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Abstract—In this paper, we propose a threshold-based one-bit
soft forwarding (TOB-SF) protocol for a multi-source relaying
system with network coding, where two sources communicate
with the destination with the help of a relay. Specifically in the
TOB-SF protocol, the relay calculates the log-likelihood ratio
(LLR) value of each network coded symbol, compares this LLR
value with a pre-optimized threshold, and determines whether to
transmit or keep silent. We are interested in optimizing the TOB-
SF protocol in fading channels, and consider both the uncoded
and low-density parity check coded systems. In the uncoded
system, we first derive the bit error rate (BER) expressions at
the destination, based on which, we derive the optimal threshold.
Then we theoretically prove that the system can achieve the full
diversity gain by using this threshold. Further, we optimize the
power allocation at the relay to achieve a higher coding gain.
In the coded system, we first optimize the LLR threshold. Then
we develop a methodology to track the BER evolution at the
destination by using Gaussian approximations. Based on the BER
evolution, we further optimize the power allocation at the relay
which minimizes the system BER. Simulation results show that
the proposed TOB-SF protocol outperforms other conventional
relaying protocols in terms of error performance.

Index Terms—One-bit soft forwarding, log-likelihood ratio,
wireless network coding, power allocation.

I. INTRODUCTION

ELAY technology is an efficient tool to combat chan-

nel fading and enhance transmission rate by exploiting
spatial degree of freedom [1-3]. In wireless relay networks,
one or more relays listen to the signals transmitted by the
source, perform signal processing on the received signals, and
forward the processed signals to the destination. By combining
the signals from the source and the relays, the destination can
thus take the advantage of spatial diversity and make a reliable
decision on the source’s information.
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Early publications mainly suggest two relaying protocols,
namely, amplify-and-forward (AF) and decode-and-forward
(DF) [2]. In the AF protocol, the relay amplifies the sig-
nals from the source, and forwards them to the destination.
Although it is simple, the AF protocol suffers from noise
propagations as the relay forwards noisy signals without
processing. In the DF protocol, the relay detects/decodes the
source’s messages and forwards them to the destination. By
explicitly obtaining the source’s messages, the relay forwards
recovered signals without noise. Another advantage of the
DF protocol is that it can be jointly designed with channel
codes [4-6] or wireless network coding [7,8] to achieve a
higher coding gain. However, if the relay makes a wrong
decision, the error will propagate to the destination, causing a
loss in diversity gain.

Channel-aware demodulators and link adaptive solutions
are proposed to eliminate the error propagations in the con-
ventional DF so as to achieve a full diversity gain [9-16].
Specifically, [9-13] propose novel network coding schemes
to achieve the full diversity gain with the assumption that
frame errors at the relay can be detected by using some CRC
codes. If an error is detected in a frame, the relay will discard
this frame when doing network coding. We have to mention
that (1) by using CRC codes, extra check information will
be transmitted, which increase the transmission delay; (2)
by detecting and dropping the erroneous frames at the relay,
some useful information inside the frame is discarded as well,
which will reduce the coding gain of the system. In [14—
16], channel-aware demodulators (i.e., some smart signal
combining methods) at the destination are proposed to achieve
the full diversity by weighing the signals from the sources
and the relay. Intuitively, if the source-to-relay channel is
worse than the relay-to-destination channel, the signal from the
relay will multiply a smaller weight to alleviate the impact of
possible error from the relay. However, instantaneous source-
to-relay channel state information is needed.

Consequently, an advanced relay protocol by forwarding
soft information, namely, estimate-and-forward (EF), is pro-
posed to obtain a better error performance [17-20]. Rather
than forwarding the received signals passively as the AF, or
making hard decisions on the source’ messages aggressively as
the DF, the relay in the EF protocol generates and forwards
intermediate soft information. Usually, the soft information
can be in the form of log-likelihood ratio (LLR) [17], soft
bit [18], or soft mutual information [19,20]. The EF protocol
is shown to achieve a better error performance than the AF and
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DF protocols. However, the EF protocol requires the relay to
forward real values via wireless channels, which is impractical.
Also, the optimal combining of the signals from the relay and
the source is still an open problem. Sub-optimal combining
causes performance loss, especially in the scenarios where
there are multiple relays [21].

More practically, LLR-threshold based one-bit soft infor-
mation forwarding (TOB-SF) protocol is proposed [22-24],
where the relay calculates the LLR value of each received
symbol transmitted by the source, and compares the LLR
value with a pre-determined threshold. The relay forwards
the hard decision of the corresponding symbol if the LLR
value is larger than the threshold, and keeps silent otherwise.
The TOB-SF protocol requires the same bandwidth as the DF
protocol, while it achieves a better performance than the DF
by reducing error propagations.

We note that the TOB-SF protocol is mainly investigated
in one-way relay channels [22,23]. In [24], a network coded
TOB-SF protocol is proposed for two-way relay channels,
which is a simple extension of [22] since a two-way relay
channel, with perfect side information, can be decomposed
into two one-way relay channels. However, these results are
not directly applicable for general multi-source relay channels,
where multiple sources communicate with their destination
with the help of the relay.

Multi-source relay channels are common and basic building
blocks in wireless networks, especially in cellular networks.
Therefore, investigating efficient relaying protocols to control
error propagations in such channels is an important issue [25—
27]. In [25], the LLR values of network coded symbols are
forwarded by the relay. As discussed above, transmitting LLR
values over bandwidth-limited wireless channels is imprac-
tical. Also, the sub-optimal combining of the signals at the
destination will lead to a performance loss. In [26], quantiza-
tion schemes on the LLR values are proposed. However, the
iterative quantization process is complex, and impractical to
change a quantization codebook each time when the source-to-
relay channels change. In addition, the quantization scheme of
[26] is based on the maximization of the mutual information
between the LLR and its quantized result, which cannot guar-
antee the optimal error performance at the destination. In [27],
the authors extend the power scaling schemes for one-way
relay channels [28] to multi-source relay channels. Although
the full diversity gain is achieved, the error performance is not
fully optimized, i.e., the coding gain can be further improved.

In this paper, we design a network coded TOB-SF pro-
tocol in a two-source relaying system over fading channels,
and consider both the uncoded and low-density parity check
(LDPC) [29,30] coded systems. In the uncoded system, we
first derive the bit error rate (BER) expressions at the destina-
tion and optimize the threshold by minimizing the BER. Then
we theoretically prove that the system can achieve the full
diversity gain by using the proposed threshold. Furthermore,
we optimize the power allocation at the relay to achieve a
higher coding gain. In the coded system with LDPC codes, we
first optimize the threshold. Then we develop a methodology
to track the BER evolutions in the iterative receiver at the
destination, based on which, we further optimize the power
allocation at the relay.
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The theoretical contributions of this paper are as follows.
In the uncoded system, we (a) derive the BER expressions at
the destination, (b) derive the exact expression of the optimal
threshold, which is in the form of Inp + ¢, where p is the
signal-to-noise ratio (SNR), and ¢ is a constant to SNR,
(c) prove theoretically that the system can achieve the full
diversity gain by using the optimal threshold, and (d) optimize
the power allocation at the relay to further enhance the error
performance. In the coded system with LDPC codes, we (a)
optimize the threshold, (b) develop a methodology to track the
BER evolution of the iterative receiver at the destination by
using Gaussian approximations, and (c) optimize the power
allocation at the relay based on the BER evolution results.
In the simulations, we use the DF, EF, and the power scaling
scheme from [27] as benchmarks. Simulation results show that
the proposed TOB-SF protocol outperforms the benchmarks in
terms of the error performance.

II. SYSTEM MODEL

Consider an orthogonal uplink relay channel with two
sources, one relay and one destination as shown in Fig. 1,
where the two sources &7 and Sy broadcast their messages to
the common destination D with the help of a half-duplex relay
R. Each transmission period consists of three phases. In the
first phase, S; broadcasts its message, and in second phase, S2
broadcasts its message, to the relay and the destination. After
the first two phases, the relay generates the network coded
message based on the signals from the two sources, which is
then forwarded to the destination during the third phase. At
the end of each transmission period, the destination decodes
the messages of the two sources based on the signals from the
sources and the relay.

As three phases are needed in each transmission period,
one may consider to take the advantage of the physical layer
network coding (PNC) to reduce one transmission phase.
In [31], a novel decoder has been proposed to solve the
synchronization problem in the PNC. However, the assumption
that the amplitudes of the two source-to-relay channels are
identical makes the PNC inapplicable in our system, since we
model the channels as random fading.

We denote h;r, ¢t = 1,2, h;p, and hrp as the channel co-
efficients between S; and R, between S; and D, and between
R and D, respectively, as shown in Fig. 1, and denote d;r,
d;p, and drp as the distances between S; and R, between
S; and D, and between R and D, respectively. We assume
that h;g, h;p, and hgp are independent and identically
Rayleigh distributed with the channel gains as \;z, A;p, and
Arp, respectively. These channel gains are related to the
corresponding distances with the attenuation exponent 7, i.e.,
/\iR = 1/(di73)7, )\iD = 1/(diD)’Y, and /\R’D = 1/(d7z1))7.
We consider quasi-static fading channels, i.e., the channel
coefficients are constant during one transmission period, and
change independently from one period to another.

