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Cooperative communication is an intriguing topic that has
aroused a frenzy of heat in the wireless networking research.
The notion of cooperative communication is to enable trans-
mit and receive cooperation at the user level by exploiting
the broadcast nature of wireless radio waveform so that
the overall system performance including power efficiency
and communication reliability can be significantly improved.
However, due to the half-duplex constraint in practical
wireless relay systems, cooperative communication generally
suffers from loss in spectral efficiency. The inception of net-
work coding provides a powerful remedy for improving the
spectral efficiency and opens new possibilities for achieving
the end-to-end throughput optimality by allowing interme-
diate network nodes to mix, demix, and remix the signals
received from multiple links for subsequent transmissions.
In addition, network coding fits naturally for the wireless
cooperative networks. Network coding may be implemented
in the network layer, media/multiple access (MAC) layer, or
the physical layer. Specifically, physical-layer network coding
(PLNC) encompasses a rich variety of signal processing and
coding techniques and may be exploited in combination with
multiple antennas, orthogonal frequency-division multiplex-
ing (OFDM), channel coding, signal detection, and resource
allocation. Its excellent performance has been demonstrated
in various relay-based communication scenarios, including
two-way communication, multiway relaying, multiple-access
relaying, multicasting, and broadcasting, and active research
is continuing to explore new potentials.

This special issue aims to consolidate the latest research
advances in physical-layer network coding in wireless coop-
erative networks. The purpose is to seek new and original
contributions addressing various aspects of PLNC, includ-
ing, for example, fundamental limits, protocol design, code
design, practical implementation issues, joint synchroniza-
tion, modulation, channel coding and PLNC, combined
PLNC and diversity and multiplexing techniques, and cross-
layer design and optimization.

In this special issue, we have received a total of 32 original
submissions, out of which 11 (34%) papers are accepted for
publication after peer review. We regret that we had to reject
many good papers due to the limited number of papers that
can be published in this special issue. The accepted papers
cover a broad area of PLNC-related topics, including channel
estimation, protocol design, scheduling, resource allocation,
and channel code design for network coded schemes.

To effectively decode a network code would inevitably
require the knowledge of at least partial channel information
of present channel estimation algorithms for two-way relay
channels. Both exploit the nature of reciprocal channels and
both consider OFDM transmission strategies, but approach
the problem from different aspects. In the paper entitled
“Superimposed training-based joint CFO and channel esti-
mation for CP-OFDM modulated two-way relay networks”,
the authors introduce superimposed pilots at the relay to
enable the estimation of channels and carrier frequency offset
(CFO) parameters. Three different estimators are proposed,
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as well as an iterative estimator, and the estimation error
is compared to the Cramer-Rao bound. In comparison,
the paper “Channel estimation for two-way relay OFDM
networks” studies the condition and method for designing
optimal block training sequences with explicit consideration
of the peak-to-average power ratio (PAPR).

To design an effective network coding protocol is
an essential issue of implementing signal mixing in the
intermediate network nodes and signal detection in the
destinations. We have included three papers discussing
network coding protocols in this special issue. The paper
“Design criteria for hierarchical exclusive code with parameter-
invariant decision regions for wireless 2-way relay channel”
focuses on the design of a new PLNC scheme termed “the
hierarchical exclusive code,” including the design criterion,
the decision region, and the achievable performance. The
paper “The performance of network coding at the physi-
cal layer with imperfect self-information removal” discusses
PLNC with denoising and evaluates the impact of residual
self-information. The paper “MIMO network coding-based
PHY/MAC protocol for replacement of CSMA/CA in efficient
two-way multihop relay networks” exploits PLNC with the
multiple antenna technology to achieve efficient multiple
access. The paper by Gacanin and Adachi considers the
scenario of broadband two-way relaying with orthogonal
frequency division multiplexing (OFDM) and single carrier
with frequency domain equalization (SC-FDE) by using ana-
log network coding (ANC) in frequency selective channels.
The authors investigate the effects of imperfect removal of
self-information on the system performance.

