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Abstract— The conventional grant-based network relies on the
handshaking between the base station and active devices to
achieve dynamic multi-user scheduling, which may result in
large signaling overheads as well as system latency. To address
those problems, a grant-free receiver design is considered in this
paper based on sparse code multiple access (SCMA), one of the
promising air interface technologies for 5G wireless networks.
With the presence of unknown multipath fading, the proposed
receiver performs joint channel estimation and data decoding
without knowing the user activity in the network. Formulating
a factor graph representation for the problem, we devise a
message-passing receiver for the uplink SCMA that performs
joint estimation iteratively. Motivated by the idea of approx-
imate inference, we use expectation propagation to project the
intractable distributions into Gaussian families such that a linear
complexity decoder is obtained. The simulation results show that
the proposed receiver can detect active devices in the network
with a high accuracy and can achieve an improved bit-error-rate
performance compared with existing methods.

Index Terms— SCMA, grant-free, user activity detection,
expectation propagation, joint channel estimation and data
decoding.

I. INTRODUCTION

W ITH the explosive growing demand on network
capacity, throughput and connected wireless devices,
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the mobile broadband network is evolved into fifth gener-
ation, in which the enhanced mobile broadband (eMBB),
ultra-reliable low latency communication (URLLC), and mas-
sive machine type of communication (mMTC) are three typical
application scenarios. Current air interface technologies, such
as orthogonal frequency-division multiple access (OFDMA)
cannot fulfill the requirements in the above scenarios as
orthogonal multiple access (OMA) assigns the time-frequency
resources to each user exclusively. Therefore, OMA is spec-
trum inefficient and cannot support large throughput as well
as the massive connected users in the network. In con-
trast, non-orthogonal multiple access (NOMA) where each
resource unit shared by multiple users is supposed to be more
spectrum efficient. Sparse code multiple access (SCMA) [1]
is a code domain NOMA and is designed based on the
multi-dimensional sparse signal constellation. Due to the shap-
ing gain of multi-dimensional constellation, SCMA has a
better bit-error-rate (BER) performance compared with other
NOMA schemes, such as low density signature (LDS) [2].

A. Technical Literature Review

The multi-dimensional sparse constellation forms the
codebook for SCMA. In [1], SCMA codebooks were heuris-
tically designed based on the Cartesian product of quadrature
amplitude modulation (QAM) symbols, and followed by a
unitary rotation to achieve the signal space diversity. Later,
constellation rotation and interleaving was introduced for the
design of multi-dimensional codebooks in order to improve
the minimum Euclidean distance between SCMA codewords
and combat the multipath fading [3]. To lower the peak to
average power ratio (PAPR), spherical codes [4] were used
to design SCMA codebooks due to the constant energy of
the codes. In addition to the multi-dimensional constellation
construction, factor graph matrix design was considered in [5]
to maximize the average sum rate for uplink SCMA.

On the receiver, multiuser detector based on
message-passing algorithm (MPA) was used to decode
the data. In spite of the sparsity of SCMA codewords,
the decoding complexity grows exponentially with the
number of collision users in each dimension. Consequently,
low complexity SCMA decoder design is of practical
interests. In [6], constellation with low number of projections
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is constructed by searching the specific unitary rotation
matrices. With a reduced number of projections in each
dimension, the decoding complexity for higher order SCMA
codebooks is thus reduced. Apart from constellation design,
Chen et al. [7] proposed Monte-Carlo Markov-Chain method
for SCMA decoding, in which the log-likelihood ratio (LLR)
of the coded bits are computed by Gibbs sampling. The
Gibbs sampling has a linear complexity but also results in
low convergence rate. Later, sphere decoder [8], [9] was
introduced in SCMA. By tightening the search scope, sphere
decoder avoids exhaustive search for the possible transmitted
points in each iteration. Low complexity decoder using
expectation propagation (EP) was another alternative for
SCMA decoding [10]. In EP, intractable distributions are
projected into Gaussian distributions so that the cumbersome
computing can be simplified. Moreover, low complexity
hardware implementation of SCMA decoder using stochastic
computing was discussed in [11].

B. Motivations

In the above works, perfect channel state information (CSI)
is assumed at receiver and the users in the network are
supposed to be active simultaneously. However, this may not
be true in practical scenarios. Firstly, channel acquisition and
tracking are always necessary and the receiver cannot obtain
a perfect CSI usually. In addition, the distribution of active
users in the network is always sparse in practice. In fact,
according to the mobile traffic statistics [12], the ratio of
simultaneous active users in a wireless network does not
exceed to 10% even in the busy hours. As such, the base station
needs to identify active users in the system before decoding
their data. In LTE, the dynamic user scheduling is achieved
through a request-grant procedure. However, the handshaking
between base station and active users will cost the large
signaling overheads as well as system latency, see [13] for the
detailed discussions. In order to reduce the signaling overheads
and latency, multiple access with grant-free is a promising
technique in the next generation wireless networks. In [13],
the time-frequency resource referred as contention transmis-
sion unit (CTU) was defined for the uplink grant-free SCMA.
Later, proof of concept (PoC) had been conducted to verify
the feasibility and effectiveness of the grant-free SCMA in
the user-centric no-cell (UCNC) system [14]. The active users
identification and data detection for other NOMA schemes
(LDS, NOMA and etc.) were studied in [15]–[17] based on
orthogonal matching pursuit, compressive sampling matching
pursuit, and approximate message-passing, respectively.

C. Contributions

In this paper, we focus on the design of an iterative
message-passing receiver for uplink SCMA that performs joint
channel estimation, data decoding, and active users detection.
Iterative receivers for joint channel estimation and data decod-
ing has been studied in [18]–[20] for MIMO-OFDM systems
with the assumption that receivers have a perfect knowledge
of user activity in the network. Factor graph (FG) and belief
propagation (BP) (or message-passing) are two efficient tools

to address various practical algorithms [21]–[23], such as for-
ward/backward algorithm, the Viterbi algorithm, the iterative
turbo decoding algorithm, Kalman filter, and so on. In [18],
by exploring the FG structure of receivers and merging the
belief propagation (BP) together with mean field (MF) theory,
the BP-MF algorithm for joint channel estimation and data
detection was proposed in MIMO-OFDM system. Gaussian
approximation with BP (BP-GA) was considered as another
approach in (massive) MIMO-OFDM system via central-limit
theorem and moment matching [19], [20].

In this paper, by formulating the factor graph of SCMA,
we proposed a message-passing receiver by using the belief
propagation [21]. As the joint detection of CSI and data sym-
bols involves a mixture of continuous and discrete variables,
a compact form of BP updating rule is unavailable. Using
the idea of approximate inference, we approximate intractable
distributions involved in BP to Gaussian with the mini-
mized Kullback-Leibler (KL) divergence [24]. Unlike [20],
the approximation is proceeded for each user individually
based on expectation propagation (EP) message-passing [25].
For the active user detection, the CIRs for each user are
modeled with the Student’s t-distribution and we extract the
sparse signals by variational Bayesian (VB) inference. The
maximum likelihood (ML) estimation with pilot signals are
used as the initialization for the algorithms.

In the remainder of this paper, we introduce the system
model in Section II, where the factor graph is constructed for
iterative message-passing receiver. In Section III-A, we con-
sider the ML estimate of CIRs based on pilot signals only
while in Section III-B, the joint channel estimation and data
decoding for grant-free SCMA is discussed. The performance
of our proposed receiver is evaluated in Section IV and the
final conclusion is given in Section V.