Let us assume that each phase in a transmission period
consists of [ time slots, and thus each transmission period
lasts 3! time slots. Each source S; transmits the binary phase-
shift keying (BPSK) symbol vector z; = (z},---,2))T

1) » Ly

x] € {+1} and j € {1,---,1}, with the power E;. The

%
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Fig. 1. The orthogonal uplink relay channel with two sources, one relay,
and one destination.

received signals at the relay and at the destination from S;
can be expressed as

Yir = hirV Eixi + nir,

1

Y;p = hip\/Eix;i + nip, M
respectively, where the vectors y,r and y;p consist of [
received signals, i.e., Y;x = (Yir, ,ylr)T and y,p =
(Ylp, -+, ylp)T, the vector nygr = (nlg, -+ ,nly)T consists
of [ additive white Gaussian noise (AWGN) samples at the
relay, and the vector, n;p = (n}D, cee ,néD)T, consists of
I AWGN samples at the destination. We assume that all the
noise samples at the relay and the destination are with a mean
zero and the same variance o2, and the sources’ power satisfies
E, = B> = 1. We define the SNR as p £ 1/02.

After receiving y,5, the relay detects/decodes x; and gen-
erates the network coded message as Tr = (2%, - ,2%)7
@, € {£1}, based on the hard decisions of x;, denoted by
&;. Since the network coding operation, i.e., XOR, between
two bits is equivalent to the multiplication of their BPSK
symbols, a network coded symbol x7, can be obtained by
xl, = 1]&), where & is the hard decision of z] at the
relay. Hence, the network coded message x is obtained by
implementing inner product (vector-wise multiplication) on
&1 and &,. Note that as shown in [10], non-binary NC is
necessary to achieve the full diversity gain in multiple-relay
cases. However, since we only consider the one-relay case, we
can use the conventional XOR based NC to achieve the full
diversity, i.e., two-order diversity, in our system. Then we have
TR = &1 2o = (2123, ,2424)T. In our TOB-SF protocol,
the relay only forwards those network coded symbols in
whose absolute LLR values are larger than a preset threshold,
and keeps silent otherwise. Then the received signal at the
destination from the relay can be written as

>

Yrp = hrpVoav - g + nrp, (2)

where 0 < a < 1 is the power allocation at the relay, and v =
(v, -~ ,’UZ)T is an indicator vector, with v; = 1 representing
the transmission of 7, and v; = 0 representing being silent
of the relay. Also in (2), Yrp = (Ykp, - ,y%zD)T is the
received signal vector, and nrp = (nkp, - ,nkp)T is the
AWGN vector at the destination.
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III. THRESHOLD-BASED ONE-BIT SOFT FORWARDING
PrOTOCOL

Recall that in the DF protocol, decision errors in & are
largely propagated to the destination from the relay, which
leads to a severe performance degradation. On the other hand,
the EF protocol mitigates the error propagations by forwarding
the soft information of each symbol. However, it is quite
impractical of the EF protocol to transmit a real number
instead of a single bit along the R-to-D channel. The TOB-SF
protocol combines the advantages of both protocols by allevi-
ating error propagations with simple one-bit transmissions.

In the TOB-SF protocol, we consider both uncoded system
and coded system. For the uncoded system, there is no channel
coding at each source, while for the coded system, LDPC
codes are applied to the two sources. Without a loss of
generality, we focus on the j-th symbol in x;, i.e., a:f Based
on the detection/decoding results of z] and z3, the relay
calculates the LLR value for each network coded symbol
r7, in xr. We denote L_;  as the LLR value of ] after

detection/decoding at the réléy, and denote L _; , as the LLR
. R
value of z7,. Then we have

L, L,
Lw%;R = 2tanh* <tanh <TlR> tanh <TQR>> ,

3)
where tanh(z) = % is the hyperbolic function. In the

uncoded system, L _; ,, is calculated based on the conditional
probability density function (PDF) of yfR, ie.,

1y PWlrlel =1, hir)
pyirle; = =1, hir) o
Shir
= 5 Yir-

J
z;, R

g

For the LDPC coded system, sz_R can be obtained from the
output of the decoder at the relay.
After obtaining Lr% g based on (4), the relay compares
|L,; | with a preset threshold Ly (Lz > 0). If |L_; | is
R’ . . . . R
larger than L, the j-th indicator v; in the vector v is set to
one, otherwise it is set to zero, i.e.,

Vi — 17 |L$ZR,R| > LTa
J 07 |Lx§2,72| S LT.

By applying the indicator vector v, the relay either transmits
BPSK symbols or keeps silent.

Practically, the destination does not know the indicator
vector v at the relay. However, the destination can detect
whether a symbol is transmitted from the relay by monitoring
the power of the received signal. When the received SNR from
the relay is large, the destination can always make a correct
detection. To simplify the following analysis, we assume that
the destination can perfectly detect the relay’s status. When
the destination makes a decision that relay is silent, it will
only adopts the signals from the sources.

In the following, we will discuss the optimizations of the
threshold L7 and the power allocation « at the relay to
enhance the BER performance at the destination. Practically,
we assume that the instantaneous channel state information

&)
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(CSD) of hir and haprz, and the statistical CSI of hyp, hap, and
hrp are available at the relay during the optimizations. The
extension from BPSK to a higher order modulation is possible,
where multiple thresholds need to be set and jointly optimized
to minimize the BER. However, since binary NC and binary
LDPC code are considered in the following analysis, we only
adopt the BPSK modulation in our paper.

IV. OPTIMIZATIONS AND PERFORMANCE ANALYSIS FOR
UNCODED SYSTEM

A. Threshold Optimization

We denote &, as the event that |L i | is larger than Ly
and xR is correct, denote &, as the event that |L i | is larger

than L and ZI’R is in error, and denote & as the event that
|Lw%’R| is no larger than Ly, i.e.,

Ee: |Lr;~€7R| > Ly, and 2}, = 213,
E.: |Lr;~€7R| > Ly, and 27, # 2], 6)
ES : |LI%R| S LT.

Given a set of channel realizations h1, hogr, h1p, hop, and
hrp, we denote P, as the average BER of the two sources
at the destination. We have P, = £(P.1 + Pe2), where P ;
is the BER of S; at the destination. We also denote P; e,
P; neg, and P; 4, as the error probabilities of a symbol a:j. at
the destination given that the relay forwards the correct zh to
the destination, forwards the incorrect x%z to the destination,
and keeps silent, respectively. Note that P; y,rc, P neg, and
P; 4;r rely on the channels h1p, hap, and hrp, while Pr(&,),
Pr(&.), and Pr(&;) rely on the channels hi and hor. When
averaged over hip, hop, and hrp, we have

Eh11>7h21>,h721> (P67i) = ]Eth;h2D7hR”D (Pi,mTC) Pr(56)+

]Eh197hzv,hRD (Pi,neg) Pr(€G)+Eh1D,h2D,hRD (Pl}diT) Pr((c"s)'

(7
For the sake of simplicity, we use [E(-) instead of
Ebyp hop.hro (-) in the following analysis.

We focus on the calculations of Pr(&.), Pr(&), and Pr(&s).
First, we investigate the PDF of the LLR value L i R at
the relay. For a given channel realization, L ol R can be
approximated as a Gaussian variable, whose variance is twice
the absolute value of its mean [32]. Therefore, the PDF of
L ;  can be written as

R

> )

where mrg is the mean value, U%@ is the variance of the
L,; g-and we have 0% =2Imrel.
Then we determine Pr(&.), Pr(&), and Pr(&;), which
depend on the PDF pr, , (L) and the threshold L. Without
R

(L —mwe)”

1
v ———exp|( -
Plogm V2o Le P ( 207
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a loss of generality, we consider x{ a:% =1, and we have
+oo
Prg) = [ i, (DL
Lt =R R
— L
Pr(&) = . (L)dL,
€)= [ o, (0 o
Lt
Pr(,) = / P, (L)AL
—Lt TR
=1-"Pr(&) — Pr(&).

At the destination, the average BER P. can be minimized by
optimizing the threshold Lr. The following theorem offers the
solution of this optimization problem.

Theorem 1: When the statistical CSI of h1p, hop, and hrp
is available at the relay, the optimal threshold that minimizes
the BER at the destination can be written as

E(Pneg) - E(szr)
E(Pdir) - ]E(Prnrc)7

(PLmrc) + E(P27mrc)
eq)), and E(szr) =

=In

L7

E(Preg)

where E(Ppre) = 3(E ),
n %(E(Pl dzr)

%(E(Pl,neg) + E( 2,
E(Ps,dir))-
Proof: Please refer to Appendix A.

B. Analysis on E(P; mrc), E(P;neq), and E(P; 4ir)

We can see from (10) that the optimal threshold L7, is based
on P e, Pjneg, and P; g; at the destination, which are
related to the channels hip, hop, and hrp. Now, we will
determine these three probabilities when the statistical CSI of
h1p, hop, and hgp is available at the relay.