The authors study the resource management issue
in the context multiway relay and/or multicast PLNC.
“Beamforming-based physical layer network coding for non-
regenerative multi-way relaying” presents new beamforming
relaying strategies for multiway relaying that allow achieving
high spectrum utilization with low interference. “Joint
power allocation for multicast systems with physical-layer
network coding” discusses the allocation and optimization
of the transmit power. “Joint NC-ARQ and AMC for
QoS-guaranteed mobile multicast” investigates incremental
network coding through automatic repeat request (ARQ) to
ensure desired quality of service (QoS).

Joint design of LDPC coding and network coding can
further improve the reliability of networks. There are two
papers devoted to the design of network codes by leveraging
the ideas and tools from channel coding. As the (sparse)
mixing operation of network coding finds natural connec-
tion to low-density parity-check (LDPC) codes, both make
essential use of the LDPC coding structure. Specifically, the
paper by Cocco et al. exploits LDPC schemes in high-order
Galois fields, while the paper by Duyck et al. considers joint
channel-network coding through a unified graph structure
and proposes the construction of an LDPC code that achieves
full diversity for multiple-access relaying.

Finally, Ma et al.’s work in this PLNC special issue
investigates network modulation through linear algebra.

The topics covered in these papers reveal only the tip
of the iceberg, but they are certainly demonstrating exciting
and diverse perspectives and methodologies in the study of

physical-layer network coding. We sincerely hope that the
collection of papers in this special issue will help enlighten
more and better research in this fruitful area of wireless
networks.
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Joint carrier frequency offset (CFO) and channel estimation is considered for two-way relay networks (TWRNs). Existing
estimators provide only the convolved channel parameters and the mixed CFO values. In contrast, estimators using a superimposed
training strategy are developed for the individual frequency and channel parameters. Depending on the number of pilots, three
different estimators are developed. An iterative estimator with low complexity is also developed to further improve the estimation
accuracy. The Cramér-Rao Bounds (CRBs) are derived. The simulations show that the iterative estimator converges rapidly, and
the resultant estimation mean square error (MSE) approaches the CRB. For the special case of small CFO between the two source
terminals, the MSE achieves the CRB at high SNRs, and the iterative algorithm is not necessary. However, for the general case, the
gap between the MSE and the CRB indicates that there is room for further improvement of the estimation accuracy.

1. Introduction

Two-way relay networks (TWRNs) [1] have received much
attention due to their improved spectral efficiency over a
one-way relay network (OWRN) [2]. Unlike the OWRN
where the data flow is unidirectional from the source to
the relay and then to the destination, in a TWRN, two
source terminals exchange information via the relay similar
to network coding [3]. The overall communication rate
of this setup is approximately twice as that achieved in a
OWRN [4], making the TWRN concept particularly attrac-
tive to bidirectional systems. The achievable rate regions for
amplify-and-forward- (AF-) and decode-and-forward- (DF-)
based TWRNs were derived in [5, 6]. In [7], the optimal
mapping function at the relay that minimizes the bit-error
rate (BER) was proposed, and in [8], distributed space-
time codes (STCs) that achieve full diversity were developed
for both AF and DF TWRN. The optimal beamforming at
the multiantenna relay that maximizes the capacity of AF-
based TWRN was designed in [9], and suboptimal resource
allocation for orthogonal frequency division multiplexing-
(OFDM-) based TWRN was derived in [10].

Most TWRN works [4–10] assume perfect synchroniza-
tion and channel state information (CSI) at the relay node
and/or the source terminals. However, since these assump-
tions are not realistic, for the first time, [11, 12] designed the
joint carrier frequency offset (CFO) and channel estimation
algorithms for an OFDM-based TWRN. As the first effort
to tackle this problem, [11, 12] only proposed to estimate
the cascaded channels and cascaded CFO of the uplink
and the downlink phases, but not the individual frequency
and channel parameters. However, individual parameters
are also important for TWRN systems. For example, they
are required for the optimal beamforming and the carrier
permutations [9, 10]. Moreover, if detailed information
about CFOs is available at both source nodes, the two nodes
can cooperate to eliminate CFOs, which may yield a better
detection performance (this fact will be seen from the special
case in Section 3 and from the corresponding simulation
results Figures 4 and 5).

