IA

P[Ex,,i or Ewyw,,il

= P[Ex,,i or Ewywy,ilE1,ilPLE,i]

+ P[Ex,.i or 5W1W2,i|£Ei]P[€Ei]
P[&1,i1+ Pl€x,.i or Ew, W2,i|516:i]

= Pl&1il+ P[5W1W2,i|5Ei]

+ P[fx.,ilglc,,-, EVCVIWZ,,-]P[&%WZ,,-IEEJ

Pl&1i]1+ PlEw, Wz,i|51C,i] + P[gxl,i|glc,i» 53/. Wa,il-
(123)

IA

IA

Using optimal coupling [64, Lemma 3.6] we have

P& il = ||PW1I:NW2I:NX}:NYII:N — Q(WllzNwzlsz}:NyllzN)i Il
(124)

For i > 2, we have
P[Ew,wy.ilEL;]
= P[EWIWZailglc:i’g%zlwbi—l]P[g%z]Wz,i—l]
+ P[5W1 Wa,i |£C(’:l., (g‘caillWz,,'_l)C]P[(‘c:%l1 Wz,,‘_1)c]

PLEG wo i1+ PLEW WIS (5w, D]
PlEw,w,.i-1]1+ Noy,

IA A

(125)

where (125) holds by the error probability of source polar
coding [2]. Since

PlEw,wy,i-1] = P[5W1W2,i—1|5Ei_1]P[5Ei_1]
+ PEw,wy,i—11E1,i—11P[E1,i-1]
< PlEw,wy,i-1 Iffi,l] + P& i1],

we have

P[5W1W2,i|5Ei] < P[5W1W2,i—1|5Ei_1] + Ny
+4y/log2/Now.

For i = 1, from our chaining scheme we know that

P[Ew,wy11EF ] < Noy.
Then by induction we have
P[Ew,wy,iIEC,] < iNOy + 4(i — 1)/log2y/Noy .
By the error probability of source polar coding [2] we have
PLEx,ilEL; EFywy.i ] < Now.
Thus,
Pori < (i + 1)NOy + 4i/log 2y/Néy.

Then error probability of Receiver 1 in the overall K blocks
can be upper bounded by

K
K+ (K +2
Pl <3 pl < EEDEED 5ok K + 1) /iog2
i=1

2
x/Noy. (126)
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Next we bound the error probability of a receiver with the
Type II partial-joint decoding. As an example, we consider
Receiver 1 in the Type B scheme. Define the following error
events

8151' A {(WII:N Wzlsz(}:N?ll:N)i 7& (WllzN WZI:NX}:N Yll:N)}’
5%,1-71 é{(l—]lchammg)i71 7&(0lchammg)i71}’
5%1251.71 é{(U;chaining)i_l #(U;chaining)i_l},

Ewyi 2 (0N # (0",
£X1W2,i A {(Ull:NUzl:N)i 7é(UllzN Uzl:N)i}~
Similar to (123), the error probability of Receiver 1 when

decoding messages in Block i (I < i < K) can be upper
bounded by
Pel,{ < P[Exwy,i or Ew, il
PLEL1+ PLEWIEL N + PLEX wyilEC;, £, 11
(127)

A

Similar to the analysis for P[Ew, w,.i |81Cl.] in the Type I case,
we have

P[Ew, iIEF;] < iNoy +4(i — 1)y/log2y/Néy, (128)

and

A

P[Ew,.i] < PIEw,i|ECIPIES 1+ PIEL]

iNOy + 4i+/log2\/Noy.

IA

For i > 2, we have

P[gxlwz,i|516:,-, 5‘%,,-]

= P[8X1W2,i|gfi, 51():1/1,1'» (561512,1'71)(:]})[(5612,1;1)(:]
+P[€X1W2>i|£lc:i’ggﬁ,i’g%;ifl]P[g;lZ,ifl]
PIEX wyi L1 €5, i (€5 - D1+ PIEY, ;]
Non + P[Ex,wy,i-1]

NoN + PLEX wyi—11Ef;_1PIE; ]

+ P[Ex wy.i-11€1,i-11P[E1,i-1]
P[Ex,wyi—11EC;_11+ Noy +4/log2y/Noy
P[Ex,wy,i—1 |5Ei—1’gl§l/1,i—1] + P[Ew,,i-1]
+Noy +4,/log2/Noy

PEx,wy.i-1 Iflc,i,l,é’vcvlji,l] +iNSy + 4i/log2/Néy.