We assume that LLR combining is applied at the destination
to detect the symbol z/. We denote L ) D and L oD 33

the received LLR values at the destmatlon for x] and xR,

respectively, and denote L_; 5, ., as the extrinsic LLR for z]
from the network coding between a:j and :r;z, where i = 1,2
and i # i. The combined LLR for z7, denoted by L o1 D comb’

is calculated as
Lrj D
tanh .
(11)

In (11), given h;p and hgp, the received LLRs at the destina-
tion, i.e., L_; D and L ; ,,, are Gaussian distributed with their
variances belng twice tﬁe absolute values of their means [33].
In addition, the LLR L ; 5, .., from the network coding
process can be approx1mated as a Gaussian variable with its

variance being twice the absolute value of its mean [32].

Denote by myz,, = 2hip

Lw{,D,comb = Lw{7D + Lw{l%emt

L,
=L ]D+2tanh ! (tanh(

22ip%: the mean value of L o) D and

A 2hRD av? wR

by mr, — the mean value of L ol D" Then
the mean value of L ; Dext’ denoted by mr,,, emt, can be
calculated by utilizing the function ¢(-) defined in [32], i.e.,

= 2ol ¢ (@(Imi., )+
¢(|mL72D|) - (b('mL;

ML;p,ext

”D|)¢(|mL72D|))7 (12)
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where the function ¢(-) is expressed as

__1 o0 u _(u—z)2
(b(z):{l L [, tanh (%) exp (- “722) du, 2 > 0,
L z=0.
(13)

When 2z > 0, the function ¢(-) is bounded as [32]

i us z 1
\/gexp( 4) (l - _) <o) < \/geXp (_Z) <1 + 7z)
(14)
We can see from (14) that when z is large enough, the two

bounds converge to /T exp (—%). Therefore, given z; and
22, when both of them are large enough, we have

B(21) + d(22) — ¢(21)9(22) = max(p(z1), d(22)).

Similarly, we can approximate my,, ¢+ in (12) in the high
SNR region as

15)

iD

¢(|mL’RD |)))
(16)

mLi'D,th ~ x%xgng_l(ma’x(d)“mlqp |)7
= ;2 min(hZp, h%Davjz-).

As we have L oI D comb = =L oD +L,; Dext? the combined
LLR L o7 D comb can be Viewed asa Gauss1an variable with the
mean mLm +ML,p,ext and variance 2(mr,, |+ |MLip ext])-
Given the channel coefficients hip, hop, and hrp, the instan-
taneous error probabilities can be obtained by utilizing Q(-)

\/— = exp(
when &, happens to the symbol z7,, we have a“ = a: z}. In
this case, mr,, and my,, e+ have the same sign, and thus
ML, + MLipext] = [MLip| + [ML;p,cat|. Therefore, we

obtain the error probability of x] as

mr,; + ML;p,ext
-Pi,mrc:Q(\/| D| 2| 2 |)

When . happens, we have z] = —a7x7%. In this case, mp,,
and my,,,, est have the opposite signs, and we have |mp,, +

function, where Q(z) = du. Speciﬁcally,

A7)

ML,p.ext] = ||MLip| — |MLp,ext||- The calculation of P peq
depends on the relation between |mg,,| and |mp,p, extl, i-€.,
Pimeg =

|mLi’D > |mLiD7Grt|a

Q (|7nLiD|_|mLi'D,czt|)2
2(Jme,pl+Ime,p.cat]) )
_ (Imeip|=lmLip.car])”
e <\/2(|mLi’D|+7n‘LiD,czt|) ’ |mLiD < |mLiD,6zt|-
(18)

When &, happens, we have v; = 0. Thus, the mean value
ML,p,ext €quals zero, and we obtain

-Pi,dir = Q < |m;7D|> .

The statistical CSI based error probabilities can be obtained
by averaging -Pi,mrc’ -Pi,neg’ and -Pi,dir over h%D’ h%D’ and
h%zp, where the PDFs of A7, and hip are pjz (h) =

T exp (—LD) and ppz (h) = s exp( /\7};7;)’ re-

spectively. Alternatively, by defining mp,, mrc £ |mr,p

~ a (mepl=|mep.esl)”
|mLm7€ﬂCt|’ by deﬁmng MLip,neg = |mljm|+‘m;m16“|

(19)
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and by defining mr,, air = |mr,pl, We average P e,
P; neg, and P; 4, over the variables my,,, mrc, ML;p neg» and
mr,p.dir, respectively. The PDFs of these three variables are
given in the following lemma.

Lemma 1: The PDF of mp,,, mr. can be expressed as

ik -
Pmr,p mre (m) = N — /\ (exp( g m) — €xp (_/\im)) )
- (20)
where )\, = 1\ and \; = —gif + ﬁ The PDF of
S A\ip =5 Nip 25 ARD

ML,p,neg Can be expressed as

/ \/_exp( Aiu? — Ajv/mu)
— exp (—A\iu® — Ajv/mu))du

/\2 /\2

Pmp,poneq (m) =

21)

The PDF of mr,,,, 4ir can be expressed as
P,y air (m) = Xjexp (—A;m). (22)
Proof: Please refer to Appendix B. ]

Based on Lemma I, we can derive the statistical CSI based
error probabilities, i.e., the expectations of P; ¢, P neg, and
P; qir. Specifically, the expectation of P; . is calculated as

:)\i /11 » /0 Q <\/?) \i €xp (—B\im) dm—
i >
VY /0 Q <\/?) Aiexp (—A;m)dm

AN 1— 1 _
_2()\1 — 5\1) 1+ 45\1

E(Piﬂnrc)

(23)

The expectation of F; ., is calculated as follows. First,
we calculate the probability that |mp,,| > |mL,p extls i€
Pr(|mr,p| > |mLip ext|). From Appendix B, we have

Ai
Ai+ A

Pr(|mLm| > |mLm,€$t|) = (24)

Then we obtain the expectation of P; ;.4 as [22]

]E(Pi,neg) =

e m
L@ ({5) Pt ) Prlim ] 11,1

+(1- /OOO Q (@) Pmr,p nes (m)dm> :
Pr

(|mLz’D < |mLz’D emt|)

/\i /\z — 5\1‘ > m
Ait+ A A+ /0 @ < V 2 > P ney ()T
i A2 )2 1 - 1
= _ i AN = fl=A M),
Ai F A (it N)? (f (47 ) f<4 ))
25

where the function f(-) is defined in Equation (A-4) in [22].
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The expectation of P; 4, is calculated as

E(P; air) = /000 Q (\/?) Ai exp (—Aim) dm
B % (1 -y 1+14/\i) '

Hence, when the statistical CSI of hip, hop, and hxrp is
available at the relay, we can obtain the optimal threshold L%
based on (10) with E(P; pre), E(Pineg), and E(P; 4i ).

(26)

C. Diversity Gain

We now investigate the diversity order of the system with
our TOB-SF protocol. When the SNR p = 0—12 is large
enough, we make approximations on E(P; rc), E(P;neg),
and E(P; q;r). First, since the function f(-) in (25) is pro-
portional to p~' [22], it is straightforward to obtain the
approximation of E(P; ,¢q) from (25), i.e.,

i

_ NipARD @7

" NipARD + AipARD + T AipNip
Then by utilizing the property of the function Q(-) shown
in [34], we have

E(Pinnrc)

3 —2
~ X a)\E’D)\’R’D p ’
4dip XiptaArD

(28)

1
E(Pi,dir) ~ 2)\DP 1-

Based on (27) and (28), when p is large enough, we can
approximate the statistical CSI based optimal threshold as

o E(Puncg) + E(Prneg)

T EB(Pyair) + E(Pa.gir) (29)
2M1pA2pARD
~lnp+In T .
MDARD + A2pARD + S A1pA2p
By defining ¢ £ In 2upAzpArp , We can see

MDARD+HA2D ARD+ = A1DA2D i
that ¢ does not depend on p, but depends on the channel gains

and the power allocation «. Hence, we have lim L7 =Inp.
—r OO

P

We now focus on the diversity gain of each source with the

optimal threshold L7.. Since we have lim L7, = In p, we only
—00

need to investigate the diversity gain pwith the threshold In p.

Theorem 2: By utilizing the TOB-SF protocol with the
threshold In p, each source can achieve the full diversity gain
of the system, i.e., a diversity of two.

Proof: Please refer to Appendix C. |

From the proof of Theorem 2, we can see that by using
the threshold In p, the probability E(Pr(£.)) is proportional
to p~2, and E(Pr(&,)) is proportional to p~!. Considering
the probabilities in (27) and (28), we can obtain that the BER
for S;, i.e., P., is proportional to p~2 when averaged over
all channel parameters hiz, har, h1p, hop, and hgp. Thus,
each source can achieve an order of two diversity gain by
using the threshold 1n p.

