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Joint Optimization in Bidirectional Multi-User
Multi-Relay MIMO Systems: Non-Robust

and Robust Cases
Meng Zhang, Haike Yi, Hui Yu, Hanwen Luo, and Wen Chen, Senior Member, IEEE

Abstract—This paper studies the precoder design of bidirec-
tional networks in which each node is equipped with multiple
antennas. In contrast to the conventional model of bidirectional
relay networks, this paper considers a more general scenario, i.e.,
a multi-user multi-relay network. First, by assuming that perfect
channel state information (CSI) is available, we investigate the
precoding design for the relays and users to minimize the sum
mean squared error (MSE) and the maximum of single user’s
MSE, respectively. Then, we consider a more practical scenario
where CSI estimation error is taken into account. By means of
alternating optimization approach, we decompose the main prob-
lem into several decoupled subproblems with tractable solutions.
It is shown that, in both the perfect and imperfect CSI cases, the
proposed precoding algorithms outperform the existing solutions
in terms of MSE and bit-error-rate (BER) performance.

Index Terms—Bidirectional, multi-user, multi-relay, precoding,
robust.

I. INTRODUCTION

W ITH the continuous burgeoning development of wire-
less communications technologies, the pursuit for a

system with higher performance has never stopped. Initially,
people focused on the point-to-point system, and a great deal of
remarkable results have been obtained for the single transceiver
case [1], [2]. Later, a relay node was introduced into the
network with the purpose to enhance the coverage and re-
liability of the system. However, due to the infeasibility of
full-duplex transmission at the relay, most of the relay-based
strategies claim their gains at the cost of consuming more
time or frequency resources under half-duplex relaying proto-
cols, e.g., a typical two-hop unidirectional amplify-and-forward
relay network has to complete one end-to-end transmission
with two phases [3]. To increase the spectrum efficiency, a
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network coding strategy for bidirectional relay networks has
been proposed in [4].

This paper investigates the precoding design for the relays
and users in a bidirectional multi-user multi-relay scenario.
Since the number of wireless communication users will con-
tinuously increase, a single-pair bidirectional relay system can
hardly accommodate a vast number of users. Meanwhile, vari-
ous criteria have been proposed to optimize the system perfor-
mance, such as minimizing the sum mean squared error (MSE),
the maximum user’s MSE, the minimum power that can support
a certain level of quality-of-service (QoS) requirements, etc. In
this paper, we concentrate on the sum MSE criterion as well as
maximum user’s MSE.

Previous work on MSE optimization can be dated back
to the work in [2], where separate designs of receivers and
transmitters and their joint design have been investigated.
A closed-form MSE-optimal solution for a multiple-input–
multiple-output (MIMO) relay network has been obtained in
[5], where a diagonal structure has been proven optimal. How-
ever, it turns out that the straightforward extension is not opti-
mal in a bidirectional relay scenario [6]. Even so, a suboptimal
closed-form solution is still preferred and has been given in [7].
It is worth noting that another relaying protocol named two-
path successive relay has been proposed in [8]. This protocol
is also designed to increase spectrum efficiency by combining
two half-duplex relays into one full-duplex node by means of
alternating relaying. However, the drawback of this scheme
is obvious since an additional relay has to be deployed, and
the associated cost cannot be easily neglected. Additionally,
the authors take the direct link from a source to a destination
into account in [9] and [10]. In [11], a bidirectional multi-
relay network has been studied, and an iterative algorithm is
shown to be effective. In addition, the authors investigate sum
MSE optimization for the case of multi-relay single-user pair,
and gradient-based algorithms have been proposed in [12]. In
addition, precoding schemes have been proposed in [13], with
an assumption that a base station will exchange messages with
multiple single-antenna users through the help of a bidirectional
relay. Our previous work in [14] has proposed a joint precoding
design for bidirectional multi-user single-relay networks.

Moreover, because perfect channel state information (CSI) is
not always available, it is necessary to investigate the relevant
precoding designs under imperfect CSI, i.e., a robust precoding
scheme. Previous works on the robust precoding for MIMO
relay networks fall into two categories: stochastic analysis and
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worst-case analysis. In [15], the precoder structure is analyzed
with the existence of stochastic channel estimation error for
the MIMO relay networks. In addition, for the MIMO relaying
broadcast scenario, the precoding schemes are analyzed under
stochastic channel estimation error model in [16]. The capacity
performance of a dual-hop MIMO relay network is analyzed in
[17]. The robust precoder design for the worst case is proposed
in [18], where a multi-antenna user with one multi-antenna re-
lay model is considered. Furthermore, in [19], a robust precoder
design is proposed, aiming to minimize the negative effect of
stochastic error for bidirectional relay systems.

In this paper, we consider a more general case that involves
multiple bidirectional relays and multiple user pairs with in-
dividual power constraints applied on each relay and each
user. To minimize the MSE, we propose precoding schemes
for both perfect and imperfect CSI scenarios. Note that our
earlier work in [20] only focuses on sum MSE minimization;
in this paper, we further develop the optimization algorithm
for minimizing maximum user’s MSE under both the perfect
and imperfect cases. However, the optimal solutions are hard to
obtain since, in [6], the optimal precoder’s structure has been
proven non-diagonal optimal. Therefore, iterative algorithms
are proposed instead. The proposed method has the potential
to be applied to large networks [21], [22]. Simulation results
show the effectiveness of our proposed algorithms.

The rest of this paper is organized as follows. The system
model and problem formulation are described in Section II.
The joint design for perfect channel knowledge is proposed in
Section III, where minimizing the sum MSE and maximum
user’s MSE are investigated, respectively. Similarly, we dis-
cuss the joint design under imperfect channel knowledge in
Section IV. The numerical results are presented in Section V.
Finally, the conclusion is made in Section VI.

Notation: In this paper, we use bold uppercase and low-
ercase letters to denote matrices and vectors, respectively.
(·)∗, (·)T , (·)H , and (·)−1 denote the conjugate, transpose,
conjugate transpose, and inverse of a matrix or a vector,
respectively. (·)1/2 denotes the square root of a square ma-
trix. blkdiag{X1,X2, . . . ,XN} is the block diagonal matrix
formed by matrices Xi, i = 1, 2, . . . , N . IN is an N ×N
identity matrix. EX{·} denotes the statistical expectation over
X. tr(·) and Re[·] are the trace of a matrix and the real part of
a variable, respectively. vec(·) and mat{·} represent the matrix
vectorization and its inverse operation, respectively. ⊗ denotes
the Kronecker product. ‖ · ‖ denotes the Frobenius norm. �
represents the property of semidefinite.

II. SYSTEM MODEL AND PROBLEM FORMULATION

Consider a network shown in Fig. 1 that consists of R relays
and 2K users or, equivalently, K user pairs that are expected
to exchange data with the aid of R relays. Assume that the
k-th user and the r-th relay are equipped with Nk and Mr

antennas, respectively. It should be noted that the constraint of
Lk ≤ Nk is necessary, where Lk is the number of data streams
transmitted by the k-th user. Let k̄ be the index of the user paired
with user k. Additionally, Hrk denotes the channel between
the k-th user and the r-th relay in the first phase, and Gkr

Fig. 1. Multi-user multi-relay bidirectional networks.

denotes the channel between the r-th relay and the k-th user
in the second phase. The two-hop transmission processing is
completed by two phases, i.e., in the first phase, users send
their independent messages to the relays, whereas in the second
phase, the relays will broadcast the precoded received signal to
all users.

In the first phase, the k-th user transmits precoded signal
sk = Akdk, where dk ∈ C

Lk×1 denotes the data information
intended for the k̄-th user, and Ak is an Nk × Lk precoding
matrix for user k. Without loss of generality, we assume that
E{dkd

H
k } = σ2

dILk
, where ILk

is an Lk × Lk identity matrix.
We assume that the transmit power at each user side satisfies

σ2
dtr

(
AkA

H
k

)
≤ PSk ∀k ∈ {1, 2, . . . , 2K} (1)

where PSk is the power constraint for the k-th user. The
received signal at the r-th relay is

xr =

2K∑
k=1

HrkAkdk + nr (2)

where nr ∈ C
Mr×1 is a circular complex additive white

Gaussian noise vector at the r-th relay node with E{nrn
H
r } =

σ2
rIMr

.
After multiplying by relay precoding matrix Fr ∈ C

Mr×Mr ,
all the relays broadcast their postprocessed signals at the begin-
ning of the second phase, i.e.,

yr =
2K∑
k=1

FrHrkAkdk + Frnr. (3)

The transmitting signal at each relay should not violate the
individual relay power constraint, i.e.,

tr
(
yry

H
r

)
= tr

[
Fr

(
σ2
d

2K∑
k=1

HrkAkA
H
k HH

rk + σ2
rIMr

)
FH

r

]
≤PRr. (4)
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The received signal at the k-th user is expressed as

rk =

2K∑
i=1

R∑
r=1

GkrFrHriAidi +

R∑
r=1

GkrFrnr + nk (5)

where nk ∈ C
Nk×1 is a circular complex additive white

Gaussian noise vector with E{nkn
H
k } = σ2

xINk
.