In this paper, we introduce the superimposed pilots at the
relay to enable the estimation of all the individual channel
and CFO parameters. The idea of superimposed pilots was
first proposed in [13] for analog communication systems
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and was later extended to digital communication systems
for both synchronization and channel estimation [14–16].
Different from the traditional concept that the pilots are
superimposed on the data symbols, we propose that the relay
node superimposes its own pilots over the pilots received
from the two terminals. Depending on the number of
pilots, three different estimators are then developed for the
initial parameter estimation. An iterative estimator is also
proposed to improve the estimation accuracy. Moreover, the
Cramér-Rao Bound (CRB) is derived and compared with the
estimation mean square error (MSE). We find that, when
the CFO between the two source terminals is small, the
MSE approaches CRB in the high SNR region, indicating
the optimality of the third proposed estimator. However, for
more general cases, the MSE deviates from the CRB, which
indicates the room for improving the estimation accuracy.
This forms an open problem for the future research.

The remainder of this paper is organized as follows.
In Section 2, the two-way communication systems and our
joint CFO and channel estimation model are introduced. In
Section 3, three estimators are proposed for initial CFO and
channel estimation. The estimators vary depending on the
number of pilots. An iterative estimator is also designed to
improve the estimation accuracy. The CRBs of all parameters
are derived in Section 4. Simulation results are presented in
Section 5, and conclusions are made in Section 6.

1.1. Notations. Vectors and matrices are boldface small and
capital letters; the transpose, complex conjugate, Hermitian,
inverse, and pseudoinverse of the matrix A are denoted by
AT , A∗, AH , A−1, and A†, respectively; tr(A) and ‖A‖F are
the trace and the Frobenius norm of A; [A]i j is the (i, j)th
entry of A, and diag{a} denotes a diagonal matrix with the
diagonal element constructed from a; ⊗ represents the linear
convolution between two vectors. MATLAB notations for
rows and columns of a matrix are adopted; A[:,i: j] denotes the
ith column to the jth columns of A, and AH

[:,i: j] denotes the ith

column to the jth columns of AH ; the entry index of vector
and matrix starts from 0; IP is the P × P identity matrix for
any positive integer P; 0n×m represents the n×m matrix with
all zero entries; E{·} is the average; j is the imaginary unit√−1 and ei is the basis vector of all-zeros except for the ith
element of 1.

2. Problem Formulation

2.1. System Model. Consider a classical two-way relay net-
work (TWRN) with two terminal nodes T j , j = 1, 2 and one
relay node R (Figure 1). Each node has only one half-duplex
antenna. The baseband channel from T j to R is denoted as

h j = [hj,0, . . . ,hj,L]T , whose elements are independent with
zero means and variances σ2

j,l. The channel from R to T j is
also h j . (This is true for reciprocal channels. There may be
a phase difference but is nevertheless ignored in this paper.)
The training block length is set as N , which may or may not
be the same as the data block length. The average powers of
T j andR are denoted as Pj and Pr , respectively. Furthermore,
we denote the carrier frequency ofT j as f j and that ofR as fr .

f2fr

RT1 T2h1 h2

Superimposed pilots p

Figure 1: System configuration for two-way relay network.

In real applications, Doppler shifts and oscillator instabilities
may result in CFOs such as f2 − f1 and fr − f j .

The target of this work is to separately estimate CFOs
and channels h1 and h2. It is important to achieve this goal
within two transmission phases such that the training is
compatible with the two-phase data transmission and can be
embedded in the data frame. To do so, we modify the OFDM
transmission scheme and introduce superimposed training
at the relay node. In the following discussion, perfect time
synchronization is assumed.