Notations: Lowercase letters x, bold lowercase letters x,
and bold uppercase letters X denote scalars, column vec-
tors, and matrices, respectively. We use (·)∗ and (·)T to
denote complex conjugate and matrix transpose, respectively.
CN (x; τ, υ) denotes the complex Gaussian distribution with
mean τ and variance υ and δ(·) denotes the Dirac delta
function. Notations diag(·) and Bdiag(·) are used to denote the
diagonal matrix and block diagonal matrices respectively. The
notation ξ \ k means the set ξ with element k being excluded
and �f(x)�g(x) = Eg(x){f(x)}.

II. SYSTEM MODEL

A. SCMA Uplink Grant-Free Transmission

We consider an uplink grant-free SCMA system with K
potential users in the network. The users can be active or inac-
tive depending on the service requirements. In Fig. 1, the block
diagram for uplink grant-free SCMA system is illustrated. For
the active user k, an information stream bk is firstly sent to the
channel encoder, in which the coded bits ck are generated. The
SCMA encoder maps the coded bits into multi-dimensional
SCMA codeword xk, where xk = (x1k, x2k, . . . , xNk)T is
an N -dimensional signal constellation point essentially. The
constellation contains M distinct multi-dimensional signal
points, and each point is designed to be sparse such that only
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Fig. 1. Block diagram for uplink SCMA systems.

Fig. 2. Illustration of SCMA codebook reuse.

dv � N dimensions are used to transmit non-zero symbols
while the remaining ones are set to be zeros. Each non-zero
symbol is modulated into one OFDMA subcarrier shared by
other users in the systems. Due to the sparsity of SCMA
codewords, the number of overlapped users in each subcarrier
equals dc � K . Thus mitigated multiuser interferences are
achieved.

With the identical codebook, SCMA receiver is able to
detect multiple data streams as long as the codebook goes
through different wireless channels. Specifically, each code-
book occupies N subcarriers, which is referred as one subcar-
rier block in this paper and the codebook can be reused [13]
in different subcarrier blocks. In Fig. 2, we illustrate the idea
of codebook reuse, where X-axis denotes OFDMA subcarriers
while Y-axis denotes the potential users in the system. Within
this example, one subcarrier block contains 4 OFDMA subcar-
riers and is reused in more than 3 different subcarrier blocks.
We assume that, in the subsequent of this paper, the SCMA
codebook is reused in B subcarrier blocks for each user, and
simultaneous B data streams can be transmitted consequently.

At the base station, the received signal at time slot t on the
nth subcarrier can be written as

ytn =
K∑

k=1

αnkxtnk + zn, (1)

where xtnk are the transmitted signals from user k which
comprise both known pilot symbols and unknown SCMA

codewords. In the time domain, the unknown channel coeffi-
cient αk(τ) follows the truncated tapped-delay [26, Sec. 13.5]
model of length L,

αk(τ) =
L∑

l=1

hklδ[τ − l/(BN)], (2)

where δ(·) is the Dirac delta function and hkl denotes the
lth channel tap for user k, BN is the bandwidth of system.
By Fourier transformation, the frequency response on the nth

subcarrier for user k can be written as

αnk =
L∑

l=1

hkl exp
{ − j2πnl/(BN)

}
. (3)

Finally, zn is the additive complex Gaussian white noise with
distribution CN (0, σ2).

Writing the signals from N subcarriers in a matrix form,
the received signal in one subcarrier block is given by

yt =
K∑

k=1

diag(xtk)Fhk + z, (4)

where yt = (yt1, yt2, . . . , ytN)T , z = (z1, z2, . . . , zN )T ,
and hk = (hk1, hk2, . . . , hkL)T . Matrix F is the N × L
discrete Fourier transformation (DFT) where the (n, l)th entry
Fnl = exp{−j2πnl/(BN)}. In each time slot, the trans-
mitted codewords xtk = (xt1k, xt2k, . . . , xtNk)T are chosen
randomly from a predefined alphabet set X with |X | = M .
As the user activity detection is also an interest in this paper,
we further introduce an augmented alphabet set X+ = X∪{0}
with size |X+| = M + 1, since an inactive user is thought of
transmitting the all-zero codeword xtk = 0 equivalently.

B. Factor Graph Representation

From (4), the joint probability density function (PDF) of the
variables is given by p(C,X,H,y) (time index t is dropped
here for notation simplification), where C = [c1, c2, . . . , cK ],
X = [x1,x2, . . . ,xK ], and H = [h1,h2, . . . ,hK ] are the
collections of coded bits, SCMA codewords, and channel
impulse responses (CIRs) from K users, respectively.

Based on the observation signal y as well as the pilot
symbols, the SCMA decoder tries to find the maximum a
posteriori (MAP) estimation for each coded bit ckl,

ĉkl = arg max p(ckl|y), (5)

where ckl is the lth coded bits for user k and p(ckl|y) is given
by

p(ckl|y) ∝
∑

C\ckl,X

∫
p(C,X,H,y)dH. (6)

The direct computation of (6) involves the multiple integration
of continuous variables H, and marginalization of discrete
variables C and X which is prohibitively complex for large
number of potential user K . In what follows, we formulate the
factor graph representation of p(C,X,H,y) so that the prob-
ability of each variable can be calculated in a low complexity
iterative way.
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Based on the observation that C → X → y forms a Markov
chain and CIRs H are independent of C and X, the joint PDF
can be factorized as follows

p(C,X,H,y) = p(C)p(X|C)p(y|X,H)p(H). (7)

In (7), p(C) denotes the a priori distribution of coded bits
and p(X|C) is given by

p(X|C) =
∏

k

p(xk|ck), (8)

where each term p(xk|ck) is the predefined mapping rule from
coded bits to SCMA codewords, Gray mapping is preferred
usually. Based on (4), the likelihood function p(y|X,H) can
be written as

p(y|X,H) ∝ exp

{
− 1

σ2

∣∣∣y −
K∑

k=1

diag(xtk)Fhk

∣∣∣
2
}

. (9)

For channel H, a hierarchical non-stationary zero mean
complex Gaussian priori distribution is assumed in this paper
in order to adapt the sparse signals [27]. Due to the indepen-
dence of CIRs for different users and different taps, we have

p(H,ΓΓΓ) =
∏

k

q(hk|λλλk)

=
∏

k

∏

l

CN (hkl; 0, λ−1
kl ), (10)

where ΓΓΓ = (λλλ1,λλλ2, . . . ,λλλK) and λkl is the precision parame-
ter, and is modeled by Gamma distribution

p(λkl; a, b) = Gamma(λkl|a, b). (11)

After integrating the variable λkl, p(hkl; a, b) can be written as

p(hkl; a, b) =
∫

q(hkl|λkl)p(λkl; a, b)dλkl

= St(hkl; μ, ν, γ), (12)

where the Student’s t-distribution St(hkl; μ, ν, γ) is given by

St(hkl; μ, ν, γ) =
Γ(υ

2 + 1)
Γ(υ

2 )
2γ

πυ

×
[
1 +

2γ

υ

∣∣hkl − μ
∣∣2

]−( υ
2 +1)

, (13)

with μ = 0, γ = a
b , and υ = 2a. In practice, a non-informative

priori for a and b is assumed and we choose a = 10−7 and
b = 10−7 in this paper. The Student’s t-distribution exhibits
heavy tails, which makes hkl favour sparse solution such
that for the inactive user, most of hkls in H are near zero
values [27]. Notice that the distribution of the active users in
a network is sparse and an inactive user is equivalent to have
zero CIRs.