The Kronecker model is adopted here for the wireless com-
munication channel in which independent and separable cor-
relations between transmit and receive antennas are presumed
[23]. For the Rayleigh fading, channel matrices Hrk and Gkr

can be modeled, respectively, as

Hrk= Ĥrk+ΔHrk=Σ
1
2

H,rk(ĤW,rk+ΔHW,rk)Ψ
1
2

H,rk (6)

Gkr= Ĝkr+ΔGkr=Σ
1
2

G,kr(ĜW,kr+ΔGW,kr)Ψ
1
2

G,kr (7)

where Ĥrk and Ĝkr are the estimated CSI, and ΔHrk and
ΔGkr correspond to the CSI error. It is worth noting that
Hrk = Ĥrk and Gkr = Ĝkr if perfect channel knowledge
is known at each node. ΣH,rk and ΣG,kr are the receive-
antenna correlation matrices, and ΨH,rk and ΨG,kr are
the transmit-antenna correlation matrices. Entries of matrices
ĤW,rk, ΔHW,rk, ĜW,kr, and ΔGW,kr are independent and
identically distributed complex Gaussian random variables with
variances 1 − σ2

e , σ2
e , 1 − σ2

e , and σ2
e .

With the assumption that each user has the knowledge of
all estimated CSI and precoder matrices, each user can remove
the corresponding self-interference from the received data (5).
Therefore, after this self-interference cancelation step, the re-
ceived signal can be reformulated as

r̂k =

2K∑
i=1

R∑
r=1

GkrFrHriAidi +

R∑
r=1

GkrFrnr + nk

−
R∑

r=1

ĜkrFrĤrkAkdk. (8)

Afterward, the MSE-optimal receiver will be applied to ob-
tain the intended data, and the postprocessed signals can be

expressed as

d̂k =Bkr̂k

=
2K∑
i=1

R∑
r=1

BkGkrFrHriAidi +
R∑

r=1

BkGkrFrnr

+Bknk −
R∑

r=1

BkĜkrFrĤrkAkdk (9)

where Bk is the MSE-optimal receiver for the k-th user. If
the transmitting precoding matrices are all fixed, Bk is also
determined. Consequently, we will calculate the expression for
Bk first after giving the expression of individual user’s MSE.
By omitting the terms that involve a high order of channel
uncertainties, the MSE for the k-th user can be expressed as
(10) shown below. By setting ΔHrk = 0 and ΔGkr = 0 in
(10), we can obtain the MSE for the perfect CSI case.

For the algorithms proposed in Sections III and IV, we adopt
an alternating optimization method that iteratively optimizes
the receivers filters, relay precoders, and user precoders. We
also assume that there exists a central processor that can collect
all the uplink and downlink CSI, and it has the second order
of statistical knowledge on estimation errors. All the compu-
tations of receiver filters, relay precoders, and user precoders
are executed at this central processor. After computations, the
corresponding results will be sent to each node through control
channels. In addition, the optimal solutions are obtained in each
subproblem because the other convex-violating parameters are
set to be fixed. Furthermore, the sum MSE is definitely to
be non-negative or, namely, lower bounded by a fixed value.
Therefore, the proposed iterative algorithms for non-robust and
robust cases are sure to be convergent.

III. JOINT DESIGN FOR THE PERFECT

CHANNEL KNOWLEDGE

Considering that a diagonal structure is not optimal in bidi-
rectional systems [6] and that, up to now, the optimal closed-
form precoding scheme has not been found, we resort to the

εk =E

{∥∥∥d̂k − dk̄

∥∥∥2}

=σ2
d

2K∑
i=1,i	=k,k̄

tr

[(
R∑

r=1

BkGkrFrHriAi

)H (
R∑

r=1

BkGkrFrHriAi

)]

+ σ2
xtr

(
BH

k Bk

)
+ σ2

d

R∑
r=1

tr
[
(BkGkrFrΔHrkAk)

H (BkGkrFrΔHrkAk)
]

+ σ2
d

R∑
r=1

tr

[
(BkΔGkrFrHrkAk)

H (BkΔGkrFrHrkAk)

]

+ σ2
r

R∑
r=1

tr
[
(BkGkrFr)

H (BkGkrFr)
]

+ σ2
dtr

[(
R∑

r=1

BkGkrFrHrk̄Ak̄ − ILk̄

)H (
R∑

r=1

BkGkrFrHrk̄Ak̄ − ILk̄

)]
(10)
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precoding design that optimizes the receivers, relay precoders,
and user precoders, iteratively. Here, we only consider the sce-
nario that each node has perfect knowledge of all the channels.
Then, in Section IV, for the imperfect CSI case, we present
an iterative algorithm consisting of three subproblems for the
design of receiver filters, relay precoders, and user precoders,
respectively.

With the perfect CSI, the sum MSE optimization problem
can be written as

min
Bk,Fr,Ak

ε =
2K∑
k=1

εk

s.t. σ2
dtr

(
AkA

H
k

)
≤ PSk ∀k ∈ {1, 2, . . . , 2K}

tr

[
Fr

(
σ2
d

2K∑
k=1

HrkAkA
H
k HH

rk + σ2
rIMr

)
FH

r

]
≤ PRr

∀r ∈ {1, 2, . . . , R} (11)

where εk is the individual user’s MSE expression shown in (10)
by setting ΔHrk = ΔGkr = 0.

A. Sum MSE Optimization Algorithm

1) Receiver Design: In this paper, we adopt an MMSE
receiver at each user node, which is also called the Wiener
filter. Given the expressions of (∂ε)/(∂B∗

k) = (∂εk)/(∂B
∗
k) =

0, the optimal MSE receiver can be obtained by setting the
derivative of MSE with respect to B∗

k to zero. We have

Bk = σ2
d

R∑
r=1

AH
k̄ HH

rk̄F
H
r GH

krR
−1
w (12)

where

Rw = σ2
d

2K∑
i=1,i 	=k

R∑
r=1

R∑
s=1

GksFsHsiAiA
H
i HH

riF
H
r GH

kr

+ σ2
r

R∑
r=1

GkrFrF
H
r GH

kr + σ2
xINk

. (13)

2) Relay Precoder Design: Next, given the prefixed MMSE
receiver matrices and user precoders, we will design the relay
precoders Fr(∀r = 1, 2, . . . , R). However, the issue is that
jointly optimizing all the relay precoders is nonconvex accord-
ing to the Hessian matrix derivation. Therefore, by fixing the
other relay precoders except for the r-th relay, this sum MSE
optimization problem is convex. By omitting the parts irrelevant
to Fr, the sum MSE can be reformulated as follows:

2K∑
k=1

εk =σ2
d

2K∑
k=1

2K∑
i=1,i	=k

tr

(
AH

i HH
riF

H
r GH

krB
H
k BkGkrFrHriAi

)
+

2K∑
k=1

σ2
rtr

(
FH

r GH
krB

H
k BkGkrFr

)

+ σ2
d

2K∑
k=1

2K∑
i=1,i	=k

tr
(
AH

i HH
riF

H
r GH

krB
H
k Uir

)

+ σ2
d

2K∑
k=1

2K∑
i=1,i	=k

tr
(
UH

irBkGkrFrHriAi

)

− σ2
d

2K∑
k=1

tr(BkGkrFrHrk̄Ak̄)

− σ2
d

2K∑
k=1

tr
(
AH

k̄ HH
rk̄F

H
r GH

krB
H
k

)
(14)

where Uir =
∑R

s=1,s 	=r BkGksFsHsiAi. Due to the convex-
ity of this subproblem, the Lagrangian multiplier method can be
utilized to derive the optimal solution. The Lagrangian function
can be expressed as

L =

2K∑
k=1

εk + λ
[
tr
(
FH

r RxFr

)
− PRr

]
(15)

where Rx = σ2
d

∑2K
k=1 HrkAkA

H
k HH

rk + σ2
rIMr

.
By setting (∂L)/(∂F∗

r) = 0, additionally with other
Karush–Kuhn–Tucker conditions, we obtain

λ
[
tr
(
FH

r RxFr

)
− PRr

]
= 0 (16)

tr
(
FH

r RxFr

)
≤ PRr (17)

λ ≥ 0. (18)

Then, we have

2K∑
k=1

RykFrRxk + λFrRx = Rr. (19)

Therefore, the form of optimal solution of the r-th relay pre-
coder can be written as

Fopt
r =mat

⎧⎨
⎩
(

2K∑
k=1

RT
xk⊗Ryk+λRT

x ⊗IMr

)−1

vec(Rr)

⎫⎬
⎭

(20)
where

Rxk =σ2
d

2K∑
i=1,i	=k

HriAiA
H
i HH

ri + σ2
rIMr

(21)

Ryk =GH
krB

H
k BkGkr (22)