Remark 1: The optimal threshold L. can be approximated
in the form of In p + ¢, where In p is the key to guaranteeing
the full diversity gain, as shown in the proof of Theorem 2,
and c is the key to achieving the optimal coding gain.
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D. Power Allocation

In this subsection, we will further enhance the error per-
formance by optimizing the power allocation « at the re-
lay. Specifically, by averaging P, ; over the channels hip,
hop, and hgrp, we have E(P.;) = E(P; ) Pr(&) +
E(P; neg) Pr(Ee)+E(P; qir) Pr(€s). We minimize the average
BER, ie., E(P.) = 3(E(P.1) + E(P.2)), by optimizing a,
and obtain the optimal o by solving % = 0 with the
constraint 0 < o < 1.

However, from the expression of the optimal threshold L7,
in (29), we can see that L7}, is a function of a. If L7 is used
as the threshold, it is difficult to obtain the closed form of
the optimal o when solving % = 0. Fortunately, from the
previous subsection, we know that In p can serve as a sub-
optimal threshold to achieve the full diversity gain. Since In p
is independent of «, the items Pr(€.), Pr(&,), and Pr(&;) are
constants relative to « if we use In p as the threshold. Hence,
the derivation of the optimal o can be simplified and a closed
form of the optimal « is obtained. In the sequel, we optimize
« by assuming that In p is applied as the threshold.

With the power constraint 0 < o < 1, by utilizing the
approximations in (27) and (28), we derive the optimal power
allocation, denoted by «*, at the relay as follows. First, we
relax the constraint of «, and let % = 0, which lead to
two solutions for «, i.e.,

_ A1pA2p
a1 = ,
/APrEe) )N\ pAapArD — AMpARD — AepA
3Pr(E,) PMDA2ZDARD 1DARD 2DARD
_ A1DA2p
a2 = 4Pr(E.) '
—\/ 3PrE) PP A2DARD — MiDARD — A2DARD

(30)

Note that from (30), we have as < 0 and as < ay. Also,
oy can be a negative value or a positive value, depending on
Pr(&.), Pr(&), p, and the channel gains.

Then we investigate the optimal power allocation o* based
on the two value ranges of «y, i.e., a1 < 0 and a; > 0.
When «; < 0, we first relax the constraint of « and have the
following two facts. (i) E(P.) is a monotonically increasing
function (MIF) of « if e < a < a1, and (ii) E(P.) is a
monotonically decreasing function (MDF) of o if o < ap
or « > «j. Then we consider the optimal o with the
constraint 0 < o < 1. We can see that within the range
0 < a <1, E(P.) is an MDF of «. Therefore, the optimal
power allocation can be obtained as a* = 1 when a3 < 0.

When a1 > 0, we first relax the constraint of « and have the
following two facts. (i) E(P.) isan MDF of avif a < @ < g,
and (ii) E(P,) is an MIF of « if @ < ag or av > 3. Then we
optimize o« with the constraint 0 < o < 1. We can see that if
a1 > 1, E(P,) is an MDF of « in the range 0 < « < 1. Thus
the optimal power allocation can be obtained as a* = 1 when
a1 > 1. Also, if 0 < a; < 1, E(P.) is an MDF of « when
0 < o < ay, and is an MIF of «« when o1 < o < 1. Thus,
the optimal power allocation can be obtained as a* = a3
when 0 < a7 < 1. With above discussions, the optimal power
allocation o* at the relay is given as

1, 011S001'0q>1,

o = 3D
a;, 0<a; <1.
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. L . j
x{,D x{ ,D,comb P—— xj dec xlj
» SISO DEC1 sgn
J —_—
x{,D,ext]
Lx{z,D ‘®
. x4, D,ext — .
x{.D : xJ
SISO DEC2 - sgn
x'zf ,D,comb x% ,dec
Fig. 2. The SISO iterative receiver at the destination. Note that ‘@’

represents the LLR combining by addition, and ‘@)’ represents the LLR
combining by network coding. SISO DEC: represents the SISO decoder for
the source S;.

Till now, we have optimized the threshold and power
allocation for the uncoded system. In the next section, we
will extend these optimizations to the LDPC coded system.

V. EXTENSIONS TO LDPC CODED SYSTEM

For the coded system, we assume that LDPC codes are
applied at the two sources. Therefore, we can view x; as
an LDPC codeword of length [. The relay first decodes the
two codewords of the two sources, and obtains the decoded
codewords &; and &5. Then network coding is implemented
on the two decoded codewords to obtain x .

At the destination, a soft-input soft-output (SISO) iterative
receiver is designed as shown in Fig. 2. We assume that each
SISO decoder performs the sum-product decoding algorithm.
As defined in the previous section, L ; 5, and L 2, D in Fig. 2
are the received LLR values at the dest1nat10n from the source
S; and the relay, respectively. The extrinsic LLR L${7D7ew ' for
xf is from the network coding between the symbols xj and
27, . The combined LLR L _; 5, . . is utilized as the input of
Si’s decoder. The output LﬂR of S;’s decoder is denoted by
L_; jo.- At the end of the final iteration, hard decision of z]
is made based on the sign of L o dec

From Fig. 2 we can see that 'L 21 D ext is updated during
each iteration. Specifically, in the ﬁrst iteration, there is no
output from the SISO decoders, and L ; 5, ., is obtained by
following the same method as that in 'the uncoded system,
ie, L o7 Dt is calculated based on the received LLRs L ;
and L 2l D> 8 shown in (11). After the first iteration, the
channel 1nput L,; p is replaced by L ; i dec — L, I D eat to

update L_j 1, ... i €.,

_ —1
Lw37D7ewt =2 tanh

LIZ GC_LIZ exr LI]
(tanh( 4 5 kil t)tanh( 7227’)) (32)

Since the output of the decoder is updated in each iteration,
L_; 1 ..+ 18 updated accordingly.

A. Threshold Optimization

Recall that in the uncoded system, the LLR value of a:%3
at the relay, i.e., Lr% R is approximated as a Gaussian
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variable, as shown in (8). In the coded system, since the
relay implements network coding based on the decoded LDPC
codewords, it is difficult to track the exact PDF of L oy R
Here, we can still view L i R A2 Gaussian varlable "and
we assume that its variance 1s twice the absolute value of its
mean. This Gaussian approximation is proved in [32] to be
accurate enough for a coded system with LDPC codes.

Now, we minimize the BER for the coded system by
optimizing the LLR threshold L. Recall that in the uncoded
system, the values of E(P; rrc), E(P;neq), and E(P; 4ir), as
shown in (23), (25), and (26), respectively, are independent on
the threshold L. Therefore, we can obtain the closed form of
the optimal threshold. On the other hand, in the coded system,
the values of E(P; prc), E(Pi neg), and E(P; 4;,-) at the output
of the decoders are correlated with the threshold L7, which
complicates the derivation of the optimal threshold. Also, there
are no closed forms for these three error probability values in
the coded system with LDPC codes. Hence, we focus on how
to obtain a sub-optimal threshold in a simple closed form.

One sub-optimal method is that we only minimize the
average BER at the input of the decoders (or “input BER” for
simplicity) in the first iteration, rather than at the output of the
decoders (or “output BER” for simplicity) in the final iteration.
This is based on the fact that a good input performance will
lead to a good output performance. Since the decoding process
has not been performed yet, the calculations of E(P; prc),
E(P; neg), and E(P; ;) at the input of the decoders in the
first iteration are the same as those in the uncoded system.
The following theorem gives the optimal threshold based on
the minimization of the input BER in the first iteration.

Theorem 3: When the statistical CSI of h1p, hop, and hrp
is available at the relay, the optimal threshold that minimizes
the input BER at the destination can be written as

o In E(Pneg) - E(Pdir)
Toe ]E(szr) - E(Pmrc) ’

where E(Pmrc) = %(E(Pl,mrc) + E(PQ,mrc))’ ]E(Pneg) =
%(E(Pl,neg) + E(P27neg)), and E(szr) = %(E(PLdir) +
E(Ps,4ir)). The expressions of E(P;mrc), E(Pineg), and
E(P; 4ir) are given in (23), (25), and (26), respectively.

Proof: We can obtain the proof by following the same
method in the proof of Theorem 1. ]

We can see that the threshold given in Theorem 3 has a
similar form as that in the uncoded system given in Theorem 1.
This is due to the fact that similar to the uncoded system, the
LLR L i R in the coded system can still be approximated as
a Gauss1an variable with its variance being twice the absolute
value of its mean.

(33)

B. BER Evolution

Once the threshold is fixed, we can further investigate the
evolution of the BER F.; in the iterative receiver at the
destination. More precisely, we track the statistical CSI based
BER E(P. ;) by averaging P, ; over the channels hip, hop,
and hrp. Here, by using the term BER evolution, we mean
that the BER result is derived in an iterative manner, which
mimics the iterative process at the receiver. We first track the
BER at the input of the decoder, and then track the BER at
the output of the decoder.
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Before tracking the BER evolution, we have the following
preliminaries. Given the channel parameter h;p, the LLR
L oD is a Gaussian variable with mean my,,,, = Qh?Dr . By
averaglng the PDF of L_; p over the channel h;p, we have

the expectation of the PDF as [33,35]

E(pr,, , (L) =

2 L —|L| (/14 22

AiD

ag
ex
2 /\?D + 2)\1‘1302 P 2

(34)

The average channel crossover probability over the channel
hip is shown in (26) as E(P; 4ir).