As the joint distribution can be factorized into several
parts in (7), we formulate the factor graph representation of
SCMA system in Fig. 3, where each part in (7) is represented
with different square nodes for functions (e.g., ftn or ϕnk)
and circular nodes for variables (e.g., hkl), respectively. The
circular nodes are connected to the square nodes only if they
are functions of the latter. For instance, given λkl follows
Gamma(λkl|a, b), three circular nodes (i.e., λkl, a, b) are

Fig. 3. Factor graph representation of the SCMA system.

connected to each function node p(λkl). Notice that due to
the sparse structure of SCMA codewords, each user choose
dv subcarriers to transmit and only dc users are collided in
one subcarrier. We define Fn to be the set of collision users
in subcarrier n and Vk to be the set of subcarriers for user k
to transmit subsequently. The received signal in (1) can thus
be rewritten as

ytn =
∑

k∈Fn

αnkxtnk + zn. (14)

The likelihood function ft,n in subcarrier n is a consequence
of (14). Specifically, not all but dc data symbols and channel
coefficients are connected to each function node ft,n in Fig. 3,
where κ(·) is used to denote the mapping from the user
index within one subcarrier to the user index in the system.
The function node ϕnk is formed in a similar approach as
a consequence of (3). In what follows, we divide the factor
graph into three loops for data detection, channel estimation,
and active users detection, respectively.

III. BLIND DETECTION FOR GRANT-FREE SCMA

Based on the factor graph formulation in the previous
section, we develop an iterative message-passing receiver
for the grant-free SCMA in this section. The algorithm is
initialized with a pilot based channel estimation first. There-
after, a low complexity iterative message-passing receiver that
performs joint channel estimation, data decoding, and user
activity detection is proposed.

A. Pilot Signals Based Channel Estimation

In this subsection, we consider the channel estimation
problem for uplink SCMA using the pilot signals received
from B subcarrier blocks. Assume that on the bth subcarrier
block, the received signals at time slot t can be written as

yb,t =
∑

k

Xp
b,tkFbhk + nb, (15)

where Xp
b,tk = diag(xp

b,tk), and xp
b,tk is the transmitted pilots

symbols that have the same sparse structure as the SCMA
codewords, and hk is the CIRs for user k.



WEI et al.: MESSAGE-PASSING RECEIVER DESIGN FOR JOINT CHANNEL ESTIMATION 171

Let yt = [yT
1,t,y

T
2,t, . . . ,y

T
B,t]

T be the collection of received
signals from B subcarrier blocks, we have

yt =
∑

k

Bdiag{Xp
1,tk,Xp

2,tk, . . . ,Xp
B,tk}F̌hk + n, (16)

where F̌ = [FT
1 ,FT

2 , . . . ,FT
B]T is the BN × L DFT matrix.

In another form, if we stack the CIRs from K users into a
KL × 1 column vector h = [hT

1 ,hT
2 , . . . ,hT

K ]T , the received
signal yt can be rewritten as

yt =

⎡

⎢⎢⎢⎣

Xp
1,t

Xp
2,t

. . .
Xp

B,t

⎤

⎥⎥⎥⎦

⎡

⎢⎢⎣

Bdiag(F1)
Bdiag(F2)

. . .
Bdiag(FB)

⎤

⎥⎥⎦h + n

= XtḞh + n, (17)

where Xp
b,t = [Xp

b,t1,X
p
b,t2, . . . ,X

p
b,tK ] is the N × KN pilot

matrix and Bdiag(Fb) is the KN×KL block diagonal matrix
with the matrix on the principal diagonal being Fb for the bth

subcarrier block, respectively.
Based on yt, the maximum likelihood (ML) estimation of

CIRs h is given by

ĥML = argmax
∏

t

p(yt|h)

= argmin
∑

t

�yt − XtḞh�2

= G−1u, (18)

where G = ḞH(
∑

t X
H
t Xt)Ḟ and u = ḞH

∑
t X

H
t yt.

The production or summation is over all time slots that the
block fading channels remain constant. The dimension of
G equals KL × KL. While the matrix inversion can be
computed in an off-line manner, the multiplication of (18)
has a computational complexity of O(K2L2), which grows
quadratic with the number of potential users K . We further
note that a low complexity computing for (18) is possible
if the pilot symbols from collision users are designed to
be orthogonal in each subcarrier (e.g., using the orthogonal
Zadoff-Chu (ZC) sequence [28]. Due to the sparse structure
of SCMA codewords, the number of required orthogonal pilots
in one subcarrier is dc, which is much smaller compared to
the total number of potential users K).

In (18), the summation of the pilot symbols can be written
as a block diagonal matrix,

∑

t

XH
t Xt = Bdiag

{
∑

t

(Xp
1,t)

HXp
1,t,

∑

t

(Xp
2,t)

HXp
2,t, . . . ,

∑

t

(Xp
B,t)

HXp
B,t

}
. (19)

If orthogonal pilot symbols are used such that for each
subcarrier n (the requirement can be met for ZC sequence
when the pilots numbers Np is equal or greater than dc),

∑

t

(xp
b,tni)

∗xp
b,tnj =

{
1, i = j;

0, i 	= j,
(20)

∑
t(X

p
b,t)

HXp
b,t is also a block diagonal matrix where the

(i, j)th submatrix is given by

∑

t

(Xp
b,ti)

HXp
b,tj =

{
Ei, i = j;

0, i 	= j.
(21)

In (21), Ei is a diagonal matrix with the entries on the
principle diagonal being 1 or 0 depending on the sparse
structure of SCMA codebook i, i.e., set Vi. As a consequence,
matrix G can be rewritten as

G =
∑

b

Bdiag{FH
b E1Fb,FH

b E2Fb, . . . ,FH
b EKFb}. (22)

The following proposition is a motivation of the sparse struc-
ture of matrix G.

Proposition 1: A necessary condition for matrix G to be
invertible is Bdv ≥ L.

Proof: Based on (22), matrix G reduces to a block
diagonal matrix. To get the inverse matrix of G, we must
compute the inverse matrix of sub-block F�

b =
∑

b FH
b EkFb,

i.e., the kth submatrix of G. Note that the sparse matrix Ek has
a rank of dv and F�

b is an L-dimensional square matrix. As a
result, the necessary condition for matrix G to be invertible
is rank(F�

b) = B min{L, dv} ≥ L. �
A heuristic understanding of this condition is that for each

user, to obtain the convinced estimates for L taps of channel,
one must conduct at least Bdv independent measurements by
sending the pilots symbols in Bdv subcarriers simultaneously.
Further, since the pilot signals are orthogonal in one sub-
carrier, each user can eliminate the interferences from other
ones and obtain its own estimations. From Proposition 1,
since we only need to focus on the sparse block diagonal
matrix (22), the computational complexity of (18) thus reduces
to O(KL2), which grows linearly with the number of potential
users.

B. Joint Channel Estimation and Data Decoding

In this subsection, we discuss the joint detection methods
based on transmitted pilot as well as data symbols. Recall that
in Section II, we have divided the factor graph of SCMA into
three loops as shown in Fig 3. The message-passing rules for
the three loops will be developed in the following.