Rr =σ2
d

2K∑
k=1

(
GH

krB
H
k AH

k̄ Hrk̄

−
2K∑

i=1,i	=k

GH
krB

H
k UirA

H
i HH

ri

⎞
⎠ . (23)

Omitting the first term of (20), λ should be confined
within the interval [0,

√
(tr(Rr(RT

x )
−1Rx(RT

x )
−1RT

r )/PRr)).
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Therefore, a bisection search algorithm is applicable to find the
optimal λ and Fopt

r .
3) User Precoder Design: Here, the user precoders will be

optimized with fixed MMSE receivers and relay precoders. Let
P ′
Rr = PRr − σ2

rtr(F
H
r Fr). The main problem (11) can be

modified as

min
Ak

2K∑
k=1

tr
(
RakAkA

H
k

)

−
2K∑
k=1

2Re [tr(RbkAk)] + tr(Rc)

s.t. σ2
dtr

(
AH

k Ak

)
≤ PSk ∀k ∈ {1, 2, . . . , 2K}

2K∑
k=1

tr
(
AH

k RdkrAk

)
≤ P ′

Rr ∀r ∈ {1, 2, . . . , R}

(24)

where

Rbk =σ2
d

R∑
r=1

Bk̄Gk̄rFrHrk (25)

Rak =σ2
d

2K∑
i=1,i	=k

[(
R∑

r=1

BiGirFrHrk

)H

×
(

R∑
r=1

BiGirFrHrk

)]
(26)

Rdkr =σ2
dH

H
rkF

H
r FrHrk (27)

Rc =

2K∑
k=1

(
R∑

r=1

σ2
r

(
BkGkrFrF

H
r GH

krB
H
k

)

+ ILk̄
+ σ2

x

(
BkB

H
k

))
. (28)

To solve problem (24), we use CVX, which is a software
package for specifying and solving convex programs, since
the modified problem is a typical quadratically constrained
quadratic programming (QCQP) problem. The joint design of
sum MSE minimization is summarized in Algorithm 1.

Algorithm 1 Sum MSE optimization algorithm.

1: Initialization:
Set A

(1)
k =

√
(PSk/Lk)[ILk

0(Nk−Lk)×Lk
]T ∀k ∈

{1, 2, . . . , 2K} and F
(1)
r =

√
(Pr/tr(Rx))IMr

∀r ∈
{1, 2, . . . , R}, n = 1.

2: Iteration:
a) Compute B

(n)
k using (12).

b) Compute F
(n)
r using (20).

c) Compute A
(n)
k by solving the QCQP problem of (24).

d) Compute sum MSE ε(n).
3: Termination:

The algorithm terminates either when ε(n) converges, i.e.,
|(ε(n) − ε(n−1))/ε(n)| ≤ η, or when n ≥ Nmax, where η
is a predefined threshold and Nmax is the maximum
iteration number;
Output Bopt

k = B
(n)
k , Fopt

r = F
(n)
r , and Aopt

k = A
(n)
k .

Else, n = n+ 1, and go to substep 2.

B. Minmax MSE Optimization Algorithm

Here, we will consider minimizing the maximum user’s
MSE. If we attempt to minimize the sum MSE, the individual
user’s QoS cannot be guaranteed. Therefore, we will consider
minimizing the maximum of users’ MSE, which can ensure that
the user’s MSE is equivalent to each other at the optimal point.

First, we define F = blkdiag{F1,F2, . . . ,FR} and A =
blkdiag{A1,A2, . . . ,A2K}. Thus, it is easy to verify that
Fr=PrFP

T
r , wherePr is theMr×

∑R
r=1 Mr permutation mat-

rix with zeros and ones. Similarly, we have Ak=QkAV
T
k , with

Qk∈C
Nk×

∑2K

k=1
Nk and VT

k ∈C

∑2K

k=1
Lk×Lk . For given MMSE

receivers, our optimization problem can be formulated as

min
F,A

max
k∈{1,2,...,2K}

εk

s.t. tr

[
PrFP

T
r

(
σ2
d

2K∑
k=1

HrkQkAV
T
k VkA

H

×QT
kH

H
rk + σ2

rIMr

)
PrF

HPT
r

]

≤ PRr ∀r ∈ {1, 2, . . . , R},
σ2
dtr
(
QkAV

T
k VkA

HQT
k

)
≤PSk ∀k ∈ {1, 2, . . . , 2K}.

(29)

Then, we can rewrite the MSE expression of the k-th user, as
shown in the following:

εk=σ2
d

∥∥∥∥∥
R∑

r=1

vec
(
BkGkrPrFP

T
r Hrk̄Qk̄AV

T
k̄

)
−vec(ILk̄

)

∥∥∥∥∥
2

+σ2
r

R∑
r=1

∥∥vec (BkGkrPrFP
T
r

)∥∥2+σ2
x ‖Bk‖2

+σ2
d

2K∑
i=1,i	=k,k̄

∥∥∥∥∥
R∑

r=1

vec
(
BkGkrPrFP

T
r HriQiAV

T
i

)∥∥∥∥∥
2

.

(30)

1) Relay Precoder Design: By introducing equation
vec(F) = Tf f , where f is defined as

f =

⎡
⎢⎢⎢⎣
vec(F1)

·
·
·

vec(FR)

⎤
⎥⎥⎥⎦ . (31)

Tf is the transformation matrix formed by ones and ze-
ros, which can be built by observing the nonzero entries of
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vec(F). Then, with the help of equations vec(ABC) = (CT ⊗
A)vec(B) and tr(XHYXW) = vec(X)H(WT ⊗Y)vec(X)
in [24], the optimization problem can be written as

min
f

max
k∈{1,2,...,2K}

σ2
d‖Z1kf − vec(ILk̄

)‖2

+

R∑
r=1

σ2
r‖Z3krf‖2 +

2K∑
i=1,i	=k,k̄

σ2
d‖Z2kif‖2 + s1k

s.t. ‖D
1
2
r f‖ ≤

√
PRr ∀r ∈ 1, 2, . . . , R (32)

where

Z1k =

(
R∑

r=1

((
PT

r Hrk̄Qk̄AV
T
k̄

)T ⊗ (BkGkrPr)
))

Tf

(33)

Z2ki =

(
R∑

r=1

((
PT

r HriQiAV
T
i

)T ⊗(BkGkrPr)
))

Tf

(34)

Z3kr = ((Pr)⊗ (BkGkrPr))Tf (35)

D
1
2
r =

((
PT

r

(
σ2
d

2K∑
k=1

HrkQkAV
T
k VkA

HQT
kH

H
rk

+ σ2
rIMr

)
Pr

)T

⊗
(
PT

r Pr

)) 1
2

Tf (36)

s1k =σ2
x‖Bk‖2. (37)

Then, by introducing a new variable t̃, the minmax optimization
can be expressed as

min
f ,t̃

t̃

s.t. σ2
d‖Z1kf − vec(ILk̄

)‖2 +
2K∑

i=1,i	=k,k̄

σ2
d‖Z2kif‖2

+

R∑
r=1

σ2
r‖Z3krf‖2 + s1k ≤ t̃, ‖D

1
2
r f‖ ≤

√
PRr

∀k∈{1, 2,. . ., 2K}; ∀i ∈ {1, 2, . . . , 2K}, i 	=k, k̄;

∀r ∈ {1, 2, . . . , R}. (38)

Furthermore, we introduce the set of variables t1k, t2ki, t3kr.
Then, the optimizing problem turns into

min
f ,t̃,t1k,t2ki,t3kr

t̃

s.t. t21k +

2K∑
i=1,i 	=k,k̄

t22ki +

R∑
r=1

t23kr + s1k ≤ t̃

σd‖Z1kf − vec(ILk̄
)‖ ≤ t1k, σd‖Z2kif‖ ≤ t2ki

σr‖Z3krf‖ ≤ t3kr,
∥∥∥D 1

2
r f
∥∥∥ ≤

√
PRr

∀k ∈ {1, 2, . . . , 2K} ∀i ∈ {1, 2, . . . , 2K}, i 	= k, k̄
∀r ∈ {1, 2, . . . , R}. (39)

Moreover, we introduce a new vector tk ∈ C
(2K−1+R)×1

defined as

tk = [t1k, t2k1, t2k2, . . . , t2k2K , t3k1, t3k2, . . . , t3kR]. (40)

Using the Schur complement lemma [25], we have

min
f ,t̃,tk

t̃,

s.t.

[
I2K−1+R tk

tTk t̃− s1k

]
� 0

σd‖Z1kf − vec(ILk̄
)‖ ≤ cT1 tk, σd‖Z2kif‖ ≤ cT1+itk

σr‖Z3krf‖ ≤ cT2K−1+itk, ‖D
1
2
r f‖ ≤

√
PRr

∀k ∈ {1, 2, . . . , 2K} ∀i ∈ {1, 2, . . . , 2K}, i 	= k, k̄

∀r ∈ {1, 2, . . . , R} (41)

among which, ci ∈ C
(2K−1+R)×1 is a vector with its i-th

element being one, whereas the others are zeros. The problem
is a second-order cone programming (SOCP) problem, which
can be solved by CVX efficiently.