For i = 1, from our chaining scheme we have

INTA

IA

IA

IA

PLEx,wo1 €L 1, €y, 1] < Now.
Thus, by induction we have
P[€X1W2,i|5E,‘, 5VCV1,,-]
< CEDUZD (Noy +4/logy/Now) + Now.  (129)
From (127), (124), (128) and (129) we have

.2 .
3i -2
Pl < %(IWN +4,/10g2\/Néy) + Ny ..
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Then we have
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2 P
i=1
K(K +1)(K +5
K+ DKL) 5

2K(K2+6K —1
+ ( _g ),/logZ\/NéN.

11
Pe

IA

REFERENCES

E. Arikan, “Channel polarization: A method for constructing capacity-
achieving codes for symmetric binary-input memoryless channels,” IEEE
Trans. Inf. Theory, vol. 55, no. 7, pp. 3051-3073, Jul. 2009.

E. Arikan, “Source polarization,” in Proc. IEEE Int. Symp. Inf. Theory,
Jun. 2010, pp. 899-903.

S. B. Korada, “Polar codes for channel and source coding,”
Ph.D. dissertation, Ecole Polytechnique  FéDérale Lausanne,
Lausanne, Switzerland, 2009.

S. B. Korada and R. L. Urbanke, “Polar codes are optimal for lossy
source coding,” IEEE Trans. Inf. Theory, vol. 56, no. 4, pp. 1751-1768,
Apr. 2010.

E. Arikan, “Polar coding for the slepian-wolf problem based on
monotone chain rules,” in Proc. IEEE Int. Symp. Inf. Theory, Jul. 2012,
pp. 566-570.

M. Andersson, V. Rathi, R. Thobaben, J. Kliewer, and M. Skoglund,
“Nested polar codes for wiretap and relay channels,” IEEE Commun.
Lett., vol. 14, no. 8, pp. 752-754, Aug. 2010.

H. Mahdavifar and A. Vardy, “Achieving the secrecy capacity of wiretap
channels using polar codes,” IEEE Trans. Inf. Theory, vol. 57, no. 10,
pp. 6428-6443, Oct. 2011.

0. O. Koyluoglu and H. El Gamal, “Polar coding for secure transmission
and key agreement,” IEEE Trans. Inf. Forensics Security, vol. 7, no. 5,
pp. 1472-1483, Oct. 2012.

E. Sasoglu and A. Vardy, “A new polar coding scheme for strong security
on wiretap channels,” in Proc. IEEE Int. Symp. Inf. Theory, Jul. 2013,
pp. 1117-1121.

T. C. Gulcu and A. Barg, “Achieving secrecy capacity of the wiretap
channel and broadcast channel with a confidential component,” in Proc.
IEEE Inf. Theory Workshop (ITW), Apr./May 2015, pp. 1-5.

Y.-P. Wei and S. Ulukus, “Polar coding for the general wiretap channel
with extensions to multiuser scenarios,” IEEE J. Sel. Areas Commun.,
vol. 34, no. 2, pp. 278-291, Feb. 2016.

M. Karzand, “Polar codes for degraded relay channels,” in Proc. Int.
Zurich Seminar Commun., 2012, pp. 59-62.

R. Blasco-Serrano, R. Thobaben, M. Andersson, V. Rathi, and
M. Skoglund, “Polar codes for cooperative relaying,” IEEE Trans.
Commun., vol. 60, no. 11, pp. 3263-3273, Nov. 2012.

A. Onay, “Successive cancellation decoding of polar codes for the two-
user binary-input MAC,” in Proc. IEEE Int. Symp. Inf. Theory (ISIT),
Jul. 2013, pp. 1122-1126.

E. Sasoglu, E. Telatar, and E. Yeh, “Polar codes for the two-user
multiple-access channel,” IEEE Trans. Inf. Theory, vol. 59, no. 10,
pp. 6583-6592, Oct. 2013.

E. Abbe and 1. Telatar, “Polar codes for the m-user multiple access
channel,” IEEE Trans. Inf. Theory, vol. 58, no. 8, pp. 5437-5448,
Aug. 2012.

H. Mahdavifar, M. El-Khamy, J. Lee, and I. Kang, “Achieving the
uniform rate region of general multiple access channels by polar coding,”
IEEE Trans. Commun., vol. 64, no. 2, pp. 467478, Feb. 2016.