1) Joint Detection for Data Decoding: We begin our dis-
cussion with the data detection loop first. To implement
the reduced complexity decoding, the joint estimation shall
be obtained in an iterative way instead of the direct MAP
estimation in (6). For systems with the FG structure, belief
propagation is an iterative algorithm that deals with the
multi-variables problems. Based on the BP updating rule,
the message sent from function node ftn to variable node xtk

can be written as (we drop the subscript b here for notation
simplification)

I
(i)
ftn→xtk

(xtnk) =
∑

xl:l∈Fn\k

I
(i−1)
xtl→ftn

(xtnl)

·
∫

ftn(Xtn,αααn)
∏

l∈Fn

I
(i−1)
αnl→ftn

(αnl)dαnαnαn, (23)
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where I
(i−1)
xtl→ftn

(xtnl) and I
(i−1)
αnl→ftn

(αnl) are the extrinsic
messages passed from nodes xtl and αnl to ftn on the (i−1)th

iteration, respectively. The likelihood function ftn(Xtn,αααn) is
given by

ftn(Xtn,αααn) ∝ exp

{
− 1

σ2
|ytn −

∑

k∈Fn

αnkxtnk|2
}

, (24)

where Xtn and αααn denote the transmitted data symbols and
CIRs from collision users in subcarrier n, respectively.

From (23)-(24), it can be observed that the BP algorithm
has reduced the computation order from K to dc within each
iteration. However, as the function node ftn involves a mixture
of discrete variables xtnk and continuous variables αnk, direct
computation of (23) is still of high complexity due to the
multiple integration as well as multiple marginalization.

To reduce the computational complexity of (23), the belief
propagation mean field message passing is proposed based on
variational Bayesian (VB) inference [18], [27]. Specifically,
with BP-MF, the message-passing for xtnk can be updated
as

ln I
(i)
ftn→xtk

(xtnk)

=
∑

l∈Fn\k

b(i−1)(xtl)

·
∫

ln ftn(Xn,αααn)
∏

l∈Fn

b(i−1)(αnl)
∏

l∈Fn

dαnl

∝ ln CN (xtnk; τ (i)
ftn→xtk

, υ
(i)
ftn→xtk

), (25)

where b(i−1)(xtl) and b(i−1)(αnl) is the belief [21] of variable
xtl and αnl on the (i−1)th iteration, respectively. Recall that
in [21], the belief of a variable is defined as the production
of all extrinsic messages to this variable. The mean τ

(i)
ftn→xtk

and variance υ
(i)
ftn→xtk

are given by

τ
(i)
ftn→xtk

=
(τ (i−1)

αnk )∗(ytn − ∑
l∈Fn\k τ

(i−1)
αnl τ

(i−1)
xtnl )

|τ (i−1)
αnk |2 + υ

(i−1)
αnk

, (26)

υ
(i)
ftn→xtk

= σ2(|τ (i−1)
αnk

|2 + υ(i−1)
αnk

)−1, (27)

where τ
(i−1)
αnk and υ

(i−1)
αnk are the mean and variance of αnk

with respect to belief b(i−1)(αnk) on the (i − 1)th iteration,
and a similar definition holds for τ

(i−1)
xtnk .

Compared with BP updating, MF has a simple updating
rule, in particular for conjugate-exponential models. However,
for multiuser system, the interference cancellation structure
in (26) only involves the mean values of interferences while
the variances (i.e., the uncertainty of the estimation) are
not being considered. As such, mean filed methods often
perform poor in the estimation of LLRs for data symbols.
Moreover, accurate initialization is often required for BP-MF
otherwise it will trap in a local optimal point. As an alter-
native approach, the interferences are modeled as Gaussian
distributions based on central-limit theorem [19], [20]. While
central-limit theorem is effective in the massive MIMO-OFDM
system, it may result in large performance degradation in
SCMA since the number of collision users in each subcarrier

is limited (dc � K in practice) due to the sparse structure of
SCMA codewords.

In this paper, instead of using central-limit theorem, the dis-
tribution of each interference αnkxtnk is projected into
Gaussian families separately using expectation propagation
message-passing. Based on the idea of divide-and-conquer,
EP can be viewed as a distributed inference where the big
data is partitioned into smaller pieces and local inference is
performed for each one separately. Meanwhile, expectation
propagation belongs to a class of approximate inference that
intractable distributions are always approximated to some
simpler distributions by minimizing the Kullback-Leibler (KL)
divergence

DKL(p(x)||q(x)) =
∫

p(x) log
p(x)
q(x)

dx, (28)

where p(x) is the true distribution and q(x) is the approxi-
mated distribution.

Proposition 2: Let utnk = αnkxtnk, given the extrin-
sic messages I

(i)
xtk→ftn

(xtnk) obtained on the previous step

and the Gaussian distributed message I
(i−1)
αnk→ftn

(αnk) ∼
CN (αnk; τ (i−1)

αnk→ftn
, υ

(i−1)
αnk→ftn

) (this will be justified later
in (72)) computed on the previous iteration, the PDF of
variable utnk can be written by (31), shown at the bottom
of next page.

Proof: To get the distribution for message
I
(i)
utnk→ftn

(utnk) in (31), we first compute the cumulative
probability distribution (CDF) of utnk conditioned on some
given αnk, i.e.,

p(αnkxtnk ≤ utnk|αnk)
= �p(αnkxtnk ≤ utnk|αnk, xtnk)�

I
(i)
xtk→ftnk

(xtnk)

= I
(i)
xtk→ftnk

(xtnk = 0)1(utnk ≥ 0)

+
∑

xtnk �=0

I
(i)
xtk→ftnk

(xtnk)p(αnkxtnk ≤ utnk|αnk, xtnk),

(29)

where 1(utnk ≥ 0) = p(utnk ≥ αnkxtnk|αnk, xtnk = 0)
is the indicator function depending whether utnk ≥ 0 or
not. Due to this indicator function, the CDF is discontinuous
at utnk = 0. Let F (utnk|αnk) = p(αnkxtnk ≤ utnk|αnk),
we have

p(utnk = 0|αnk)
= lim

utnk→0+
F (utnk|αnk) − lim

utnk→0−
F (utnk|αnk)

= I
(i)
xtk→ftnk

(xtnk = 0). (30)

Averaging with respect to αnk, we obtain the case for xtnk = 0
in (31). For xtnk 	= 0, the distribution of utnk can be obtained
in a similar way as in [29], Chapter 6. �

The factor graph for subcarrier n with virtual node utnk is
illustrated in Fig. 4. Note that this figure is used to illustrate
the FG structure in subcarrier n, due to the Proposition 2,
the message I

(i)
utnk→ftn

(utnk) is not necessarily computed by
BP. As can be seen from (31), the PDF of utnk is a mixture
of Gaussian functions and is discontinuous at utnk = 0.
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Fig. 4. Factor graph representation for subcarrier n, the virtual node is given
by utnk = gtnk(xtnk, αnk) = αnkxtnk .

The BP updating becomes cumbersome when such Gaussian
mixtures are involved in each iteration. In order to reduce
the complexity, we resort to EP message-passing to project
I
(i)
utnk→ftn

(utnk) into Gaussian distribution. Note that in most
cases, the contribution to Gaussian mixture (31) comes from
only one significant component, i.e., the signal point xtnk that
is most likely to be transmitted by the user, thus Gaussian
distribution suffices to be a good approximation for (31).