2) User Precoder Design: Define vec(A) = Taa, where

a ∈ C

∑2K

k=1
(NkLk)×1 and is defined as

a =

⎡
⎢⎢⎢⎣

vec(A1)
·
·
·

vec(A2K)

⎤
⎥⎥⎥⎦ . (42)

Ta is the transformation matrix formed by ones and zeros,
which can be built by observing the nonzero entries of vec(A).
For fixed F, the problem can be formulated as

min
a

max
k∈{1,2,...,2K}

s2k + σ2
d‖M1ka− vec(ILk̄

)‖2

+
2K∑

i=1,i	=k,k̄

σ2
d‖M2kia‖2

s.t. ‖N
1
2
1ra‖2 ≤ P̃Rr ∀r ∈ {1, 2, . . . , R}

σ2
d‖N

1
2

2ka‖2 ≤ PSk ∀k ∈ {1, 2, . . . , 2K} (43)

where

M1k =

(
R∑

r=1

(
(Vk̄)⊗

(
BkGkrPrFP

T
r Hrk̄Qk̄

)))
Ta

(44)

M2ki =

(
R∑

r=1

(
(Vi)⊗

(
BkGkrPrFP

T
r HriQi

)))
Ta

(45)
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N
1
2
1r =

(
σ2
d

2K∑
k=1

((
VT

k Vk

)

⊗
(
QT

kH
H
rkPrF

HPT
r PrFP

T
r HrkQk

))) 1
2

Ta

(46)

N
1
2

2k =
((
VT

k Vk

)
⊗
(
QT

kQk

)) 1
2 Ta (47)

s2k =σ2
x‖Bk‖2 + σ2

r

R∑
r=1

‖BkGkrPrFP
T
r ‖2 (48)

P̃Rr =PRr − σ2
rtr

(
PrFP

T
r PrF

HPT
r

)
. (49)

Then, similar to the relay precoder design, we introduce
variables z̃, z1k, and z2ki. The user precoder design can be
reformulated as

min
a,z̃,z1k,z2ki

z̃,

s.t. z21k +

2K∑
i=1,i 	=k,k̄

z22ki + s2k ≤ z̃

σd‖M1ka− vec(ILk̄
)‖ ≤ z1k, σd‖M2kia‖ ≤ z2ki∥∥∥N 1

2
1ra

∥∥∥ ≤
√

P̃Rr, σd

∥∥∥N 1
2

2ka
∥∥∥ ≤

√
PSk

∀k ∈ {1, 2, . . . , 2K}∀i ∈ {1, 2, . . . , 2K}, i 	= k, k̄

∀r ∈ {1, 2, . . . , R}. (50)

Similarly, by introducing zk ∈ C
(2K−1)×1, we have

min
a,z̃,zk

z̃

s.t.

[
I2K−1 zk
zTk z̃ − s2k

]
� 0

σd

∥∥M1ka− vec(ILk̄
)
∥∥ ≤ dT

1 zk

σd‖M2kia‖ ≤ dT
1+izk,

∥∥∥N 1
2
1ra

∥∥∥ ≤
√

P̃Rr

σd

∥∥∥N 1
2

2ka
∥∥∥ ≤

√
PSk

∀k ∈ {1, 2, . . . , 2K}∀i ∈ {1, 2, . . . , 2K}, i 	= k, k̄

∀r ∈ {1, 2, . . . , R}. (51)

Among which, di ∈ C
(2K−1)×1 is a vector with its i-th element

set to one, whereas the others are all zeros. This problem is an
SOCP problem, which can be solved by CVX efficiently. The
joint design of minmax MSE is summarized in Algorithm 2.

Algorithm 2 Minmax MSE optimization algorithm.

1: Initialization:
Set A

(1)
k =

√
(PSk/Lk)[ILk

0(Nk−Lk)×Lk
]T ∀k ∈

{1, 2, . . . , 2K} and F
(1)
r =

√
(Pr/tr(Rx))IMr

∀r ∈
{1, 2, . . . , R}, n = 1.
Compute a(1) and f (1) using (42) and (31), respectively.

2: Iteration:
a) Compute B

(n)
k using (12).

b) Compute f (n) by solving the SOCP problem of (41).
c) Compute a(n) by solving the SOCP problem of (51).
d) Compute max MSE ε

(n)
k .

3: Termination:
The algorithm terminates either when ε

(n)
k converges, i.e.,

|(ε(n) − ε(n−1))/ε(n)| ≤ η, or when n ≥ Nmax, where η
is a predefined threshold, and Nmax is the maximum
iteration number;
Output Bopt

k = B
(n)
k , fopt = f (n), and aopt = a(n).

Else, n = n+ 1, and go to substep 2.

IV. JOINT DESIGN FOR THE IMPERFECT

CHANNEL KNOWLEDGE

Here, we treat the imperfect CSI case. The block-fading
channel and channel estimation error are modeled according to
Section II. The proposed optimization algorithm in Section III
cannot be applied here due to its perfect CSI assumption.
Instead, robust precoding design should be considered. All the
nodes in the network are assumed to have the imperfect channel

2K∑
k=1

εk =σ2
d

2K∑
k=1

2K∑
i=1,i	=k

tr
(
AH

i ĤH
riF

H
r ĜH

krB
H
k BkĜkrFrĤriAi

)

+

2K∑
k=1

σ2
rtr

(
FH

r ĜH
krB

H
k BkĜkrFr

)
+ σ2

e

2K∑
k=1

tr
(
BkB

H
k ΨG,kr

)
tr
(
FH

r ΣG,krΨG,krFr

(
R̃xk + R̃mk

))

+ σ2
eσ

2
d

2K∑
k=1

2K∑
i=1

tr
(
AiA

H
i ΨH,ri

)
tr
(
FH

r ĜH
krB

H
k BkĜkrFrΣH,ri

)
+ σ2

d

2K∑
k=1

2K∑
i=1,i	=k

tr
(
AH

i ĤH
riF

H
r ĜH

krB
H
k Uir

)

+ σ2
d

2K∑
k=1

2K∑
i=1,i	=k

tr
(
UH

irBkĜkrFrĤriAi

)
− σ2

d

2K∑
k=1

tr
(
BkĜkrFrĤrk̄Ak̄

)
− σ2

d

2K∑
k=1

tr
(
AH

k̄ ĤH
rk̄F

H
r ĜH

krB
H
k

)
(52)
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knowledge for both Gkr and Hrk. Consequently, the self-
interference cancelation cannot be perfectly canceled at each
user side. The sum MSE can be expressed in (52), shown at the
bottom of the previous page, where

R̃xk =σ2
d

2K∑
i=1,i	=k

ĤriAiA
H
i ĤH

ri + σ2
rIMr

(53)

R̃mk =σ2
dĤrkAkA

H
k ĤH

rk (54)

Ũir =

R∑
s=1,s 	=r

BkĜksFsĤsiAi. (55)

Thus, the robust MMSE problem can be modified from (11) as

min
Bk,Fr,Ak

ε =

2K∑
k=1

εk

s.t. σ2
dtr

(
AkA

H
k

)
≤ PSk ∀k ∈ {1, 2, . . . , 2K}

tr
(
FrR̃xF

H
r

)
≤ PRr ∀r ∈ {1, 2, . . . , R} (56)

where

R̃x = σ2
eσ

2
d

2K∑
k=1

tr
(
AkA

H
k ΨH,rk

)
ΣH,rk

+σ2
rIMr

+ σ2
d

2K∑
k=1

HrkAkA
H
k HH

rk. (57)

Although the modified version of the original problem seems to
be more complicated, the resolving methods are supposed to be
similar, which decouples the main problem into several convex
subproblems.

A. Robust Sum MSE Optimization Algorithm

1) Receiver Design: Similar to Section III, we first deduct
the MMSE receiver with the preknown knowledge of the
stochastic properties for the estimation errors. Thus, the expres-
sion for the MMSE receiver can be shown to be

Bk = σ2
d

R∑
r=1

AH
k̄ ĤH

rk̄F
H
r ĜH

krR̃
−1
w (58)

where

R̃w =σ2
d

2K∑
i=1,i 	=k

R∑
r=1

R∑
s=1

ĜksFsĤsiAiA
H
i ĤH

riF
H
r ĜH

kr

+ σ2
r

R∑
r=1

ĜkrFrF
H
r ĜH

kr + σ2
e

R∑
r=1

tr

(
FH

r ΨG,krFrR̃xk

)
+ σ2

eσ
2
d

R∑
r=1

2K∑
i=1

tr

(
AiA

H
i ΨH,ri

)
ĜkrFrΣH,riF

H
r ĜH

k,r

+ σ2
xINk

. (59)

2) Relay Precoder Design: By using the Lagrange multi-
plier method, the form of the optimal relay precoder at the r-th
relay node can be written as

Fopt
r = mat

{[
2K∑
k=1

R̃T
xk ⊗ R̃yk +

2K∑
k=1

2K∑
i=1

(
ΣT

H, ri ⊗ R̃zki

)

+
2K∑
k=1

R̃T
mk ⊗ R̃nk + λR̃T

x ⊗ IMr

]−1

vec(R̃r)

}
(60)

where

R̃yk = ĜH
krB

H
k BkĜkr + R̃nk (61)

R̃r =σ2
d

2K∑
k=1

(
ĜH

krB
H
k AH

k̄ Ĥrk̄

−
2K∑

i=1,i	=k

ĜH
krB

H
k ŨirA

H
i ĤH

ri

⎞
⎠ (62)

R̃zki =σ2
dσ

2
etr

(
AiA

H
i ΨH,ri

)
ĜH

krB
H
k BkĜkr (63)

R̃nk =σ2
etr

(
BH

k BkΣG,kr

)
ΨG,kr. (64)

The bisection search method can be employed here to ac-
quire the optimal Lagrangian multiplier λ within its bound

[0,
√

(tr(R̃r(R̃T
x )

−1R̃x(R̃T
x )

−1R̃T
r )/PRr)).