Similarly to the calculation of E(P; 4 ), the crossover
probability of the channel hrp, denoted by Pg 4, When
averaged over all the possible hgp, can be written as

LN ST
2 1+4Mg )’

1

E(Pr,dir) = (35)

where

AR = 2av? (36)

5= ARD

The error probability of the network coded symbol x%z at
the destination has different values corresponding to the three
events &, &, and & defined in (6). Specifically, when &,
happens to the symbol x],, it means that the relay has made a
correct decision on z7,. Therefore, the error probability of z7,
at the destination is exactly the crossover probability of the
channel hzp, i.e., E(Pr,air). When &, happens to the symbol
x%, it means that the relay has made a wrong decision on x%,
and we calculate the error probability of x%z as 1 —E(Pr dir).
When & happens to the symbol x%, we have v; = 0, and the
error probability of 27, is 0.5.

Based on the above preliminaries, we now track the BER
evolution as follows.

1) BER at the Input of Decoders: Note that the BER at the
input of S;’s decoder is equivalent to the error probability of a:j
associated with L_; 1, ....,.. In the sequel, the superscript [k] is
attached to Varlables e.g., LLRs, to represent these variables
in the k-th iteration of the receiver.

To obtain the error probability of xf associated with
in;_D_Comb, we begin with the error probability of z] associ-
ated with sz D.eqt i €ach iteration. In the first iteration, the

[]
LLRL I De

and L ol D as shown in (11). Therefore, the error probablhty
J

1s calculated based on the received LLRs L _; D

of z; assomated with L ! Dcxt can be obtained from the

J

error probability of x: assoc1ated with L_; ,,, and the error

probability of a:%2 associated with L ol D" Specifically, when
& happens to the symbol :rR, we have the error probability
of :r , denoted by P; cqt €.,

Pls, = 5 (1= (1= 2E(Pr.ai)) (1~ 2E(P, )

= E(Pr,dir) + E(F; gir) — 2E(PR,dir)E(F; 4ir)-

)

(37)
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When & happens to the symbol a:gz, the error probability
of xf associated with L_; 5, .., denoted by F; .t ¢., can be

calculated as

1

1

Flloe =5 (1= (1= 201 = E(Pr.air))) (1 = 2E(F )
1 - pll

iext,Ec"

(38)

We now focus on Pi[i]wt’ g, and PZUZ]M e.» k> 1, in the k-th

iteration. Note that L*! in the k-th iteration is updated

{7D7ewt
based on the LLR LL! de]c - g;;]em from the (k — 1)-th

[k] I D can be found in (32).
We denote P; je oy as the error probablhty of xj associated
with the LLR L, ;.. — L o3, D,cat Note that the calculation of
P gecext 18 related to the output of S;’s decoder, i.e., L o dec
In the k-th iteration, we can obtain the error probab111t1es
pM and Pl[ e]mt ¢, by replacing E(F; 4;,.) in (37) and (38)

iext,E,
with P[ respectively.

%, dec ext’

iteration. The calculation of L

In addition, when &, happens to the symbol x;z, Wwe can see
that E(Pr,q;r) is fixed to a constant 0.5 for all the iterations. In
this case, the error probability of xf associated with L i D eats
denoted by P; c.t ., equals 0.5 for all the iterations.

The LLR L, p, ., in each iteration is approximated as a
conditional Gauss1an variable given one of the three events
E., E., and &,, where its variance is assumed to be twice
the absolute value of its mean. Corresponding to these three
events, the mean of L ! Dt has three possible values,
denoted by mr,p eaxt,c.s mmet g, and M, exte,, Te-
spectively. More precisely, the mean of L ; , ., equals
ML;p.ext,Eos MLip,ext s AN ML 0 ext £, W1th probablhtles
Pr(&.), Pr(&.), and Pr(&;), respectively. In the k-th iteration,
these three mean values can be calculated as

2
[k] — 9. [k]
mme,ext,Sc - 2x1 Q Pz ext,E. ’
ol "
Lip,ext,Ec — Lip,ext,E.’

K] _
MLipext,e, = 0.

(39)

Note that in (39), the second equation comes from the result

sze]m e, =1— ‘Pz[ke]mt7 ¢.» and the third equation holds because
of the fact that P} e]zt e, =0.5.

With above dlscussmns, we now investigate the BER at
the input of S;’s decoder, which is equivalent to the error
probability of x] associated with the LLR L o1 D combe We
first derive the PDF of L o1\ Dcomb? denoted by pL o Dcoms (L).
Then we obtain the error probablhty based on this PDF. Since
we have L o Dcomb = =L ) D + L o Deat’ we can derive the
PDF of L o3 D, comb through convolutlon of E(pr, L (L)) and

the PDF of L, Doext [33,35]. Note that L_; Doext has three
possible mean values associated with the three events Ee, Ee,
and &, as shown in (39). For a given mean value of Lm; D.oext?
we can.derive the corresponding PDF of L${7D7comb.
Specifically, when the mean value of ng’D’mt equals
ML,p.ext, ., WE denote U%mwmfc as the variance of
L${7D7ewt, and we have U%mwtfc = 2|mL,p ext.c,|- In this
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k 0'2
[k] 0'2 €T; m[L]D ext,E. 1 +
= exp | — (U ext,E, ) X
<D, comb 24 /,\gD + 2 \;po? 2 "
. 2
jL + \/1 + 202 L \/1 + io; ‘Z ( [I]/i]'p7€$t75(:) 1 + i?; [II?J’D,Eﬂf,gc
4 2
Al j K] (K]
D7€$t Ee xi OLip,ext,Ee mLiD7€$t75c
Q ( B T + (40)
LD7€$t Ee L;p,ext,E.
/ 0'2 o? /
(JL 1+§ 1+)\ ( LD,extS) 1+)\’D z’DCftg
X
202 [K] [k] (k]
Q 1+ XD L1D7€$t Ee . ] ULLD7ewt750 + mLiD7€$t75c
9 2 o]
LD7emt Ee L;p,ext,E.

case, the PDF of L_; , . in the k-th iteration can be
calculated as (40). o

The error probability of a:f associated with the LLR
Lz{,p,comb’ denoted by F; comp ., can be calculated based
onp, (L) in (40). Considering x) =
Pi7comb1,€c by integration

1, we obtain

0
-Pi,comb7<‘,'c = / pqu’Dycomb (L)dL (41)

Then in the k-th iteration, we have PJ C]mnb . shown in (42).
We denote P; comp,e. and Pj comp.e, as the error probabili-
ties of x;} associated with szlp’comb when &, and &, happen,

respectively. In the k-th iteration, we can obtain pM

i,comb,
Pl[ c]omb £ by following the similar calculation in (42).

We view x; as an LDPC codeword of code length [. In
the k-th iteration of the receiver, at the input of S;’s decoder,
there are average [ Pr(€.) symbols in x; with BER pM

i,comb,E.°
[Pr(£.) symbols in a; with BER P} . and [Pr(E,)
with BER P

symbols in x; i comb. .- With these input BERs,
we will analyze the BER evolution inside the decoder.

2) BER at the Output of Decoders: Assume the sum-
product iterative decoding algorithm [29, 30] is applied to each
decoder. The superscript [t, k] is attached to variables, e.g.,
LLRs, to represent these variables in the ¢-th iteration of the
decoder and the k-th iteration of the receiver.

An LDPC code can be defined by a Tanner graph [29,
30] formed by variable nodes and check nodes connected by
edges. Assuming d,, (resp. d.) is the max1mum variable (resp.
check) node degree, we denote A\(z) = Z Agz@ 1 (resp.
p(z) = Z paz?1) as the variable (resp. check) node degree
distribution polynomial of the graph from node perspective.
More precisely, \g (resp. pg) represents the fraction of variable
(resp. check) nodes of degree d. Please refer to [29,30] for
more details about LDPC codes and the sum-product iterative
decoding algorithm.

We denote C; as the LDPC code implemented at S;, and
denote G; as the Tanner graph associated with the code C;.

£ and

Fig. 3. A subgraph of G;, which contains one check node and multiple
variable nodes. The variable nodes are divided into three sets, i.e., V; g,
Vie..and V; ¢ . The edges are classified into three edge types, i.e., E; ¢,
E; ¢, ., and E; ¢, . The degree of the check node is d, in which, dg, edges
are from the edge type E; ¢, de_ edges are from the edge type E; ¢_, and
dg, edges are from the edge type E; ¢_.