N. Goela, E. Abbe, and M. Gastpar, “Polar codes for broadcast chan-
nels,” IEEE Trans. Inf. Theory, vol. 61, no. 2, pp. 758782, Feb. 2015.
M. Mondelli, S. H. Hassani, I. Sason, and R. L. Urbanke, “Achieving
Marton’s region for broadcast channels using polar codes,” IEEE Trans.
Inf. Theory, vol. 61, no. 2, pp. 783-800, Feb. 2015.

R. A. Chou and M. R. Bloch, “Polar coding for the broadcast channel
with confidential messages: A random binning analogy,” IEEE Trans.
Inf. Theory, vol. 62, no. 5, pp. 2410-2429, May 2016.

M. Andersson, R. F. Schaefer, T. J. Oechtering, and M. Skoglund,
“Polar coding for bidirectional broadcast channels with common and
confidential messages,” IEEE J. Sel. Areas Commun., vol. 31, no. 9,
pp- 1901-1908, Sep. 2013.

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 65, NO. 4, APRIL 2019

[22]
[23]
[24]

[25]

[26]

[27]

[28]

[29]

[30]

[31]

[32]
(33]

[34]

[35]

[36]

[37]

(38]

[39]

[40]

[41]

[42]

[43]
[44]

[45]

[46]

[47]

[48]

C. E. Shannon, “Two-way communication channels,” in Proc.
4th Berkeley Symp. Math., Statist., Probab., vol. 1. 1961, pp. 611-644.
R. Ahlswede, “The capacity region of a channel with two senders and
two receivers,” Ann. Probab., vol. 2, no. 5, pp. 805-814, Oct. 1974.
A. B. Carleial, “A case where interference does not reduce capacity,”
IEEE Trans. Inf. Theory, vol. 21, no. 5, pp. 569-570, Sep. 1975.

H. Sato, “The capacity of the Gaussian interference channel under strong
interference,” IEEE Trans. Inf. Theory, vol. IT-27, no. 6, pp. 786-788,
Nov. 1981.

S. T. Chung and J. M. Cioffi, “The capacity region of frequency-selective
Gaussian interference channels under strong interference,” IEEE Trans.
Commun., vol. 55, no. 9, pp. 1812-1821, Sep. 2007.

N. Liu and S. Ulukus, “The capacity region of a class of discrete
degraded interference channels,” IEEE Trans. Inf. Theory, vol. 54, no. 9,
pp. 4372-4378, Sep. 2008.

R. Benzel, “The capacity region of a class of discrete additive degraded
interference channels (Corresp.),” IEEE Trans. Inf. Theory, vol. 25, no. 2,
pp. 228-231, Mar. 1979.

H.-F. Chong and M. Motani, “The capacity region of a class of semide-
terministic interference channels,” IEEE Trans. Inf. Theory, vol. IT-55,
no. 2, pp. 598-603, Feb. 2009.

A. El Gamal and M. Costa, “The capacity region of a class of
deterministic interference channels,” IEEE Trans. Inf. Theory, vol. 28,
no. 2, pp. 343-346, Mar. 1982.

M. H. M. Costa and A. El Gamal, “The capacity region of the discrete
memoryless interference channel with strong interference,” IEEE Trans.
Inf. Theory, vol. 33, no. 5, pp. 710-711, Sep. 1987.

A. B. Carleial, “Interference channels,” [EEE Trans. Inf. Theory,
vol. IT-24, no. 1, pp. 60-70, Jan. 1978.

T. Cover, “An achievable rate region for the broadcast channel,” /IEEE
Trans. Inf. Theory, vol. IT-21, no. 4, pp. 399-404, Jul. 1975.

T. Han and K. Kobayashi, “A new achievable rate region for the
interference channel,” IEEE Trans. Inf. Theory, vol. IT-27, no. 1,
pp. 49-60, Jan. 1981.

H.-F. Chong, M. Motani, H. K. Garg, and H. El Gamal, “On the
Han-Kobayashi region for the interference channel,” IEEE Trans. Inf.
Theory, vol. 54, no. 7, pp. 3188-3195, Jul. 2008.

S. Sharifi, A. K. Tanc, and T. M. Duman, “Implementing the
Han—Kobayashi scheme using low density parity check codes over
Gaussian interference channels,” IEEE Trans. Commun., vol. 63, no. 2,
pp. 337-350, Feb. 2015.

S. Shari, A. K. Tanc, and T. M. Duman, “LDPC code design for binary-
input binary-output Z interference channels,” in Proc. IEEE Int. Symp.
Inf. Theory (ISIT), Jun. 2015, pp. 1084—1088.