3) User Precoder Design: Here, the precalculated robust
version of MMSE receivers and relay precoders are assumed
to be given. Let P ′

Rr = PRr − σ2
rtr(F

H
r Fr). We formulate the

user precoder computing problem as

min
Ak

2K∑
k=1

tr
(
R̃akAkA

H
k

)

−
2K∑
k=1

2Re
[
tr(R̃bkAk)

]
+ tr(R̃c)

s.t. σ2
dtr

(
AH

k Ak

)
≤ PSk ∀k ∈ {1, 2, . . . , 2K}

2K∑
k=1

tr
(
AH

k R̃dkrAk

)
≤ P ′

Rr ∀r ∈ {1, 2, . . . , R} (65)

where

R̃ak =σ2
d

2K∑
i=1,i	=k

[(
R∑

r=1

BiĜirFrĤrk

)H

×
(

R∑
r=1

BiĜirFrĤrk

)]

+ σ2
eσ

2
d

2K∑
k=1

R∑
r=1

tr

(
FH

r ĜH
irB

H
i BiĜirFrΣH,rk

)
ΨH,rk
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+ σ2
eσ

2
d

2K∑
k=1

R∑
r=1

tr

(
BH

i BiΣG,ir

)
ĤH

rkF
H
r ΨG,irFrĤrk (66)

R̃bk =σ2
d

R∑
r=1

Bk̄Ĝk̄rFrĤrk (67)

R̃c =

2K∑
k=1

(
R∑

r=1

σ2
rBkGkrFrF

H
r GH

krB
H
k

+ σ2
xBkB

H
k + σ2

eσ
2
d

R∑
r=1

tr

(
FrF

H
r ΨG,kr

)
BkΣG,krB

H
k +ILk̄

)
(68)

R̃dkr =σ2
d

(
ĤH

rkF
H
r FrĤrk

+ σ2
etr

(
FH

r FrΣH,kr

)
ΨH,kr

)
. (69)

It can be observed that the channel estimation errors do not
violate the convex properties of the optimization problem.
Therefore, this convex QCQP problem can be solved by the
CVX software. The robust design of sum MSE minimization is
summarized in Algorithm 3.

Algorithm 3 Robust sum MSE optimization algorithm.

1: Initialization:
Set A

(1)
k =

√
(PSk/Lk)[ILk

0(Nk−Lk)×Lk
]T ∀k ∈

{1, 2, . . . , 2K} and F
(1)
r =

√
(Pr/tr(Rx))IMr

∀r ∈
{1, 2, . . . , R}, n = 1.

2: Iteration:
a) Compute B

(n)
k using (58).

b) Compute F
(n)
r using (60).

c) Compute A
(n)
k by solving the QCQP problem of (65).

d) Compute sum MSE ε(n).
3: Termination:

The algorithm terminates either when ε(n) converges, i.e.,
|(ε(n) − ε(n−1))/ε(n)|≤ η, or when n ≥ Nmax, where η
is a predefined threshold and Nmax is the maximum
iteration number.
Output Bopt

k = B
(n)
k , Fopt

r = F
(n)
r , and Aopt

k = A
(n)
k .

Else, n = n+ 1, and go to substep 2.

B. Robust Minmax MSE Optimization Algorithm

Here, we will consider minimizing the maximum user’s MSE
under the imperfect CSI case. We will adopt the receiver design
in (58). Under this imperfect scenario, the MSE of the k-th
user can be expressed in (70), shown at the bottom of the
next page.

Compared with the perfect channel case, we can no-
tice that seven additional terms have been added into the
MSE expression. With equation EΔGkr

{ΔGkrRsΔGkr
H} =

σ2
etr(RsΨG,kr)ΣG,kr, term (a) can be simplified as (71),

also shown at the bottom of the next page. Similarly, we can
transform the other additional terms into the following forms:

T
(b)
k =σ2

eσ
2
d

R∑
r=1

∥∥∥Ψ 1
2

H,rk̄
Qk̄AV

T
k̄

∥∥∥2︸ ︷︷ ︸
α

(b)

kr

×
∥∥∥BkĜkrPrFP

T
r Σ

1
2

H,rk̄

∥∥∥2︸ ︷︷ ︸
βkr(b)

(72)

T
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k =σ2

eσ
2
d
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2
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T
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2
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α

(c)
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(73)

T
(d)
k =σ2

eσ
2
d
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2
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T
k
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α

(d)
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×
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T
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1
2
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β
(d)
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(74)

T
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eσ
2
d

2K∑
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2
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T
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α

(e)
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×
∥∥∥BkĜkrPrFP

T
r Σ

1
2

H,ri
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β
(e)

kir

(75)

T
(f)
k =σ2

eσ
2
d

2K∑
i=1,i	=k,k̄

R∑
r=1

∥∥∥Ψ 1
2

G,krPrFP
T
r ĤriQiAV

T
i
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β
(f)

kir

×
∥∥∥BkΣ

1
2

G,kr
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α

(f)

kir

(76)

T
(g)
k =σ2

eσ
2
r

R∑
r=1

∥∥∥Ψ 1
2

G,krPrFP
T
r
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β
(g)

kr

∥∥∥BkΣ
1
2

G,kr
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α

(g)

kr

. (77)

The relay power constraints can be reformulated into the form

tr

[
PrFP

T
r

(
σ2
d

2K∑
k=1

HrkQkAV
T
k VkA

HQT
kH

H
rk+σ2

rIMr

)

PrF
HPT
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=tr

[
PrFP

T
r

(
σ2
d

2K∑
k=1

ĤrkQkAV
T
k VkA

HQT
k Ĥ

H
rk+σ2

rIMr

)

PrF
HPT
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+ σ2
eσ
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d
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tr
(
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T
k VkA
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tr
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T
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HPT
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≤ PRr. (78)

1) Relay Precoder Design: First, define the following
expressions:

Ẑ
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∥∥∥∥∥
R∑

r=1

(
BkΔGkrPrFP

T
r Ĥrk̄Qk̄AV

T
k̄

)∥∥∥∥∥
2

︸ ︷︷ ︸
(a)

⎫⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎭

+ EΔHrk̄

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
σ2
d

R∑
r=1

∥∥∥BkĜkrPrFP
T
r ΔHrk̄Qk̄AV

T
k̄

∥∥∥2︸ ︷︷ ︸
(b)

⎫⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎭

+ EΔGkr

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
σ2
d

R∑
r=1

∥∥∥(BkΔGkrPrFP
T
r ĤrkQkAV

T
k

)∥∥∥2︸ ︷︷ ︸
(c)

⎫⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎭

+ EΔHrk

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
σ2
d

R∑
r=1

∥∥∥BkĜkrPrFP
T
r ΔHrkQkAV

T
k

∥∥∥2︸ ︷︷ ︸
(d)

⎫⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎭

+ EΔHri

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩
σ2
d

2K∑
i=1,i	=k,k̄

R∑
r=1

∥∥∥BkĜkrPrFP
T
r ΔHriQiAV

T
i

∥∥∥2
︸ ︷︷ ︸

(e)

⎫⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎭

+ EΔGkr

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
σ2
r

R∑
r=1

∥∥(BkΔGkrPrFP
T
r

)∥∥2
︸ ︷︷ ︸

(g)

⎫⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎭

+ EΔGkr

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩
σ2
d

2K∑
i=1,i	=k,k̄

R∑
r=1

∥∥∥BkΔGkrPrFP
T
r ĤriQiAV

T
i )
∥∥∥2

︸ ︷︷ ︸
(f)

⎫⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎭

(70)

T
(a)
k =EΔGkr

{
σ2
d

R∑
r=1

∥∥∥BkΔGkrPrFP
T
r Ĥrk̄Qk̄AV

T
k̄

∥∥∥2
}

=σ2
d

R∑
r=1

tr
(
BkEΔGkr

{
ΔGkrPrFP

T
r Ĥrk̄Qk̄AV

T
k̄ Vk̄A

HQH
k̄ ĤH

rk̄PrF
HPT

r ΔGH
kr

}
BH

k

)