Assume that the output information I
(i)
ftn→utnk

(utnk)
from function node ftn follows the Gaussian distribution
CN (utnk; τ (i)

ftn→utnk
, υ

(i)
ftn→utnk

) and has been computed on
the previous step (the Gaussian distribution will be justified
later in (42)), the belief of variable utnk can be calculated
in (32), shown at the bottom of this page, where β(xtnk), τ

(i)
utnk

and υ
(i)
utnk are computed in (33)-(35), shown at the bottom of

this page, and C is a normalization constant.
Notice that in (32), the belief of variable utnk comprises

two pieces. Based on EP message-passing, approximate
inference is proceeded for message of I

(i)
utnk→ftn

(utnk).
To start with, b(i)(utnk) is projected into a Gaussian
distribution b̂(utnk) with the minimized KL-divergence
DKL[b(i)(utnk)||b̂(utnk)]. The result reduces to moment
matching such that (see [25, Sec. 2]),

b̂(utnk) = CN (utnk; τ̂utnk
, υ̂utnk

), (36)

τ̂utnk
=

∑

xtnk

β(xtnk)τ (i)
utnk

, (37)

υ̂utnk
=

∑

xtnk

β(xtnk)(|τ (i)
utnk

|2 + υ(i)
utnk

) − |τ̂utnk
|2. (38)

With I
(i)
ftn→utnk

(utnk) follows Gaussian distribution, by EP
message-passing, we have

Î
(i)
utnk→ftn

(utnk) =
b̂(utnk)

I
(i)
ftn→utnk

(utnk)

∝ CN (utnk; τ̂ (i)
utnk→ftn

, υ̂
(i)
utnk→ftn

), (39)

where

τ̂
(i)
utnk→ftn

= υ̂
(i)
utnk→ftn

( τ̂utnk

υ̂utnk

− τ
(i)
ftn→utnk

υ
(i)
ftn→utnk

)
, (40)

υ̂
(i)
utnk→ftn

=
( 1

υ̂utnk

− 1

υ
(i)
ftn→utnk

)−1

. (41)

Now given the input messages to the function node ftn

Î
(i)
utnl→ftn

(utnl), l ∈ Fn\k follow independent Gaussian distri-
butions, utnk = ytn−

∑
l∈Fn\k utnl is also a Gaussian variable

such that the output messages on the next iteration can be
updated as

I
(i+1)
ftn→utnk

(utnk) ∼ CN (utnk; τ (i+1)
ftn→utnk

, υ
(i+1)
ftn→utnk

),
(42)

where

τ
(i+1)
ftn→utnk

= ytn −
∑

l∈Fn\k

τ̂
(i)
utnl→ftn

, (43)

υ
(i+1)
ftn→utnk

= σ2 +
∑

l∈Fn\k

υ̂
(i)
utnl→ftn

. (44)

On the ith iteration, since I
(i)
ftn→utnk

(utnk) follows
Gaussian distribution, the message sent from function node
ftn to variable node xtk can be updated as

I
(i)
ftn→xtk

(xtnk) =
∫

I
(i)
ftn→utnk

(utnk)I(i−1)
αnk→ftn

(αnk)dαnk

∝ exp{−Δ(i)
ftn→xtnk

(xtnk)}, (45)

I
(i)
utnk→ftn

(utnk) ∝
{∑

xtnk
I
(i)
xt,k→ftnk

(xtnk)|xtnk|CN (utnk; τ (i−1)
αnk→ftnk

xtnk, υ
(i−1)
αnk→ftnk

|xtnk|2), xtnk 	= 0;

I
(i)
xtk→ftn

(xtnk), xtnk = 0.
(31)

b(i)(utnk) = I
(i)
utnk→ftn

(utnk)I(i)
ftn→utnk

(utnk)

=

{∑
xtnk

β(xtnk)CN (utnk; τ (i)
utnk , υ

(i)
utnk), xtnk 	= 0;

C−1I
(i)
xtk→ftn

(xtnk)CN (utnk; τ (i)
ftn→utnk

, υ
(i)
ftn→utnk

), xtnk = 0.
(32)

β(xtnk) = C−1I
(i)
xt,k→ftnk

(xtnk)|xtnk|CN (τ (i)
ftn→utnk

; τ (i−1)
αnk→ftnk

xtnk, υ
(i)
ftn→utnk

+ υ
(i−1)
αnk→ftnk

|xtnk|2), (33)

τ (i)
utnk

=
τ

(i−1)
αnk→ftnk

υ
(i)
ftn→utnk

xtnk + τ
(i)
ftn→utnk

υ
(i−1)
αnk→ftnk

|xtnk|2
υ

(i)
ftn→utnk

+ υ
(i−1)
αnk→ftnk

|xtnk|2
, (34)

υ(i)
utnk

=
υ

(i)
ftn→utnk

υ
(i−1)
αnk→ftnk

|xtnk|2
υ

(i)
ftn→utnk

+ υ
(i−1)
αnk→ftnk

|xtnk|2
. (35)
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where

Δ(i)
ftn→xtnk

(xtnk) =
|τ (i)

ftn→utnk
− τ

(i−1)
αnk→ftn

xtnk|2
υ

(i)
ftn→utnk

+ υ
(i−1)
αnk→ftn

|xtnk|2
+ ln(υ(i)

ftn→utnk
+ υ

(i−1)
αnk→ftn

|xtnk|2), (46)

where we have assumed that the message I
(i−1)
αnk→ftn

(αnk)
follows CN (αnk; τ (i−1)

αnk→ftn
, υ

(i−1)
αnk→ftn

) which will be given
in (72). Notice that in computing (46), the LLRs for data
symbols, not only the mean values but also the variances of
interferences are involved.

With I
(i)
ftn→xtk

(xtnk) computed on the previous step,

the message I
(i)
xtk→ftn

(xtnk) can be calculated according to
the BP rule,

I
(i)
xtk→ftn

(xtnk) = p(xtk|ctk)
∏

m �=n

I
(i)
ftm→xtk

(xtmk)

∝ exp

{
−

∑

m∈Vk\n

Δ(i)
ftm→xtmk

(xtmk)

}
. (47)

where the mapping function p(xtk|ctk) denotes the SCMA
encoder of user k. Finally, the belief of codewords xtk is
computed as

b(i)(xtk) = p(xtk|ctk)
∏

n∈Vk

I
(i)
ftn→xtk

(xtnk) (48)

2) Data Aided Channel Estimation and User Activity Detec-
tion: Now we begin our discussion on the channel estimation
loop in Fig. 3. As in (45), since I

(i)
ftn→utnk

(utnk) follows
Gaussian distribution, the message passed from function node
ftn to the variable node αnk can be updated as

I
(i)
ftn→αnk

(αnk) =
∑

xtnk

I
(i)
xtk→ftn

(xtnk)I(i)
ftn→utnk

(utnk)

=
∑

xtnk

I
(i)
xtk→ftn

(xtnk)

×CN (αnkxtnk; τ (i)
ftn→utnk

, υ
(i)
ftn→utnk

),
(49)

which is a mixture of Gaussian distributions. To obtain
the compact form for I

(i)
ftn→αnk

(αnk), again we project

I
(i)
ftn→αnk

(αnk) into Gaussian families.
The belief of αnk is given by

b(i)(αnk) = I
(i)
ftn→αnk

(αnk)I(i−1)
αnk→ftn

(αnk)

=
∑

xtnk

β(xtnk)CN (αnk; τ̃ (i)
αnk

, υ̃(i)
αnk

), (50)

where we have assumed I
(i−1)
αnk→ftn

(αnk) follows Gaussian
distribution and will be justified later in (72). The variables
β(xtnk), τ̃

(i)
αnk , and υ̃

(i)
αnk are computed in (51)-(53), shown at

the top of the next page, and C is a normalization constant.
We project b(i)(αnk) into Gaussian distribution with the

minimized KL-divergence DKL[b(i)(αnk)||b̂(αnk)],

b̂(αnk) = CN (αnk; τ̂αnk
, υ̂αnk

), (54)

where by moment matching,

τ̂αnk
=

∑

xtnk

β(xtnk)τ̃ (i)
αnk

, (55)

υ̂αnk
=

∑

xtnk

β(xtnk)(|τ̃ (i)
αnk

|2 + υ̃(i)
αnk

) − |τ̂αnk
|2. (56)