Also, we divide all the variable nodes in G; into three sets,
namely, V; ¢., V; ¢.,and V; ¢_, which are associated with the
symbols in the codeword x; whose input BERs are P; comp ¢,
P comb,e., and P; comp,e,, respectively. Accordingly, all the
edges in G; are classified into three edge types, namely, F; ¢_,
E,¢.,and E; ¢ . That is, edges emanating from the variable
nodes in the sets V; ¢., V¢, and V; ¢ are classified into
the types E; ¢., E; ¢,, and E; ¢_, respectively. It is clear that
an edge belongs to the edge types E;¢., E; ¢, , and E; ¢,
with probabilities Pr(&;), Pr(&.), and Pr(&;), respectively.

Fig. 3 shows a subgraph of G; with a check node of degree d
and multiple variable nodes. The three sets of variable nodes
and the three edge types are illustrated in Fig. 3. Also, we
can see that the check node in Fig. 3 have dg¢,, dg,, and dg,
edges in the edge types E; ¢, E; ¢, and E; ¢_, respectively,
where d = dg, + dg, + dg,. We denote C; (4.4;_ de, de,) @S
the set of check nodes which have the same degree property
as the one in Fig. 3. For all the check nodes of degree d,
we denote ((d,dg_,dg,,ds,) as the fraction of the check
nodes that belong to C (4.4., de, de.)- From the expansion
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(K] [K] o2
m m 1+ 2
[K] Lip,ext,Ec 2 Lip,ext,Ec AiD [k]
Pz comb,E, Q k] + 0o exp | — ) + 4 O.Lip,ert,gc X
OLip,ext,E.
/11 202 ( (k] 2okl 2\ [k .
4575 (("Lm,emt,gc) 2mL7¢D,ezt.£c> <1+1/1+>2\77)0[Li]v’mt7£c m[Iij’czth
exp 1 Q 2 ~
G.L,ifD,emt,Sc
2
VAL F 2Xip0? (14 4/1+ 22
iD Alp (42)

/ o2 (k]
1+ iqu (2mL7¢D,ezt.£c -

exp I

(k]
Lip,ext,Ec

(U[L’fjp,m,gcm 0 (( f2Z1)ol e, . mHD>
2

VA +2pa? (1432 — 1)

of (Pr(&) +Pr(&) + Pr(é’s))d, we can obtain that

C(da dc‘;c 5 dc‘,'e 5 dc‘,'s) =

d (Pr(E.)) ™ (Pr(€.)) " (Pr(&,))

de,
de, \de \de,! '

(43)

Within the edge type E; ¢, (resp. E; ¢, E; ¢, ), we denote
Ao ) (resp. Ao “s

(d,de,,de, ,de, (d, dswdfwdé's)’ (d’d£c7d£eld£3.)) as the
fraction of the edges connected to the check nodes in the set

Ci (dde, de, de,)- As the total number of edges in E; ¢_ after
normalization is Pr(&.) ngzo d1p4,, we have

de., _ de.C(d, de,, de, , de, )pd (@4
(d7d£c7d£e7d£5) ( ) Zdl 0 dlpd1
We can obtain A% (resp. A% ) by fol-

(d,de..de, de)
lowing the same method ‘as in (44).

In the ¢-th iteration of the decoder and the k-th iteration
of the receiver, we denote PZ[ UIZ]T g (resp. Pl o, i[tv’i]r )
as the average BER associated with the LLRs sent from the
variable nodes in V; ¢, (resp. Ve, V,g,) to the check
nodes, on each edge of the edge type E; ¢ (resp. E; ¢,

E; ¢,). Also, we denote PJ Ch]k ¢, (resp. PZ[ Ch]k £ Pz[tc,]j]k £.)as
the average BER associated with the LLRs sent from the check
nodes to the variable nodes in V; ¢ (resp. V;¢,, Vie,.), on

each edge of the edge type E; ¢, (resp. E; ¢, E; ¢, ). Initially,

(dds Jde de,)

Lk _ plk] Lk T plk]
W? h}ave Pz7vlf,r]7<‘,'c - 'Pi,comb,gc’ ‘Pi,var,g Pz comb,E.° and
1,k k
Pz var,Ec Pi7comb,€e’

Now, we investigate the BER evolution from the check
nodes to the variable nodes in the ¢-th iteration of the decoder
and the k-th iteration of the receiver. Without a loss of
generality, we focus on the derivation of Pi[tc’],j}k ¢,- Note that
Pz[tch]k . 1s an average BER associated with the LLRs within
the edge type E; &, For a given vector (d, dg,,d¢e,,de,), W

denote P[ h]k e.(d,dg,, de.,dg,) as the BER associated with
the LLRs sent from the check nodes in C; (q,4c. de, de.) 1O

the variable nodes in V; ¢.. Then we have
[t.H] 1 (K] |
Pi7chk,€c (d’ dgc ’ dgc ’ dgs) = 5 (1 - 2Pz var,Ec )

dge dss
(1-2p e )™ (1260 ) " ). s

i,var,Ee
In (45), if dg, = 0, we set P[ ’hké' (d,dg,,dg,,dg.) to zero.
Since Pich]k’ e (d,de, de,, de, ) in (45) varies according to dif-
ferent (d,dg,,dg,, dg,), we average Pj onke, (dide, de, , dg,)

over all possible values of d,dg_,ds,, and dg,. We hence
obtain the average BER Pl[tc,]j]k e as
d d—deg,
t,k
T S S
d=0 dg.=0 deg.—0
Plichikg (d,dg,,de.,de. )/\(jdg ’dgydg ) (46)

[tk

Similarly, we can obtain P; chk g, (resp. P/ chk ¢.) by using
de
A e

(d.ds, de. de.) (resp. /\(dd,gc,dgc,dgs)) and following the same
method as in (46).

Within each edge type, we make Gaussian approxima-
tions on the LLRs sent from the check nodes to the vari-
able nodes, where the variances of these LLRs are twice
the absolute values of their means. We denote mZ chk,E.
(resp. mZ chk,E.» M chk,£,) as the mean, and denote crZ hk.Ex
(resp. crZ hk,Eoo zchk,fs) as the variance, of the LLR sent
from the check nodes to each variable node in the set
Vie. (resp. Ej¢., E;¢ ). Then we have Tmit’;:hk&

(0 (Plile) (o (Fidhe)
[t.k] ‘ = 2 (Q—l (Pi[téz]kg ))2 Also, we have

and ‘mzchkg
tk 2 tk 2
(ich]kg) 2‘mzchk£’ (ich]kg) 2‘mzchk£’

[tk

[t,k]
My chk,&.

[t.k] _ (t,k]
and (Ui,chk,gs =2 ‘mi,chk,gsi'
Next, we investigate the BER evolution from the variable

nodes to the check nodes in the (¢ + 1)-th iteration of the
decoder and the k-th iteration of the receiver. Without a loss
of generality, we focus on the variable node of degree d
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=L . +L

x{ ,D,comb x!/ D x} ., D,ext

i

Fig. 4. The variable node of degree d associated with the symbol mz The
value of the LLR L sent from this variable node to a check node is calculated
based on the input LLR in D comb and the LLRs Ly, Lo, -+ ,Lg_1 sent

from other d — 1 check nodes to this variable node.

associated with the symbol xf . Fig. 4 shows the message
transfer. The calculation of L, is based on the input LLR
L5 .omp and the LLRs Ly, Lo, -+, Ly 1 from other d —1
check nodes. That is

d—1 d—1

Ld - ng,D,comb + Z LdL = LIZ,D + er,D,ezt + Z Ldb'
=1 =1

(47)

Since L 5, and L,, ¢ = 1,---  d — 1, are approximated

as Gaussian variables, we can view L _; ,, ., + E'f;ll Lg, as
a Gaussian variable. The PDF of Ly can be obtained through
the convolution of E(pr, | . (L)) and the PDF of L ; 1, ., +

Zfl;ll Lg,, based on which, we can obtain the BER associated
with Lp. In fact, we can use (42) to obtain the BER associated

with Lp by replacing m[LkJD)mt’gc and (crw ) in

ip,ext,Ec
(42) with the mean and variance of L_; ,, .. + Z‘Li:_ll Lg,,
respectively. Assuming that the variable node associated with
x] isin the set V; ¢, we define the BER associated with Ly by

l[tvzlrlg]c (d). The mean and variance of Lyipeatt E(f;ll Ly,
[t,k]

can be calculated as m!" (d = 1)m; pp e,

Lip,ext,E. and

[k ? k) -
(aLm)wt)gc) +(d—-1) (Ui70hk,€c) , respectively. Hence, we

can obtain Pl[t:;lrlg]c (d) by using (42) with the corresponding
mean and variance. By averaging plHLA (d) over all the

‘ i,var,Ee
variable degrees, we have

X Aad [t+1,%]

t+1,k] Z d Pt+17/€ (d)

war,Ee dy i,var,E. .
d=0 Zdlzo Ady da

(48)

By following the similar method, we can obtain Pz[ij;lrli

P[tﬂ’k] . Based on P-[HL]C] P[tﬂ’k] and P-[tﬂ’k] we can

i,var,Es i,var,E.’ ~ i,var,Ee’ i,var,Es?

thus update the BERs from the check nodes to the variable

nodes in the ¢ + 1-th iteration of the decoder, i.e., P‘[tﬂ’k]

i,chk,E.°
P and PN by following (45) and (46).