=σ2
eσ

2
d

R∑
r=1

∥∥∥Ψ 1
2

G,krPrFP
T
r Ĥrk̄Qk̄AV

T
k̄

∥∥∥2︸ ︷︷ ︸
β
(a)

kr

∥∥∥BkΣ
1
2

G,kr

∥∥∥2︸ ︷︷ ︸
α

(a)

kr

(71)
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Ẑ
(d)
kr =

((
PT

r Σ
1
2

H,rk

)T
⊗
(
BkĜkrPr

))
Tf (82)

Ẑ
(e)
kir =

((
PT

r Σ
1
2

H,ri

)T
⊗
(
BkĜkrPr

))
Tf (83)

Ẑ
(f)
kir =

((
PT

r ĤriQiAV
T
i

)T
⊗
(
Ψ

1
2

G,krPr

))
Tf (84)

Ẑ
(g)
kr =

(
(Pr)⊗

(
Ψ

1
2

G,krPr

))
Tf . (85)

Similar to the perfect CSI case, we introduce variables t̃, t̂1k,
t̂2ki, t̂3kr, t̂

(a)
kr , t̂

(b)
kr , t̂

(c)
kr , t̂

(d)
kr , t̂

(e)
kir, t̂

(f)
kir, t̂

(g)
kr ∀k ∈ 1, 2, . . . , 2K;

∀i ∈ 1, 2, . . . , 2K, i 	= k, k̄; and ∀r ∈ 1, 2, . . . , R. Then, the
minmax optimization can be expressed as

min
f ,t̃,t̂1k,t̂2ki,t̂3kr,t̂

(a)

kr
,t̂

(b)

kr
,t̂

(c)

kr
,t̂

(d)

kr
,t̂

(e)

kir
,t̂

(f)

kir
,t̂

(g)

kr

t̃

s.t.
2K∑

I=1,i 	=k,k̄

t̂22ki +
R∑

r=1

t̂23kr +
R∑

r=1

(
t̂
(a)
kr

)2
+

R∑
r=1

(
t̂
(b)
kr

)2

+

R∑
r=1

(
t̂
(c)
kr

)2
+

R∑
r=1

(
t̂
(d)
kr

)2
+

2K∑
I=1,i	=k,k̄

R∑
r=1

(
t̂
(e)
kir

)2

+
2K∑

I=1,i 	=k,k̄

R∑
r=1

(
t̂
(f)
kir

)2
+

R∑
r=1

(
t̂
(g)
kr

)2
+ t̂21k + s1k ≤ t̃,

σd

∥∥∥Ẑ1kf − vec(ILk̄
)
∥∥∥ ≤ t̂1k, σd

∥∥∥Ẑ2kif
∥∥∥ ≤ t̂2ki,

σr

∥∥∥Ẑ3krf
∥∥∥ ≤ t̂3kr, σeσd

√
α
(a)
kr

∥∥∥Ẑ(a)
kr f

∥∥∥ ≤ t̂
(a)
kr ,

σeσd

√
α
(b)
kr

∥∥∥Ẑ(b)
kr f

∥∥∥ ≤ t̂
(b)
kr , σeσd

√
α
(c)
kr

∥∥∥Ẑ(c)
kr f

∥∥∥ ≤ t̂
(c)
kr ,

σeσd

√
α
(d)
kr

∥∥∥Ẑ(d)
kr f

∥∥∥ ≤ t̂
(d)
kr , σeσd

√
α
(e)
kir

∥∥∥Ẑ(e)
kirf

∥∥∥ ≤ t̂
(e)
kir,

σeσd

√
α
(f)
kir

∥∥∥Ẑ(f)
kirf

∥∥∥ ≤ t̂
(f)
kir, σeσr

√
α
(g)
kr

∥∥∥Ẑ(g)
kr f

∥∥∥ ≤ t̂
(g)
kr ,∥∥∥D̂ 1

2
r f
∥∥∥≤√PRr∀k ∈ {1, 2, . . . , 2K}, ∀i ∈ {1, 2, . . . , 2K},

i 	= k, k̄,∀r ∈ {1, 2, . . . , R} (86)

where

Ẑ1k =

(
R∑

r=1

((
PT

r Ĥrk̄Qk̄AV
T
k̄

)T
⊗
(
BkĜkrPr

)))
Tf

(87)

Ẑ2ki =

(
R∑

r=1

((
PT

r ĤriQiAV
T
i

)T (
BkĜkrPr

)))
Tf

(88)

Ẑ3kr =
(
(Pr)⊗

(
BkĜkrPr

))
Tf (89)

D̂
1
2
r =

[(
PT

r

(
σ2
d

2K∑
k=1

ĤrkQkAV
T
k VkA

HQT
k Ĥ

H
rk

+ σ2
rIMr

)
Pr

)T

⊗
(
PT

r Pr

)

+ σ2
eσ

2
d

2K∑
k=1

tr
(
QkAV

T
k VkA

HQT
kΨH,rk

)

×
((

PT
r ΣH,rkPr

)T ⊗
(
PT

r Pr

)) ] 1
2

Tf . (90)

Then, by introducing a new variable, which can be expressed
as t̂k = [t̂1k, t̂2ki, t̂3kr, t̂

(a)
kr , t̂

(b)
kr , t̂

(c)
kr , t̂

(d)
kr , t̂

(e)
kir, t̂

(f)
kir, t̂

(g)
kr ]

T ∈
C

(2K−1+R(4K+2))×1, where t̂2ki is a vector containing all
possible values of t̂2ki, and t̂

(b)
kr , t̂

(c)
kr , t̂

(d)
kr , t̂

(e)
kir, t̂

(f)
kir, t̂

(g)
kr have

the similar definitions, we have

min
f ,t̃,t̂k∀k∈1,2,...,2K

t̃,

s.t.

[
I2K1+R×(4K+2) t̂k

t̂Tk t̃− s1k

]
� 0,

σd

∥∥Ẑ1kf − vec(ILk̄
)
∥∥ ≤ c

(1)T

k t̂k, σd

∥∥Ẑ2kif
∥∥ ≤ c

(2)T

ki t̂k,

σr

∥∥Ẑ3krf
∥∥ ≤ c

(3)T

kr t̂k, σeσd

√
α
(a)
kr

∥∥∥Ẑ(a)
kr f

∥∥∥ ≤ c
(a)T

kr t̂k,

σeσd

√
α
(b)
kr

∥∥∥Ẑ(b)
kr f

∥∥∥ ≤ c
(b)T

kr t̂k, σeσd

√
α
(c)
kr

∥∥∥Ẑ(c)
kr f

∥∥∥ ≤ c
(c)T

kr t̂k,

σeσd

√
α
(d)
kr

∥∥∥Ẑ(d)
kr f

∥∥∥ ≤ c
(d)T

kr t̂k, σeσd

√
α
(e)
kir

∥∥∥Ẑ(e)
kirf

∥∥∥ ≤ c
(e)T

kir t̂k,

σeσd

√
α
(f)
kir

∥∥∥Ẑ(f)
kirf

∥∥∥ ≤ c
(f)T

kir t̂k, σeσr

√
α
(g)
kr

∥∥∥Ẑ(g)
kr f

∥∥∥ ≤ c
(g)T

kr t̂k,∥∥∥D̂ 1
2
r f
∥∥∥ ≤

√
PRr, ∀k ∈ {1, 2, . . . , 2K}∀i ∈ {1, 2, . . . , 2K},

i 	= k, k̄∀r ∈ {1, 2, . . . , R} (91)

where c
(1)
k , c

(2)
ki , c

(3)
kr , c

(a)
kr , c

(b)
kr , c

(c)
kr , c

(d)
kr , c

(e)
kir, c

(f)
kir, c

(g)
kr cor-

respond to different columns of I2K−1+R×(4K+2). This problem
is a typical SOCP problem, which can be solved by CVX
efficiently.