Since the extrinsic message I
(i−1)
αnk→ftn

(αnk) follows Gaussian

distribution CN (αnk; τ (i−1)
αnk→ftn

, υ
(i−1)
αnk→ftn

), by EP message-
passing, we have

Î
(i)
ftn→αnk

(αnk) =
b̂(αnk)

I
(i−1)
αnk→ftn

(αnk)

∝ CN (αnk; τ̂ (i)
ftn→αnk

, υ̂
(i)
ftn→αnk

), (57)

where

τ̂
(i)
ftn→αnk

= υ̂
(i)
ftn→αnk

( τ̂αnk

υ̂αnk

− τ
(i−1)
αnk→ftn

υ
(i−1)
αnk→ftn

)
, (58)

υ̂
(i)
ftn→αnk

=
( 1

υ̂αnk

− 1

υ
(i−1)
αnk→ftn

)−1

. (59)

According to (42), Î
(i)
ftn→αnk

(αnk) reduces to (60) for pilot
signals,

Î
(i)
ftn→αnk

(αnk) = CN (αnkxp
tnk; τ (i)

ftn→utnk
, υ

(i)
ftn→utnk

),

∝ CN (αnk; τ̂ (i)
ftn→αnk

, υ̂
(i)
ftn→αnk

), (60)

where

τ̂
(i)
ftn→αnk

=
τ

(i)
ftn→utnk

xp
tnk

, (61)

υ̂
(i)
ftn→αnk

=
υ

(i)
ftn→utnk

|xp
tnk|2

. (62)

Now for both pilot and data signals, Î
(i)
ftn→αnk

(αnk) follows
the Gaussian distributions. According to the BP updating rule,
we have

I(i)
αnk→ϕnk

(αnk) =
∏

t

Î
(i)
ftn→αnk

(αnk)

∝ CN (αnk; τ (i)
αnk→ϕnk

, υ(i)
αnk→ϕnk

), (63)

where

τ (i)
αnk→ϕnk

= υ(i)
αnk→ϕnk

∑

t

τ̂
(i)
ftn→αnk

υ̂
(i)
ftn→αnk

, (64)

υ(i)
αnk→ϕnk

=
( ∑

t

1

υ̂
(i)
ftn→αnk

)−1

, (65)

and the production in (63) is through all time slots that the
block fading coefficient αnk maintains unchanged.

As for the message updating in the reverse direction,
I
(i)
ϕnk→αnk(αnk) can be calculated with the assumption that

I
(i−1)
hkl→ϕnk

(hkl) follows Gaussian distribution shown in (85)

I(i)
ϕnk→αnk

(αnk) =
∫

ϕnk(αnk,hk)
∏

l

I
(i−1)
hkl→ϕnk

(hkl)dhk

∝ CN (αnk; τ (i)
ϕnk→αnk

, υ(i)
ϕnk→αnk

), (66)
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β(xtnk) = C−1I
(i)
xtk→ftn

(xtnk)CN (τ (i−1)
αnk→ftn

xtnk; τ (i)
ftn→utnk

, υ
(i)
ftn→utnk

+ υ
(i−1)
αnk→ftn

|xtnk|2), (51)

τ̃ (i)
αnk

=
τ

(i−1)
αnk→ftn

υ
(i)
ftn→utnk

+ τ
(i)
ftn→utnk

υ
(i−1)
αnk→ftn

x∗
tnk

υ
(i)
ftn→utnk

+ υ
(i−1)
αnk→ftn

|xtnk|2
, (52)

υ̃(i)
αnk

=
υ

(i)
ftn→utnk

υ
(i−1)
αnk→ftn

υ
(i)
ftn→utnk

+ υ
(i−1)
αnk→ftn

|xtnk|2
. (53)

where ϕnk(αnk,hk) = δ(αnk − ∑
l Fnlhkl) and

τ (i)
ϕnk→αnk

=
∑

l

Fnlτ
(i−1)
hkl→ϕnk

, (67)

υ(i)
ϕnk→αnk

=
∑

l

F2
nlυ

(i−1)
hkl→ϕnk

. (68)

With (63) and (66), the belief of αnk can be calculated as

b(i)(αnk) = I(i)
αnk→ϕnk

(αnk)I(i)
ϕnk→αnk

(αnk)

∝ CN (αnk; τ (i)
αnk

, υ(i)
αnk

), (69)

where

τ (i)
αnk

=
τ

(i)
αnk→ϕnkυ

(i)
ϕnk→αnk + τ

(i)
ϕnk→αnkυ

(i)
αnk→ϕnk

υ
(i)
ϕnk→αnk + υ

(i)
αnk→ϕnk

, (70)

υ(i)
αnk

=
υ

(i)
ϕnk→αnkυ

(i)
αnk→ϕnk

υ
(i)
ϕnk→αnk + υ

(i)
αnk→ϕnk

. (71)

Given the belief of αnk, it follows that the message
I
(i)
αnk→ftn

(αnk) is updated as

I
(i)
αnk→ftn

(αnk) =
b(i)(αnk)

Î
(i)
ftn→αnk

(αnk)

∝ CN (αnk; τ (i)
αnk→ftn

, υ
(i)
αnk→ftn

), (72)

where

τ
(i)
αnk→ftn

= υ
(i)
αnk→ftn

( τ
(i)
αnk

υ
(i)
αnk

− τ̂
(i)
ftn→αnk

υ̂
(i)
ftn→αnk

)
, (73)

υ
(i)
αnk→ftn

=
( 1

υ
(i)
αnk

− 1

υ̂
(i)
ftn→αnk

)−1

. (74)

In a similar approach to (66), we calculate the message from
function node ϕnk to variable node hkl as follows

I
(i)
ϕnk→hkl

(hkl) ∝ CN (hkl; τ
(i)
ϕnk→hkl

, υ
(i)
ϕnk→hkl

), (75)

where

τ
(i)
ϕnk→hkl

=
1

Fnl
(τ (i)

αnk→ϕnk
−

∑

j �=l

Fnjτ
(i−1)
hkj→ϕnk

), (76)

υ
(i)
ϕnk→hkl

=
1

F2
nl

(υ(i)
αnk→ϕnk

+
∑

j �=l

F2
njυ

(i−1)
hkj→ϕnk

). (77)

Further, I
(i)
hkl→qkl

(hkl) is updated as

I
(i)
hkl→qkl

(hkl) =
∏

n

I
(i)
ϕnk→hkl

(hkl)

∝ CN (hkl; τ
(i)
hkl→qkl

, υ
(i)
hkl→qkl

), (78)

where the production is through all nonzero subcarriers that
user k transmits data and

τ
(i)
hkl→qkl

= υ
(i)
hkl→qkl

∑

n

τ
(i)
ϕnk→hkl

υ
(i)
ϕnk→hkl

, (79)

υ
(i)
hkl→qkl

=
(∑

n

1

υ
(i)
ϕnk→hkl

)−1

. (80)

For the last part, we discuss the user activity detection loop.
Notice that the distribution of active users in a network is
sparse and the user activity detection can be treated as a sparse
signals learning problem. Variational Bayesian inference is
utilized here to learn the statistical properties of sparse signals.
To start with, the message I

(i)
qkl→λkl

(λkl) can be updated as

I
(i)
qkl→λkl

(λkl) = exp{�ln q(hkl|λkl)�b(i−1)(hkl)}
∝ Gamma(λkl; 2, |τ (i−1)

hkl
|2 + υ

(i−1)
hkl

), (81)

where q(hkl|λkl) is given in (10) and the belief b(i)(hkl) is
given in (88). In a similar approach, the message I