Assume there are total K iterations in the receiver, and in
each iteration of the receiver, there are total 7' iterations of
the decoding, we obtain the final BER results at the output of

: [T,K] [T,K] [T,K]
the receiver as Pi)mr) e Pivare.s and Pi)mr) £, These BER

and
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Fig. 5. Error performance for Case 1, i.e., the strong source-to-relay link
scenario, in the uncoded system.

results will be used to optimize the power allocation in the
following subsection.

C. Power Allocation

We optimize the power allocation « at the relay to further
improve the coding gain. Recall that in the uncoded system,
we have derived the optimal power allocation a* in (31) to
improve the BER. Although this a* can be directly applied to
the coded system (the probabilities Pr(&.) and Pr(&.) in (31)
need to be recalculated in the coded system) to improve the
input BER, it cannot guarantee the optimality of the output
BER in the coded system.

Here, to optimize the power allocation for the coded system,
we track the BER evolution in each iteration, and minimize
the output BER at the end of the final iteration. Assume there
are total K iterations in the receiver, and in each iteration of
the receiver, there are total 7' iterations of the decoding. We
fix the threshold and calculate the statistical CSI based BER
E(P.;) as

Pr(&)+P K, Pr(e,).

(49)
We optimize the power allocation « by searching from 0 to
1, and obtain the optimal power allocation o which leads to
the minimum value of 1(E(Pe,1) + E(P.2)).

E(P,;) = P'oEL pr(g,)+ Pk

i,var,Ec i,var,Ee

VI. SIMULATIONS

In the simulations, we set the frame (or codeword) length as
[ = 10,000 for the uncoded (or coded) system. Hence, each
transmission period is of length 30, 000. As we consider quasi-
static fading channels, the channel coefficients h1x, hor, h1D,
hap, and hrp are constant in each transmission period, and
change independently from one period to another.

We focus on a symmetric scenario where (i) the two sources
have the same distance to the relay and the same distance to
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Fig. 6. Error performance for Case 2, i.e., the symmetric channel scenario,
in the uncoded system.
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Fig. 7. Error performance for Case 3, i.e., the strong relay-to-destination
link scenario, in the uncoded system.

the destination, and (ii) the two sources, the relay, and the
destination are aligned on the same horizontal line. The dis-
tances between the sources and the destination are normalized
as one, i.e., dyp = dop = 1. The relay is located between the
sources and the destination. In our simulations, we consider
three cases, namely, Case 1, Case 2, and Case 3, according to
the three different locations of the relay. Specifically, In Case
1, we consider a strong source-to-relay link scenario, where
dir = dor = 0.3, and drp = 0.7; In Case 2, we consider the
symmetric scenario, where dig = deg = 0.5, and dgp = 0.5;
In Case 3, we consider a strong relay-to-destination scenario,
where diyr = dor = 0.7, and thus drp = 0.3. Also, we set
the attenuation exponent v = 2. Hence, we can obtain the
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Fig. 8. BER performance for Case 1 in the LDPC coded system.
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Fig. 9. BER performance for Case 2 in the LDPC coded system.

channel gains A\1r, Aar, A\1D, A2p, and Agp based on y and
the corresponding distances.

We now evaluate the BER performance in the uncoded
system. Besides the BER, we also investigate the block error
rates (BLER) in the uncoded system, where a block consists
of two frames from the two sources. Fig. 5 shows the error
performance for Case 1. In Fig. 5, the proposed TOB-SF
protocol with the optimal threshold (OT) L7 is denoted by
‘TOB-SF, OT’, and the proposed TOB-SF protocol with the
sub-optimal threshold (SOT) In p plus the optimal power allo-
cation a* (shown in (31)) is denoted by ‘“TOB-SF, SOT+PA’.
We use the conventional DF, network coded EF (i.e., the
network-coded soft bit forwarding protocol proposed in [36]),
and the link-adaptive regeneration (LAR) protocol (i.e., the
power scaling scheme in [27]) as benchmarks, denoted by
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Fig. 10. BER performance for Case 3 in the LDPC coded system.
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Fig. 11. BER performance for the asymmetric case in the uncoded system.

‘DF’, ‘EF’, and ‘LAR’, respectively. Note that the LAR has
a lower computation complexity compared with our TOB-
SF protocols. Specifically, in the LAR, one multiplication
operation is needed for each network coded symbol at the
relay, while in the TOB-SF, the calculation of the LLR value
for each network coded symbol is needed, which includes
the calculations of two tan(-) functions and one tan~!(:)
function. Also, ‘Genie Aided’ protocol in Fig. 5 is a desired
protocol, where the source-to-relay channels are error free.
From Fig. 5 we can see that ‘DF’ can only achieve a
diversity of one, while all the other protocols can achieve the
full diversity gain of the system, i.e., a diversity of two. Our
‘TOB-SF, OT’ and ‘TOB-SF, SOT+PA’ outperform ‘DF’, ‘EF’,
and ‘LAR’ in terms of BER performance, and are close to the
’Genie Aided’. Also, ‘TOB-SF, SOT+PA’ is slightly better than

IEEE TRANSACTIONS ON COMMUNICATIONS, VOL. 62, NO. 5, MAY 2014

“TOB-SE, OT’. The reason why the BER performance of the
two TOB-SF protocols is better than that of the LAR is that
our TOB-SF protocols are optimized to minimize the system
BER, while the LAR is an intuitive power control protocol,
which cannot guarantee the optimality of the system BER. For
the BLER performance, our “TOB-SE, SOT+PA’ outperforms
‘DF’, ‘EF’, ‘LAR’, and ‘TOB-SF, OT’. ‘LAR’ is better than
‘TOB-SF, OT’. And ‘EF’ performs the worst.

Fig. 6 and Fig. 7 show the error performance of Case 2
and Case 3, respectively. In both cases, our ‘TOB-SF, OT’
and ‘TOB-SF, SOT+PA’ can achieve the full diversity gain,
and outperform the ‘DF’, ‘EF’ and ‘LAR’ in terms of BER
performance. Also, ‘TOB-SF, SOT+PA’ has a better BER
performance than ‘TOB-SF, OT’. For the BLER performance
in the two cases, the ‘“TOB-SF, SOT+PA’ is always better than
the ‘LAR’, while the ‘LAR’ is always better than ‘TOB-SF,
OT’. And the ‘DF’ and ‘EF’ always perform the worst.

From Fig. 5 to Fig. 7, it is clear that ‘TOB-SF, OT’
outperforms ‘LAR’ in terms of BER, since ‘TOB-SF, OT’
is optimized to minimize the BER, while ‘LAR’ cannot
guarantee the optimality of the BER performance. The reason
why ‘LAR’ outperforms ‘TOB-SF, OT’ in terms of BLER
is because that ‘LAR’ adapts the power for each transmitted
block according to the channel information, while ‘TOB-SF,
OT’ does not implement any power control. Also, we can
see that “‘TOB-SF, SOT+PA’, which optimizes the power at
the relay, outperforms ‘TOB-SF, OT’ and‘LAR’ in terms of
both the BER and BLER performance. This again implies that
power control is needed to improve the BLER performance.

Next, we investigate the error performance for the LDPC
coded system. Here, the LDPC codes in both sources are
designed with the same code rate, and the same degree profile.
Specifically, we fix the code rate as 0.7, and the code profile
is as follows. From the variable node point of view, the
degree distribution is A(z) = 0.4183224z + 0.331761122 +
0.0693781482° 4-0.10453512° 4 0.076003"?. From the check
node point of view, the degree distribution is p(z) = 2.

Fig. 8, Fig. 9, and Fig. 10 shows the BER performance of
Casel, Case2, and Case3, respectively, for the LDPC coded
system. Again, we use ‘DF’, ‘EF’, and ‘LAR’ as benchmarks.
In the three figures, “TOB-SF, OT represents the TOB-SF
protocol with the threshold shown in (33), and ‘TOB-SF,
SOT+PA’ represents the TOB-SF protocol with the threshold
In p and the power allocation o in (31). Note that both ‘“TOB-
SE, OT’ and ‘TOB-SF, SOT+PA’ are the same as that in the
uncoded system. That is, they optimize the input BER rather
than the output BER of the receiver at the destination in the
coded system, which leads to a sub-optimal BER performance.
Also, in the three figures, ‘TOB-SF, SOT+EPA’ represents the
TOB-SF protocol with threshold In p plus the BER evolution
based power allocation.

From the three figures, we can see that the ‘DF’ can only
achieve a diversity of one, while all the other protocols can
achieve the full diversity gain. Compared with ‘LAR’ and
‘EF’, the proposed three TOB-SF protocols have better BER
performance. Similar to the uncoded system, the performance
gap between the benchmarks and the proposed TOB-SF proto-
cols become large when the relay is closer to the destination.
Interestingly, ‘LAR’ performs worse and worse when the relay
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becomes closer to the destinations. Among the three TOB-
SF protocols, “TOB-SF, SOT+PA’ outperforms ‘TOB-SF, OT’,
while ‘TOB-SF, SOT+EPA’ is always the best. This is because
‘TOB-SF, SOT+EPA’ optimizes the output BER.