2) User Precoder Design: Here, we aim to optimize the user
precoders. Let us define the following expressions first:

M̂
(a)
kr =

(
Vk̄ ⊗

(
Ψ

1
2

G,krPrFP
T
r Ĥrk̄Qk̄

))
Ta (92)

M̂
(b)
kr =

(
Vk̄ ⊗

(
Ψ

1
2

H,rk̄
Qk̄

))
Ta (93)

M̂
(c)
kr =

(
Vk ⊗

(
Ψ

1
2

G,krPrFP
T
r ĤrkQk

))
Ta (94)

M̂
(d)
kr =

(
Vk ⊗

(
Ψ

1
2

H,rkQk

))
Ta (95)

M̂
(e)
kir =

(
Vi ⊗

(
Ψ

1
2

H,riQi

))
Ta (96)

M̂
(f)
kir =

(
Vi ⊗

(
Ψ

1
2

G,krPrFP
T
r ĤriQi

))
Ta. (97)
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Similar to the perfect CSI case, we introduce variable z̃. Then,
we have

min
a,z̃

z̃,

s.t. σ2
d

∥∥∥M̂1ka− vec(ILk̄
)
∥∥∥2 + 2K∑

i=1,i	=k,k̄

σ2
d

∥∥∥M̂2kia
∥∥∥2

+ ŝ2k + σ2
eσ

2
d

(
R∑

r=1

α
(a)
kr

∥∥∥M̂(a)
kr a

∥∥∥2 + R∑
r=1

β
(b)
kr

∥∥∥M̂(b)
kr a

∥∥∥2

+
R∑

r=1

α
(c)
kr

∥∥∥M̂(c)
kr a

∥∥∥2 + R∑
r=1

β
(d)
kr

∥∥∥M̂(d)
kr a

∥∥∥2

+

2K∑
i=1,i 	=k,k̄

R∑
r=1

(
β
(e)
kir

∥∥∥M̂(e)
kira

∥∥∥2+ α
(f)
kir

∥∥∥M̂(f)
kira

∥∥∥2)
⎞
⎠≤ z̃,

∥∥∥N̂ 1
2
1ra

∥∥∥ ≤
√

P̃Rr, σd

∥∥∥N̂ 1
2

2ka
∥∥∥ ≤

√
PSk,

∀k ∈ {1, 2, . . . , 2K}; ∀i ∈ {1, 2, . . . , 2K}, i 	= k, k̄,

∀r ∈ {1, 2, . . . , R}, (98)

where

M̂1k=

(
R∑

r=1

(
(Vk̄)⊗

(
BkĜkrPrFP

T
r Ĥrk̄Qk̄

)))
Ta (99)

M̂2ki=

(
R∑

r=1

(
(Vi)⊗

(
BkĜkrPrFP

T
r ĤriQi

)))
Ta (100)

N̂
1
2
1r =

[
σ2
d

2K∑
k=1

( (
VT

k Vk

)
⊗
(
QT

k Ĥ
H
rkPrF

HPT
r PrFP

T
r ĤrkQk

))

+ σ2
eσ

2
d

2K∑
k=1

( ((
VT

k Vk

)
⊗
(
QT

kQk

))
tr

(
PrFP

T
r ΣH,rkPrF

HPT
r

) )] 1
2

Ta (101)

N̂
1
2

2k =
((
VT

k Vk

)
⊗
(
QT

kQk

)) 1
2 Ta (102)

ŝ2k =σ2
x‖Bk‖2 + σ2

eσ
2
r

R∑
r=1

‖Ψ
1
2

G,krPrFP
T
r ‖2‖BkΣ

1
2

G,kr‖2

+ σ2
r

R∑
r=1

‖BkĜkrPrFP
T
r ‖2 (103)

P̃Rr =PRr − σ2
rtr

(
PrFP

T
r PrF

HPT
r

)
. (104)

Moreover, for the purpose of transforming this problem into
a standard convex optimization form, we introduce a set of

variables z̃, ẑ1k, ẑ2ki, ẑ
(a)
kr , ẑ

(b)
kr , ẑ

(c)
kr , ẑ

(d)
kr , ẑ

(e)
kir, ẑ

(f)
kir , and ẑ

(g)
kr .

Then, (98) can be equivalently rewritten as

min
a,z̃,ẑ1k,ẑ2ki,ẑ

(a)

kr
,ẑ

(b)

kr
,ẑ

(c)

kr
,ẑ

(d)

kr
,ẑ

(e)

kir
,ẑ

(f)

kir
,ẑ

(g)

kr

z̃

s.t. ŝ2k + ẑ21k +

2K∑
i=1,i	=k,k̄

ẑ22ki +

R∑
r=1

(
ẑ
(a)
kr

)2 R∑
r=1

(
ẑ
(b)
kr

)2

+

R∑
r=1

(
ẑ
(c)
kr

)2
+

R∑
r=1

(
ẑ
(d)
kr

)2
+

2K∑
i=1,i	=k,k̄

R∑
r=1

(
ẑ
(e)
kir

)2

+
2K∑

i=1,i	=k,k̄

R∑
r=1

(
ẑ
(f)
kir

)2
≤ z̃,

σd

∥∥∥M̂1ka− vec(ILk̄
)
∥∥∥ ≤ ẑ1k, σd

∥∥∥M̂2kia
∥∥∥ ≤ ẑ2ki,

σeσd

√
α
(a)
kr

∥∥∥M̂(a)
kr a

∥∥∥ ≤ ẑ
(a)
kr , σeσd

√
β
(b)
kr

∥∥∥M̂(b)
kr a

∥∥∥ ≤ ẑ
(b)
kr ,

σeσd

√
α
(c)
kr

∥∥∥M̂(c)
kr a

∥∥∥ ≤ ẑ
(c)
kr , σeσd

√
β
(d)
kr

∥∥∥M̂(d)
kr a

∥∥∥ ≤ ẑ
(d)
kr ,

σeσd

√
β
(e)
kir

∥∥∥M̂(e)
kira

∥∥∥ ≤ ẑ
(e)
kir, σeσd

√
α
(f)
kir

∥∥∥M̂(f)
kira

∥∥∥ ≤ ẑ
(f)
kir ,∥∥∥N 1

2
1ra

∥∥∥ ≤
√

P̃Rr, σd

∥∥∥N 1
2

2ka
∥∥∥ ≤

√
PSk·

∀k ∈ {1, 2, . . . , 2K}, ∀i ∈ {1, 2, . . . , 2K}, i 	= k, k̄,

∀r ∈ {1, 2, . . . , R}. (105)

In addition, by introducing a new variable ẑk = [ẑ1k, ẑ2ki, ẑ
(a)
kr ,

ẑ
(b)
kr , ẑ

(c)
kr , ẑ

(d)
kr , ẑ

(e)
kir, ẑ

(f)
kir] ∈ C

(2K−1+4KR)×1, it should be no-
ticed that ẑ2ki have all possible values of ẑ2ki, and
ẑ
(a)
kr , ẑ

(b)
kr , ẑ

(c)
kr , ẑ

(d)
kr , ẑ

(e)
kir, ẑ

(f)
kir have similar definitions. There-

fore, we have

min
a,z̃,ẑk

z̃

s.t.

[
I2K−1+4KR ẑk

ẑTk z̃ − ŝ2k

]
� 0,

σd

∥∥M̂1ka−vec(ILk̄
)
∥∥ ≤ d

(1)T

k ẑk, σd

∥∥M̂2kia
∥∥ ≤ d

(2)T

ki ẑk,

σeσd

√
α
(a)
kr

∥∥∥M̂(a)
kr a

∥∥∥ ≤ d
(a)T

kr ẑk, σeσd

√
β
(b)
kr

∥∥∥M̂(b)
kr a

∥∥∥≤d
(b)T

kr ẑk,

σeσd

√
α
(c)
kr

∥∥∥M̂(c)
kr a

∥∥∥≤d
(c)T

kr ẑk, σeσd

√
β
(d)
kr

∥∥∥M̂(d)
kr a

∥∥∥≤d
(d)T

kr ẑk,

σeσd

√
β
(e)
kir

∥∥∥M̂(e)
kira

∥∥∥≤d
(e)T

kir ẑk, σeσd

√
α
(f)
kir

∥∥∥M̂(f)
kira

∥∥∥≤d
(f)T

kir ẑk,∥∥∥N 1
2
1ra
∥∥∥ ≤

√
P̃Rr, σd

∥∥∥N 1
2
2ka

∥∥∥ ≤
√

PSk,

∀k ∈ {1, 2, . . . , 2K}, ∀i ∈ {1, 2, . . . , 2K}i 	= k, k̄,

∀r ∈ {1, 2, . . . , R} (106)

where d
(1)
k ,d

(2)
ki ,d

(3)
kr ,d

(a)
kr ,d

(b)
kr ,d

(c)
kr ,d

(d)
kr ,d

(e)
kir, and d

(f)
kir

correspond to different columns of I2K−1+4KR. This subprob-
lem is also a standard SOCP problem, and a global optimal
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solution can be acquired by a software package. The robust
design of minmax MSE is summarized in Algorithm 4.

Algorithm 4 Robust minmax MSE optimization algorithm.

1: Initialization:
Set A

(1)
k =

√
(PSk/Lk)[ILk

0(Nk−Lk)×Lk
]T ∀k ∈

{1, 2, . . . , 2K} and F
(1)
r =

√
(Pr/tr(Rx))IMr

∀r ∈
{1, 2, . . . , R}, n = 1.
Compute a(1) and f (1) using (42) and (31), respectively.

2: Iteration:
a) Compute B

(n)
k using (58).

b) Compute f (n) by solving the SOCP problem of (91).
c) Compute a(n) by solving the SOCP problem of (106).
d) Compute max MSE ε

(n)
k .