(i)
qkl→hkl

(hkl)
can be calculated as

I
(i)
qkl→hkl

(hkl) = exp{�ln q(hkl|λkl)�b(i−1)(λkl)}
∝ CN (hkl; 0, (τ (i−1)

λkl
)−1), (82)

where τ
(i)
λkl

= a+1

b+|τ (i−1)
hkl

|2+υ
(i−1)
hkl

and the belief b(i)(λkl) is

given by

b(i)(λkl) = p(λkl)I
(i)
qkl→λkl

(λkl)

∝ Gamma(λkl; â, b̂), (83)

with â = a + 1 and b̂ = b + |τ (i−1)
hkl

|2 + υ
(i−1)
hkl

. In (82), τ
(i)
λkl

serves as the inverse of the channel power, when (τ (i)
λkl

)−1 →
0, so does the CIR hkl. Since the inactive users are equivalent
to have zero CIRs, an inactive user k is judged when

∑

l

(τ (i)
λkl

)−1 < δ, (84)

and vice versa, where δ is a small enough number. Since a
common channel model (10)-(12) is assumed, (84) is also valid
for the user detection in BP-MF as well as BP-GA.

In the end, with (75) the extrinsic message I
(i)
hkl→ϕnk

(hkl)
can be updated as

I
(i)
hkl→ϕnk

(hkl) =
b(i)(hkl)

I
(i)
ϕnk→hkl

(hkl)

∝ CN (hkl; τ
(i)
hkl→ϕnk

, υ
(i)
hkl→ϕnk

), (85)
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Algorithm 1 BP-GA-EP Message-Passing Algorithm

Initialization: ∀t, n, k, l, τ
(0)

hkl→ϕ
(0)
nk

= ĥML
kl , υ

(0)
hkl→ϕnk

=

1.0, τ
(0)
αnk→ftn

= 0, υ
(0)
αnk→ftn

= 1.0, τλkl
= 1.0, and

τ
(0)
utnk→ftn

= 0, υ
(0)
utnk→ftn

= 106.
Output: b(xtk), τhkl

and active users set by (84).
1: Iteration:
2: Update τ

(i)
ftn→utnk

, υ
(i)
ftn→utnk

via (43), (44),∀t, n, k.

3: Update I
(i)
ftn→xtk

(xtnk) and I
(i)
xtk→ftn

(xtnk) via (45)
and (47), ∀t, n, k.

4: Update β(xtnk), τ (i)
utnk , υ

(i)
utnk via (33)-(35), ∀t, n, k.

5: Update τ̂
(i)
utnk→ftn

, υ̂
(i)
utnk→ftn

via (40), (41),∀t, n, k.

6: Update β(xtnk), τ̃ (i)
αnk , υ̃

(i)
αnk via (51)-(53),∀t, n, k.

7: Update τ̂
(i)
ftn→αnk

, υ̂
(i)
ftn→αnk

via (58), (59) for data sym-
bols and (61), (62) for pilot signals, ∀t, n, k.

8: Update τ
(i)
αnk→ϕnk , υ

(i)
αnk→ϕnk and τ

(i)
ϕnk→αnk , υ

(i)
ϕnk→αnk

via (64), (65), and (67), (68), respectively, ∀n, k.
9: Update τ

(i)
αnk , υ

(i)
αnk via (70), (71), ∀n, k.

10: Update τ
(i)
αnk→ftn

, υ
(i)
αnk→ftn

via (73), (74), ∀t, n, k.

11: Update τ
(i)
ϕnk→hkl

, υ
(i)
ϕnk→hkl

via (76), (77), ∀n, k, l.

12: Update τ
(i)
hkl→qkl

, υ
(i)
hkl→qkl

via (79), (80), ∀k, l.

13: Update τ
(i)
hkl

, υ
(i)
hkl

, τ
(i)
λkl

via (89), (90), and (83) ∀k, l.

14: Update τ
(i)
hkl→ϕnk

, υ
(i)
hkl→ϕnk

via (86), (87), ∀n, k, l.
15: until iteration index reaches some preset numbers.

where

τ
(i)
hkl→ϕnk

= υ
(i)
hkl→ϕnk

( τ
(i)
hkl

υ
(i)
hkl

− τ
(i)
ϕnk→hkl

υ
(i)
ϕnk→hkl

)
, (86)

υ
(i)
hkl→ϕnk

=
( 1

υ
(i)
hkl

− 1

υ
(i)
ϕnk→hkl

)−1

. (87)

and the belief of hkl is computed with (78) and (82),

b(i)(hkl) = I
(i)
qkl→hkl

(hkl)I
(i)
hkl→qkl

(hkl)

∝ CN (hkl; τ
(i)
hkl

, υ
(i)
hkl

), (88)

where

τ
(i)
hkl

=
τ

(i)
hkl→qkl

1 + τ
(i)
λkl

υ
(i)
hkl→qkl

, (89)

υ
(i)
hkl

=
υ

(i)
hkl→qkl

1 + τ
(i)
λkl

υ
(i)
hkl→qkl

. (90)

The proposed message-passing receiver is referred as
BP-GA-EP (belief propagation based Gaussian approxima-
tion with expectation propagation), and is summarized in
Algorithm 1. To deal with the deviated approximation problem
in EP, damped updating [25] with scaling factor equals 0.5 is
applied in step 4. Moreover, for the cases υ

(i)
utnk→ftn

< 0 and

υ
(i)
ftn→αnk

< 0, a large positive number (e.g., 106) is set to
replace the above variances.

TABLE I

COMPUTATIONAL COMPLEXITY ANALYSIS

C. Complexity Analysis

The computational complexity analysis of joint detectors is
discussed in this subsection. For BP-GA-EP, the computational
consumption is dominated by (33)-(38) in data detection loop
and (51)-(56) in channel estimation loop. The complexity
in calculating β(xtnk), τutnk

, and υutnk
is on the order

of O(BNMdc) for each time slot. In parallel with data
detection loop, the complexity in calculating β(xtnk), τ̃αnk

,
and υ̃αnk

is also on the order of O(BNMdc). For BP-MF,
the interference cancellation structure in (26) dominates the
computational consumption in data detection part while for
channel estimation part, the updating rule is similar to (26).
For both parts, the complexity is on the order of O(BNMdc).
Since mean field methods could only find a local optimal
solution, a proper initialization is necessary. The initialization
for channel estimation is based on (18) using pilot signals
only, and followed by the soft estimation of data symbols with
linear minimum mean square error (MMSE) receiver. For each
time slot, the complexity for linear MMSE is on the order of
O(BNd3

c). With the Gaussian approximation, BP-GA has the
same complexity with BP-GA-EP for both data detection and
channel estimation, i.e., the complexity is identical to the order
of O(BNMdc), see (22) and (23) in [20]. The computational
complexity is summarized in Table I.

IV. SIMULATION RESULTS

A. Experimental Set Up

In this section, the performance of proposed message-
passing receiver is evaluated through Monte Carlo simulations.
The uplink SCMA system with B = 4, N = 24, K = 48,
M = 4, dv = 2, and dc = 4 is considered. At each
transmission, the active users are generated randomly, and
we assume that the number of simultaneous active users fol-
lows Poisson distribution Pois(λ) [14]. The maximum channel
taps L for each user is set to 6 with unknown power-delay-
profiles following [30, Table I], truncated to L = 6 samples.
We assume the frequency-selective block-fading channel coef-
ficient αnk remains constant during Ns data symbols, and Np

pilot symbols are further multiplexed within each fading block
for channel estimation. Zaddoff-Chu sequence [28] designed
to be orthogonal in each subcarrier is used as pilot signals.
We consider two communication scenarios in this paper: for
short packet communication, the packet contains 256 coded
bits whereas for long packet communication, the packet length
equals 2048 coded bits.