K. Appaiah, O. O. Koyluoglu, and S. Vishwanath, “Polar alignment for
interference networks,” in Proc. 49th Annu. Allerton Conf. Commun.,
Control, Comput. (Allerton), Sep. 2011, pp. 240-246.

L. Wang, “Channel coding techniques for network communication,”
Ph.D. dissertation, Dept. Elect. Eng., Univ. California, San Diego,
San Diego, CA, USA, 2015.

C. Hirche, C. Morgan, and M. M. Wilde, “Polar codes in network
quantum information theory,” IEEE Trans. Inf. Theory, vol. 62, no. 2,
pp. 915-924, Feb. 2016.

L. Wang, E. Sasoglu, B. Bandemer, and Y.-H. Kim, “A comparison of
superposition coding schemes,” in Proc. IEEE Int. Symp. Inf. Theory,
Jul. 2013, pp. 2970-2974.

E. Sasoglu, “Polar coding theorems for discrete systems,”
Ph.D. dissertation, Ecole Polytechnique FéDérale Lausanne, Lausanne,
Switzerland, 2011.

I. Tal and A. Vardy, “How to construct polar codes,” IEEE Trans. Inf.
Theory, vol. 59, no. 10, pp. 6562-6582, Oct. 2013.

R. G. Gallager, Information Theory and Reliable Communication.
New York, NY, USA: Wiley, 1968.

M. Mondelli, R. L. Urbanke, and S. H. Hassani, “How to achieve the
capacity of asymmetric channels,” in Proc. 52nd Annu. Allerton Conf.
Commun., Control, Comput. (Allerton), 2014, pp. 789-796.

J. Honda and H. Yamamoto, “Polar coding without alphabet extension
for asymmetric models,” IEEE Trans. Inf. Theory, vol. 59, no. 12,
pp. 7829-7838, Dec. 2013.

R. A. Chou and M. R. Bloch, “Using deterministic decisions for
low-entropy bits in the encoding and decoding of polar codes,” in
Proc. 53rd Annu. Allerton Conf. Commun., Control, Comput. (Allerton),
Sep./Oct. 2015, pp. 1380-1385.

S. H. Hassani and R. Urbanke, “Universal polar codes,” in Proc. IEEE
Int. Symp. Inf. Theory, Jun./Jul. 2014, pp. 1451-1455.



ZHENG et al.: POLAR CODING STRATEGIES FOR THE INTERFERENCE CHANNEL WITH PARTIAL-JOINT DECODING

[49] E. Sasoglu and L. Wang, “Universal polarization,” [EEE Trans. Inf.
Theory, vol. 62, no. 6, pp. 2937-2946, Jun. 2016.

A. El Gamal and Y.-H. Kim, Network Information Theory. Cambridge,
U.K.: Cambridge Univ. Press, 2011.

P. P. Bergmans, “Random coding theorem for broadcast channels with
degraded components,” IEEE Trans. Inf. Theory, vol. IT-19, no. 2,
pp- 197-207, Mar. 1973.

R. Wang, J. Honda, H. Yamamoto, R. Liu, and Y. Hou, “Construction
of polar codes for channels with memory,” in Proc. IEEE Inf. Theory
Workshop-Fall (ITW), Oct. 2015, pp. 187-191.

E. Sasoglu and I. Tal, “Polar coding for processes with memory,” in
Proc. IEEE Int. Symp. Inf. Theory (ISIT), Jul. 2016, pp. 225-229.

R. Nasser and E. Telatar, “Polar codes for arbitrary DMCs and arbitrary
MACs,” IEEE Trans. Inf. Theory, vol. 62, no. 6, pp. 2917-2936,
Jun. 2016.

R. Nasser, “An ergodic theory of binary operations—Part I: Key
properties,” IEEE Trans. Inf. Theory, vol. 62, no. 12, pp. 6931-6952,
Dec. 2016.

R. Nasser, “An ergodic theory of binary operations—Part II: Appli-
cations to polarization,” IEEE Trans. Inf. Theory, vol. 63, no. 2,
pp. 1063-1083, Feb. 2017.

[57] E. E. Gad, Y. Li, J. Kliewer, M. Langberg, A. A. Jiang, and J. Bruck,
“Asymmetric error correction and flash-memory rewriting using polar
codes,” IEEE Trans. Inf. Theory, vol. 62, no. 7, pp. 4024-4038, Jul. 2016.
T. M. Cover and J. A. Thomas, Elements of Information Theory.
New York, NY, USA: Wiley, 2012.