3: Termination:
The algorithm terminates either when ε

(n)
k converges, i.e.,

|(ε(n) − ε(n−1))/ε(n)| ≤ η, or when n ≥ Nmax, where η
is a predefined threshold, and Nmax is the maximum
iteration number;
Output Bopt

k = B
(n)
k , fopt = f (n), and aopt = a(n).

Else, n = n+ 1, and go to substep 2.

V. NUMERICAL RESULTS AND DISCUSSIONS

Here, numerical results are provided to show the effec-
tiveness of our proposed algorithms. All the channels among
relays and users satisfy the Kronecker model. The corre-
sponding channel correlation matrices are generated with the
exponential model [15], i.e., the entries of the correlation
matrices is given by ΣH,rk(m,n) = ΣG,kr(m,n) = β|m−n|

and ΨH,rk(m,n) = ΨG,kr(m,n) = α|m−n|, where α and β
are the correlation coefficients.

We simulate a bidirectional multi-user multi-relay network in
which Nk = N ∀k = 1, . . . , 2K, and Mr = M ∀r = 1, . . . , R.
A vector [K N R M ] denotes the network with K user
pairs, each equipped with N antennas, and R relays, each
equipped with M antennas. We assume that the noise variance
coefficients at relay nodes and user nodes are the same, i.e.,
σ2
r = σ2

x. Transmit power at each user node and relay node
are PSk = PS ∀k = 1, . . . , 2K,PRr = PR, ∀r = 1, . . . R. The
average SNR for the two phases of the bidirectional protocol is
defined as SNR1 = PS/N/σ2

r and SNR2 = PR/M/σ2
x, and we

choose SNR1 = SNR2 for simplicity. The bit-error-rate (BER)
results are averaged over 1000 channel realization and 10 000
symbols transmitted from each user node.

A. Demonstration of BER and MSE Performance with Perfect
Channel Knowledge

First, we consider the perfect CSI case. In this case, the relays
and users are assumed to have perfect knowledge of all the CSI.
Fig. 2 shows the performance of our proposed two algorithms
with various iteration numbers under the case [2 2 2 2] with a
single stream for each user. It can be observed that the minmax
MSE algorithm always achieves better performance than the
proposed min-sum MSE algorithm under the same iteration

Fig. 2. Perfect channel knowledge. Case [2 2 2 2] with a single data stream
for each user. α = 0.5, and β = 0.5. The solid line denotes minmax MSE
algorithm. The dashed line denotes min-sum MSE algorithm.

number. Generally, the overall BER performance depends on
the users’ worst MSE. Although min-sum MSE algorithm can
achieve a smaller sum MSE value, the imbalanced MSE dis-
tribution among different users will largely degrade the system
BER performance. On the contrary, the proposed minmax MSE
algorithm can guarantee that each user exhibits the same BER
performance and, thus, get a lower BER. Furthermore, it can be
seen that both algorithms are sensitive to iteration numbers. As
the iteration number increases, the BER drops down rapidly.

In addition, in Fig. 3, for the case of [2 1 1 4], we compare our
proposed min-sum MSE algorithm and minmax MSE algorithm
with the algorithm proposed in [26] in terms of BER and sum
MSE performance. In [26], the case of multiple user pairs
and one bidirectional relay is investigated, and a zero-forcing
(ZF)-criterion-based algorithm and an MMSE-criterion-based
algorithm are proposed. However, in [26], the structures of
transmit–receive beamforming vectors are prefixed, whereas in
our algorithms, they are separately designed and can be guar-
anteed to be optimal in each subproblem. We can observe that
our proposed algorithms outperform the algorithm in [26] for
both of BER and sum MSE performance. In addition, the min-
sum MSE algorithm achieves better sum MSE performance
compared with the minmax MSE algorithm since sum MSE is
directly optimized by the min-sum MSE algorithm.

Fig. 4 investigates the multi-stream scenario where we con-
sider the case [2 2 4 4] with dual streams for each user.
Moreover, Fig. 5 gives BER performance of [4 2 4 4], which
involves four pairs of users with a single data stream. Both
of the two figures simulate the four- and eight-iteration cases,
and better performance can be expected for larger iteration
numbers.

We plot the MSE performance in Fig. 6, which is conducted
for the case [2 2 2 2] with a single data stream. It shows that
the min-sum MSE algorithm indeed achieve better sum MSE
performance compared with the minmax MSE algorithm under
the same iteration number. As the iteration number increases,
both of the two algorithms tend to reach smaller MSE values.
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Fig. 3. Perfect channel knowledge. Case [2 1 1 4] with single data stream for
each user. α = 0.5. β = 0.5. Four iterations.

Fig. 4. Perfect channel knowledge. Case [2 2 4 4] with double data streams
for each user. α = 0.5. β = 0.5.

In addition, it clearly demonstrates that the min-sum MSE
algorithm results in a heterogeneous MSE distribution among
its users, whereas the minmax MSE algorithm can achieve
homogeneous MSE performance.

B. Demonstration of BER and MSE Performance with
Imperfect Channel Knowledge

In Fig. 7, we examine the sum MSE performance for cases
of [2 2 2 2] and [2 2 2 4] with the existence of imperfect
CSI. It turns out that, with a fixed value of estimation error
covariance, the robust min-sum MSE algorithm outperforms
the robust minmax MSE algorithm, and as the estimation error
covariance decreases, their performance gets better.

Next, we present simulation results for the imperfect channel
knowledge case. Similarly, we choose the case [2 2 2 2]
with a single data stream for each user in Figs. 8 and 9

Fig. 5. Perfect channel knowledge. Case [4 2 4 4] with single data stream for
each user. α = 0.5. β = 0.5.

Fig. 6. Perfect channel knowledge. Case [2 2 2 2] with single data stream for
each user, α = 0.5, and β = 0.5. The first ten bars correspond to four iterations,
and the last ten bars correspond to eight iterations.

with σ2
e = 0.01 and σ2

e = 0.005, respectively. It can be seen
that our proposed robust min-sum MSE algorithm and ro-
bust minmax MSE algorithm indeed perform better than their
nonrobust versions. In addition, it should be mentioned that,
similar to the perfect channel knowledge circumstance, the
robust minmax MSE algorithm also exhibit better performance
compared with the robust max–sum MSE algorithm. However,
it should be mentioned that the BER performance of our
proposed nonrobust precoding algorithm will get worse in the
high-SNR region. As stated in [27], the ZF-criterion based
scheme is optimal among all downlink beamforming strategies
at asymptotically optimal at a high SNR. In addition, BER
performance of the ZF-criterion-based scheme will be nonin-
creasing as the SNR increases until it reaches the error floor
because it does not take the noise part into account. Since our
MSE-optimizing scheme performs better than the ZF scheme
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Fig. 7. Imperfect channel knowledge. Cases [2 2 2 2] and [2 2 2 4] with a
single data stream for each user. α = 0.5. β = 0.5. Four iterations.

Fig. 8. Imperfect channel knowledge. σ2
e = 0.01. Case [2 2 2 2] with a single

data stream for each user. α = 0.5. β = 0.5. Eight iterations.

in the low-SNR region and shall converge to ZF scheme in
the high-SNR region, the BER shows getting worse as SNR
increases.

We consider the three relays case of [2 2 3 2] in Figs. 10 and
11 with channel estimation errors σ2

e = 0.01 and σ2
e = 0.02,

respectively. In addition, in Figs. 12 and 13, we examine the
multi-stream case of [2 2 4 4] with double streams for each
user with channel estimation errors σ2

e = 0.005 and σ2
e = 0.01,

respectively.

VI. CONCLUSION

We have investigated joint precoding optimization strategies
for the bidirectional multi-user multi-relay scenario, where
both the perfect and imperfect channel knowledge cases are
considered. For the perfect channel knowledge case, iterative
algorithms are proposed to optimize iteratively the relay pre-
coders, user precoders, and the MMSE receivers with aims
of minimizing sum MSE and maximum user’s MSE, respec-
tively. For the imperfect channel knowledge case, the stochastic

Fig. 9. Imperfect channel knowledge. σ2
e = 0.005. Case [2 2 2 2] with a

single data stream for each user. α = 0.5. β = 0.5. Eight iterations.

Fig. 10. Imperfect channel knowledge. σ2
e = 0.01. Case [2 2 3 2] with a

single data stream for each user. α = 0.5. β = 0.5. Four iterations.

Fig. 11. Imperfect channel knowledge. σ2
e = 0.02. Case [2 2 3 2] with a

single data stream for each user. α = 0.5. β = 0.5. Four iterations.

channel estimation error model is considered, and similar it-
erative algorithms are designed. Simulation results verify the
effectiveness of our proposed algorithms.
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Fig. 12. Imperfect channel knowledge. σ2
e = 0.005. Case [2 2 4 4] with

double data streams for each user. α = 0.5. β = 0.5. Eight iterations.

Fig. 13. Imperfect channel knowledge. σ2
e = 0.01. Case [2 2 4 4] with double

data streams for each user. α = 0.5. β = 0.5. Eight iterations.
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