Based on the above discussions, the proposed TOB-SF
protocols always perform better than the benchmarks ‘DF’,
‘EF’, and ‘LAR’. Although ‘“TOB-SF, SOT+EPA’ performs the
best, the other two TOB-SF protocols, i.e., ‘TOB-SF, SOT+PA’
and ‘TOB-SF, OT’ are simple and easy to implement with a
slight error performance loss.

Furthermore, we consider an asymmetric scenario, where
the two sources are asymmetrically located. Specifically, we
assume le = 0.5,d2R = O.Q,dRD = 0.5,d1p = 1.0, and
dop = 0.7. We simulate the BER and BLER performance for
the uncoded case in this scenario. The error performance is
shown in Fig. 11. From this figure, we can see that our “TOB-
SE, OT’ and ‘TOB-SF, SOT+PA’ outperform the ‘DF’, ‘EF’
and ‘LAR’ in terms of the BER performance. Also, ‘TOB-SF,
SOT+PA’ has a better BER performance than ‘TOB-SE, OT".
For the BLER performance, the “TOB-SF, SOT+PA’ is better
than the ‘LAR’, and the ‘LAR’ is better than “TOB-SF, OT’.
The simulation results show that the performance comparisons
of these protocols in asymmetric scenarios are consistent with
those in the symmetric scenarios.

VII. CONCLUSION

In this paper, we propose and optimize a TOB-SF protocol
for a multi-source relay system with network coding. We
consider both the uncoded and LDPC coded systems. In
the uncoded system, we first derive the BER expressions
at the destination, and develop the optimal threshold. Then
we prove that the TOB-SF protocol can achieve the full
diversity gain by using the optimal threshold. Furthermore,
we optimize the power allocation at the relay to achieve a
better performance. In the coded system with LDPC codes, we
develop a methodology to track the BER evolution by using
Gaussian approximations, and optimize the power allocation
at the relay based on the BER evolution results. Simulation
results show that the proposed TOB-SF protocol with power
allocation outperforms other conventional relaying protocols
in terms of error performance.

APPENDIX A
PROOF OF THEOREM 1

We take the derivation of the average BER E(FP.) =

2(E(P.,1) + E(Pe,2)) in terms of Ly and let the result equal
zero. Then we obtain
oPr(&.)
E(Puir) — E(Prre)) —57— =
(B(Pasr) = E(Por)) 57
0Pr(&,
(E(Preg) — E(Pair)) # (50)
OLt

For the case 2727, = 1, Pr(&,) and Pr(&,) are shown in (9).
Here, the LLR L ol R is approximated as a Gaussian variable
with its variance belng twice the absolute value of its mean
Based on the PDF of L ol R in (8) and the fact that 0L®

2mrg, the optimal threshold L7 can be derived as shown in
(10). For the case ]2, = —1, we can obtain the same result
on the optimal Lz. This completes the proof. |
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APPENDIX B
PROOF OF LEMMA 1
We define x = th, y = th ,and v 2 QO‘hRD . The PDFs
of the three variables can be Written as follows
@)= gy (~25 )
pz(x) = exp | — ,
’ ZAip Z\ip
1 Yy
py(y) = exp <— ) ; (51)
Y 0-_22AED %AzD

)= 23— o0~y
Pu\V) = 55 XP\ ~2ay |-
28 AR D 29 A\rD
According to [37], the PDF of w =

calculated as

min(y,v) can be

Pu(w) = py(w)(1 = Fy(w)) + po(w)(1 = Fy(w)), (52)
where F,(w) = [*_p,(u)du and F,(w) = [*_ p,(u)du.
Then we obtain

pw(w) =
1 1 1 1
lﬁ+2_0f/\ exp—lT—I—Q_a)\ w | .
o2 D 52 \YRD o2 \MD 2 YRD
(53)
To simplify the notations, we replace %)\D with );, and
o2 7

replace —— + 20)\ with ;. By viewing x as mr, . dir

we can (firectly obtain the PDF of mr, air from (51). Next,

we derive the PDFs for the two variables ¢ = = + w and
q= (I w) . According to [37], we have
Y
Po(9) = 35 (exp (—Aig) —exp (=Nig)) . (54)

To obtain the PDF of ¢, we first focus on the PDF of r = z—w,
and we have

Aihi
i+ N

pr(r) = exp (=) . (55)

Since ¢ = %, based on py(g) and p,(r), we have [22,37]

vl 7

— Xiv/qu) —exp (—A

/\2)\2

pq(q) =
(exp (—/\iu — N\ \/_u))
(56)

By viewing g as mr,,, mrc, and viewing g as mp,,,, neg> W€
can obtain the PDFs for the variables my,,, mre and mr,, neg»
respectively. Hence, we complete the proof. ]

APPENDIX C
PROOF OF THEOREM 2

Without a loss of generality, we consider the case #-]a} = 1,
and focus on the probabilities in (9). In (8), the mean
value mr, can be approximated by following the same
method in (16) in the high SNR region, and we have
mr, = 2 min(hig, hiz). We define another variable i =
min(hig, h3g) and we have mp,, = 2hip. Also, the PDF of &
is written as p(h) = Aexp (—Ah), where based on the proof

in Lemma 1, we have )\ = Alrtlor
AR 2R
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We define the diversity as

D2 _lim log Ehyz ,hor ,hap,hop,hrp (P&i)’ (57)
log p

p—+00

where

Eth-,hQ’R,hl’D-,hQD-,hRD (Pe,i) = E(Pi,mTC)Eh1R-,h2R (Pr(gc))

+E(Pi7n69)Ehm7h2n (Pr(Ee))+E(P; dir )Enyr hor (PT(Es)).
(58)

As we have derived E(P; mrc), E(Pineg), and E(P; 4ir),
we will focus on Ep,, por (Pr(Ee)), Enyr hor (Pr(&e)), and
Ehyr . hor (Pr(€s)) in the following.

As the optimal threshold can be approximated as L7} ~
Inp in the high SNR region, after some manipulations, we
calculate the expectation of Pr(&.) in (9) as

B (PH(ED) = /O°° © (% + \/ﬁ_p) pn(h)dh
- /01_ © (% + \/h_p) pr(R)dh
A
* /i @ (% + \/ﬁ_p) pu(h)dh.
B

(59)

Inp

We first note that \}% +Vhp > 2\/m\/hp = 2\/% In p.
Then for the function A in (59), when p is large, we have

1 e
A<Q (2\/5111;)) /0 pr(R)dh

—
Q
N

1 21

< —exp(—Inp) (1 — exp <_ﬂ>) (60)
2 p

(b) In

~ ?,

where (a) in (60) follows the Chernoff bound of Q(-), i.e.,

2

Q) < Sexp (-5

exp(z) ~ 1 + z when z approaches zero.
For the function B in (59), we have

s< [ Q (Vo) miman

P

/ exp (—@ — /\h) dh
21np 2

1 2Inp-
Y exp (—1np— Zp)\) .

When p goes to infinity, by using base-2 logarithm, we obtain

), and (b) applies the Taylor expansion

IN

(61)

_ hm log Eth,hQ'R, (Pr(ge)) - _

. log(A+B)
lim ————~=
p—ro0 log p

log p

(62)

p—r00

=2
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Next, we investigate the expectation of Pr(&;) in (9), which
can be rewritten as

Lt

—oo R

— Lt
]Ehﬂa,hma / psz
o R’

Note that the second item in the right hand side of (63) is
Ehix hor (Pr(E:)). Therefore, we only focus on the derivation
of the first item, which can be calculated as

Lt
Enir hor </ pL,gZ,R(L)dL> =

In p

Eth-,hQ’R (Pr(gs)) = ]Ehna,hma </ RS (L)dL> -

R(L)dL) . (63)

/0 ’ (1 -Q <\}% - \/h_ﬂ>) pr(h)dh+
C
/1315 @ <\/h_p - %) pr(h)dh+
D

Inp
V4ahp

F

/OOQ(WT—

Inp

) pr(R)dh. (64)

P

It is easy to obtain that

In p

C+D§/ " pu(h)dh
0

Inp

=1- exp(—T) (65)

_np
e

Regarding the third item in the right hand side of (64), i.e, the
function F, we have

< [0 ()

np

*|

5\ [e%}
g—/ exp (—L _3n)dn (66)
2 Inp 8
)
D . lnp Inp-
_A b (e
2242 PR T 2

When p goes to infinity, we obtain

logEn,r hor (Pr(gS)) _
log p

. log(C+D+F)
— hm —_—
log p

p—r00

=1

— lim
p—00

(67)

Combining Ep, 5 hor (Pr(€e)) and Ep,p hon (Pr(€s)) with
the equations in (27) and (28), we thus obtain that

. logE P, ; ..
— lim =2 hm”‘m'ﬁw’hw’hﬁv( ei) _ 9 Similarly, we can
p—roo og p
obtain the same result for 723 = —1, and thus each source

can achieve a diversity of two. This completes the proof. W
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