I. Tal, A. Sharov, and A. Vardy, “Constructing polar codes for non-binary
alphabets and MACs,” in Proc. IEEE Int. Symp. Inf. Theory, Jul. 2012,
pp. 2132-2136.

U. Pereg and I. Tal, “Channel upgradation for non-binary input alphabets
and MACs,” IEEE Trans. Inf. Theory, vol. 63, no. 3, pp. 1410-1424,
Mar. 2017.

B. Bandemer, A. El-Gamal, and Y. K. Kim, “Optimal achievable rates
for interference networks with random codes,” IEEE Trans. Inf. Theory,
vol. 61, no. 12, pp. 6536-6549, Dec. 2015.

R. A. Chou, M. R. Bloch, and E. Abbe, “Polar coding for secret-key
generation,” IEEE Trans. Inf. Theory, vol. 61, no. 11, pp. 6213-6237,
Nov. 2015.

[63] P. W. Cuff, “Communication in networks for coordinating behavior,”
Ph.D. dissertation, Dept. Elect. Eng., Stanford Univ., Stanford, CA,
USA, 2009.

D. J. Aldous, “Random walks on finite groups and rapidly mixing
Markov chains,” in Séminaire de Probabilités XVII 1981/82. Berlin,
Germany: Springer, 1983, pp. 243-297.

[50]

[51]

[52]

[53]

[54]

[55]

[56]

[58]

[59]

[60]

[61]

[62]

[64]

Mengfan Zheng received the B.S. degree in electronic engineering from
Shanghai Jiao Tong University, Shanghai, China, in 2012. He is currently
pursuing the Ph.D. degree in electronic engineering at Shanghai Jiao Tong
University, Shanghai, China. His research interests include channel coding,
information theory and physical layer security.

Cong Ling received the B.S. and M.S. degrees in electrical engineering
from the Nanjing Institute of Communications Engineering, Nanjing, China,
in 1995 and 1997, respectively, and the Ph.D. degree in electrical engineering
from the Nanyang Technological University, Singapore, in 2005. He is
currently a Reader in the Electrical and Electronic Engineering Department
at Imperial College London. His research interests are coding, information
theory, and security, with a focus on lattices. Dr. Ling has served as an
Associate Editor of IEEE TRANSACTIONS ON COMMUNICATIONS and of
IEEE TRANSACTIONS ON VEHICULAR TECHNOLOGY.

1993

Wen Chen (M’03-SM’11) received BS and MS from Wuhan University,
China in 1990 and 1993 respectively, and PhD from University of Electro-
Communications, Tokyo, Japan in 1999. He was a research fellow of Japan
Society for the Promotion of Sciences (JSPS) from 1999 through 2001.
In 2001, he joined University of Alberta, Canada, starting as a post-doctoral
fellow and then a research associate. Since 2006, he has been a full professor
in the Department of Electronic Engineering, Shanghai Jiao Tong University,
China, where he is also the director of Institute for Signal Processing and
Systems. During 2014-2015 he was the dean of the school of Electronics
Engineering and Automations, Guilin University of Electronic Technology.
Since 2016 he has been the chairman of SJTU Intellectual Property Manage-
ment Corporation.

Dr. Chen was awarded the Ariyama Memorial Research Prize in 1997,
the PIMS Post-Doctoral Fellowship in 2001. He received the honors of “New
Century Excellent Scholar in China” in 2006 and “Pujiang Excellent Scholar
in Shanghai” in 2007. He is elected to the vice general secretary of Shanghai
Institute of Electronics in 2008. He received the best service award of China
Institute of Electronics in 2013, the Best Paper Awards of Chinese Information
Theory Society in 2014, the Innovate 5G Competition Award in 2015, and
is invited to deliver a keynote speech in IEEE APCC 2016, and tutorials in
IEEE ICCC 2016 and IEEE VTC 2017.

Dr. Chen He has published 92 papers in IEEE journals and more than
110 papers in IEEE conferences. He is Editor for IEEE TRANSACTIONS
ON WIRELESS COMMUNICATIONS, IEEE TRANSACTIONS ON COMMUNI-
CATIONS, and IEEE ACCESS. He is the chair of IEEE Vehicular Technology
Society Shanghai Chapter. His interests cover multiple access, coded cooper-
ation and green heterogenous networks.