B. Performance Evaluation

The error detection rate of the proposed grant-free receiver
for user activity detection is shown in Fig. 5(a) and (b) for



WEI et al.: MESSAGE-PASSING RECEIVER DESIGN FOR JOINT CHANNEL ESTIMATION 177

Fig. 5. Error detection rate for joint detector and pilot-aided only detector.

Fig. 6. BER comparison for different decoders.

short and long packet communications, respectively. In both
scenarios, we compare the accuracy of active user detection by
joint detector and pilot-aided only detector. Monte Carlo simu-
lation with 10000 random transmissions is carried out in order
to get the average error detection rate. The curves in Fig. 5
ensure that the performance of joint detector is superior to
the pilot-aided only one for several orders of magnitudes. The
result was to be expected since the information of user activity
is contained in not only pilot signals but also data signals.
Therefore by exploring both received signals, the active users
can be retrieved with a considerable accuracy based on the
joint detector. In addition to the performance comparison for
joint and pilot-aided detector, the impact of different pilot
numbers (Np = 7, Np = 11) on the user error detection
rate is also demonstrated in two figures. It can be observed
that the error detection rate is almost on the same order of
magnitudes when simply increasing the pilot numbers, while
a noteworthy gain can be obtained by employing the joint
detector. Consequently, the performance improvement is less
significant when increasing the pilot numbers only.

In Fig. 6 and Fig. 7, the proposed BP-GA-EP algo-
rithm is compared with BP-MF and BP-GA based joint
message-passing receivers in terms of normalized minimum

mean square error (NMSE) and bit-error-rate (BER), respec-
tively. As the mean field method can only find a local optimal
solution, the linear MMSE estimation for data symbols is
served as the soft initialization based on ML estimation of
CIRs ĥML from the received pilot signals. For comparison,
we also include the genie-aided receiver that has a perfect
knowledge on both channel state information and user activity
in the network. In addition, the pilot-aided receiver that use
the pilot signals only for user detection and channel estimation
is also simulated in this paper. For both genie and pilot-aided
(P-MPA) receiver, conventional MPA algorithm is utilized for
data decoding. For all the receivers but the genie, the trans-
mitted bits are counted as errors entirely if the user is error
detected [31]. This is reasonable since the best decoder cannot
recover the transmitted data when it is acknowledged with the
wrong information on user activity.

From Fig. 6, we observe that compared with genie-aided
receiver, the state of the art receivers, ranging from BP-MF,
BP-GA to P-MPA all suffer from significant performance
losses. For P-MPA, the channel estimation and user detection
are operated on the first phase, followed by the transmitted
data symbols are being decoded on the second phase, through
a utilizing of CSI as well as user activity information obtained
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Fig. 7. NMSE comparison for different decoders.

Fig. 8. BER performance of BP-GA-EP receiver with different number of pilots.

on the previous phase. Since the channel estimation and user
detection rely on pilot signals only, the BER and NMSE
performance of P-MPA are expected to be the worst among
the overall decoders, which is confirmed by the simulations
in Fig. 6 and 7. Compared with P-MPA, the BP-MF and
BP-GA receivers perform joint detection and decoding by
exploring the pilot and data signals concurrently. Thus they
have the improved performance. The receiver based on mean
field theory provides soft values for data symbols, however,
the estimation is still unconvinced since the LLRs for data
symbols only involves the mean values of interferences but
omits the variances. As a result, it operates 3 dB away from
the genie-aided receiver in the BER of 10−3 and 10−4 for
short packet and long packet communication, respectively.
Based on central-limit theory and moment matching, BP-GA
receiver approximates the interferences in each OFDMA sub-
carrier with Gaussian distribution and the estimations are
combined with means and variances simultaneously. While the
central-limit theorem is suitable for large scale MIMO-OFDM
system, where the number of interferences may be tens or

hundreds. For SCMA, however, the collision user number
in one dimension is limited. As a result, direct Gaussian
approximation suffers from a large performance loss, which
can be observed in Fig. 6 and 7. The proposed BP-GA-EP
receiver relies on Gaussian approximation as well. Never-
theless, different from BP-GA, the signal for each user is
projected into Gaussian distribution individually with the
minimized KL-divergence. Thus, the approximation is tight
in BP-GA-EP. Simulation results in Fig. 6 and 7 show that
the proposed BP-GA-EP algorithm has achieved the best
performance among four decoders in either NMSE or BER,
and is only more than 1 dB away compared to the genie-aided
receiver at BER of 10−3 and 10−5 for short and long packet
communication, respectively.

We further evaluate the impact of pilot numbers on BER
performance with proposed receiver at different operational
SNRs in Fig. 8. It is shown that for both short as well as long
packet communications, the BER is getting improved with
increasing the number of pilots. However, the improvement
of performance is less significant, which is the consequence
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Fig. 9. BER performance of BP-GA-EP receiver with different user activity.

Fig. 10. Convergence behaviour for BP-GA-EP receiver.

of the proposed joint pilot and data signals detection. In the
joint detector, the pilots only provide an ML estimation for
CIRs in (18), as a rough initialization for Algorithm 1. After
that, the channel estimation is further refined in joint detection
stage by data symbols. Since the number of data symbols
is much larger than the number of pilots in one fading
block, the quality of proposed detector depends mostly on
the iterations within the joint detection stage. To that end,
an increasing number of pilot symbols has only minor effects
on the system performance. In other words, pilot overheads
could be reduced by the proposed joint detector.

Finally, we demonstrate the impact of user activity on BER
performance as well as the convergence behaviour of proposed
BP-GA-EP receiver. In Fig. 9, the impact of user activity on
BER performance is illustrated. For the short and long packet
scenarios, the BER of BP-GA-EP increases with the rising of
user activity but maintains a constant gap with genie-aided
curves on several different SNRs. It should be noted that with
increasing the of user activity, the multiuser interference in
the system also increases. Therefore, the BER performance
deteriorates for not only the proposed BP-GA-EP receiver but
also for the genie. Nevertheless, a constant gap between the
two algorithms always maintains. The stability of the proposed

joint receiver is another concern of this paper. Recall that
in Section III-B, we mentioned that to solve the deviated
approximation problem in EP, a damped updating with scaling
factor 0.5 is adopted. Further, the exceptions for negative
variances are handled through the setting of some big numbers.
In Fig. 10, we demonstrate the convergence behaviour of
the proposed BP-GA-EP receiver. From the figure, it can be
observed that the BP-GA-EP decoder achieves a stationary
point in after 10 iterations on several operational SNRs. Thus,
the proposed algorithm is ensured to be efficient and stable.

V. CONCLUSION

In this paper, we proposed a message-passing receiver for
uplink grant-free SCMA. Due to the lack of information on
CIRs and user activity, the proposed receiver performs joint
channel estimation, data decoding, and active user detection
semi-blindly with the aid of pilot signals. By exploring the
received signals from transmitted pilot and data symbols
concurrently, the joint receiver can identify active users with a
much higher accuracy than pilot-aided only receiver. For data
decoding, the FG of SCMA was formulated and intractable
distributions were projected into Gaussian distributions with
the minimized KL-divergence. We compared the proposed
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BP-GA-EP receiver with the state of art decoders. Through
simulations, it was demonstrated that the proposed algorithm
performs the best among several receivers and the performance
gap is only 1 dB or more compared with genie-aided receiver.
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