Meixia Tao (S’00-M’04-SM’10) received the B.S. degree in electronic
engineering from Fudan University, Shanghai, China, in 1999, and the Ph.D.
degree in electrical and electronic engineering from Hong Kong University
of Science and Technology in 2003. She is currently a Professor with
the Department of Electronic Engineering, Shanghai Jiao Tong University,
China. Prior to that, she was a Member of Professional Staff at Hong Kong
Applied Science and Technology Research Institute during 2003-2004, and a
Teaching Fellow then an Assistant Professor at the Department of Electrical
and Computer Engineering, National University of Singapore from 2004 to
2007. Her current research interests include wireless caching, physical layer
multicasting, resource allocation, and interference management.

Dr. Tao currently serves as a member of the Executive Editorial Committee
of the IEEE TRANSACTIONS ON WIRELESS COMMUNICATIONS. She was on
the Editorial Board of the IEEE TRANSACTIONS ON WIRELESS COMMU-
NICATIONS (2007-2011), and the IEEE TRANSACTIONS ON COMMUNICA-
TIONS (2012-2018), the IEEE COMMUNICATIONS LETTERS (2009-2012),
and the IEEE WIRELESS COMMUNICATIONS LETTERS (2011-2015). She
serves as Symposium Co-Chair of IEEE GLOBECOM 2018, the TPC chair of
IEEE/CIC ICCC 2014 and Symposium Co-Chair of IEEE ICC 2015. Dr. Tao
is the recipient of the IEEE Heinrich Hertz Award for Best Communications
Letters in 2013, the IEEE/CIC International Conference on Communications
in China (ICCC) Best Paper Award in 2015, and the International Conference
on Wireless Communications and Signal Processing (WCSP) Best Paper
Award in 2012. She also receives the IEEE ComSoc Asia-Pacific Outstanding
Young Researcher award in 2009.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /Arial-Black
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /ArialNarrow
    /ArialNarrow-Bold
    /ArialNarrow-BoldItalic
    /ArialNarrow-Italic
    /ArialUnicodeMS
    /BookAntiqua
    /BookAntiqua-Bold
    /BookAntiqua-BoldItalic
    /BookAntiqua-Italic
    /BookmanOldStyle
    /BookmanOldStyle-Bold
    /BookmanOldStyle-BoldItalic
    /BookmanOldStyle-Italic
    /BookshelfSymbolSeven
    /Century
    /CenturyGothic
    /CenturyGothic-Bold
    /CenturyGothic-BoldItalic
    /CenturyGothic-Italic
    /CenturySchoolbook
    /CenturySchoolbook-Bold
    /CenturySchoolbook-BoldItalic
    /CenturySchoolbook-Italic
    /ComicSansMS
    /ComicSansMS-Bold
    /CourierNewPS-BoldItalicMT
    /CourierNewPS-BoldMT
    /CourierNewPS-ItalicMT
    /CourierNewPSMT
    /EstrangeloEdessa
    /FranklinGothic-Medium
    /FranklinGothic-MediumItalic
    /Garamond
    /Garamond-Bold
    /Garamond-Italic
    /Gautami
    /Georgia
    /Georgia-Bold
    /Georgia-BoldItalic
    /Georgia-Italic
    /Haettenschweiler
    /Impact
    /Kartika
    /Latha
    /LetterGothicMT
    /LetterGothicMT-Bold
    /LetterGothicMT-BoldOblique
    /LetterGothicMT-Oblique
    /LucidaConsole
    /LucidaSans
    /LucidaSans-Demi
    /LucidaSans-DemiItalic
    /LucidaSans-Italic
    /LucidaSansUnicode
    /Mangal-Regular
    /MicrosoftSansSerif
    /MonotypeCorsiva
    /MSReferenceSansSerif
    /MSReferenceSpecialty
    /MVBoli
    /PalatinoLinotype-Bold
    /PalatinoLinotype-BoldItalic
    /PalatinoLinotype-Italic
    /PalatinoLinotype-Roman
    /Raavi
    /Shruti
    /Sylfaen
    /SymbolMT
    /Tahoma
    /Tahoma-Bold
    /TimesNewRomanMT-ExtraBold
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Trebuchet-BoldItalic
    /TrebuchetMS
    /TrebuchetMS-Bold
    /TrebuchetMS-Italic
    /Tunga-Regular
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
    /Vrinda
    /Webdings
    /Wingdings2
    /Wingdings3
    /Wingdings-Regular
    /ZWAdobeF
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 400
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create PDFs that match the "Required"  settings for PDF Specification 4.0)
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