2.2. CP-Based OFDM Modulation at Terminals. Denote one
OFDM block from Ti as s̃i = [s̃i,0, . . . , s̃i,N−1]T . The cor-
responding time-domain signal block is obtained from the
normalized inverse discrete Fourier transformation (IDFT)
as

si = FH s̃i = [si,0, si,1, . . . , si,N−1]T , (1)

where F is the N × N normalized DFT matrix with the
(p, q)th entry given by (1/

√
N)e− j2π(p−1)(q−1)/N . To maintain

the subcarrier orthogonality during the overall transmission,
we propose to add the cyclic prefix of length 2L as did in
[11]. This implicitly requires N ≥ 2L which is nevertheless
satisfied by most OFDM systems.

Define the matrix

T(P)
cp =

⎡

⎢

⎣

0P×(N−P) IP
−−−−

IN

⎤

⎥

⎦, (2)

for any P ≤ N . The baseband signal from Ti including the

CP can now be mathematically expressed as T(2L)
cp si of length

N + 2L. The signal is up-converted to the passband signal by
the carrier e j2π fit. Note that the oscillator may have an initial
phase but it is omitted for brevity since the constant phase
can be absorbed into the channel effects.

2.3. Relay Processing. With the assumption of the perfect
time synchronization, the signals from T1 and T2 arrive at R
simultaneously. Relay then down-converts the received signal
by the carrier e− j2π fr t. It is important to mention that R
removes only the first L symbols in each block.

Denote Ts as the symbol duration and define

Γ(K)[ f
] = diag

{

1, e j2π f Ts , · · · , e j2π f (K−1)Ts
}

,

H(K)
cv [x] =

⎡

⎢

⎢

⎣

xP · · · x0 · · · 0
...

. . .
. . .

. . .
...

0 · · · xP · · · x0

⎤

⎥

⎥

⎦

⎫

⎪

⎪

⎬

⎪

⎪

⎭

K rows,
(3)
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for x = [x0, x1, . . . , xP]T . The resultant baseband signal block
at R is of length N + L and can be expressed as

r =
2
∑

i=1

e j2π( fi− fr )LTsΓ(N+L)[ fi − fr
]

H(N+L)
cv [hi]T(2L)

cp si + nr

=
2
∑

i=1

e j2π( fi− fr )LTsΓ(N+L)[ fi − fr
]

T(L)
cp H(N)

cp [hi]si + nr ,

(4)

where H(N)
cp [hi] is the N × N circulant matrix with the first

column [hTi , 0T1×(N−L−1)]
T , and we use the property that

H(N+L)
cv [hi]T(2L)

cp = T(L)
cp H(N)

cp [hi]. (5)

Moreover, each element in the noise vector nr is assumed to
be independent and identically distributed (i.i.d) zero-mean
complex white Gaussian with variance σ2

n . The estimation of
the CFO and channels h1 and h2 at R can be easily done as in
the 2× 1 multi-input single-output (MISO) system [17, 18].

The relay then superimposes a time-domain training
signal p over r and obtain

t = αr + p, (6)

where the scaling factor α and the superimposed training
should satisfy the following power constraint:

α2E
{‖r‖2} + ‖p‖2

= α2(N + L)
2
∑

j=1

L
∑

l=0

σ2
j,lP j + α2(N + L)σ2

n + ‖p‖2

≤ (N + L)Pr.

(7)

Note that (7) is a constraint on the average power because the
instant channel values are unknown before the estimation.

It can be easily shown that the range of α is

(0,
√

Pr/(
∑2

j=1

∑L
l=0 σ

2
j,lP j + σ2

n)) that balances the power
between the training from T j and the superimposed training
from R. Note that the training signal p is generated from N
training signals p0 and a cyclic prefix of length L. By using
our definition (2), the training signal can be expressed as

p = T(L)
cp p0. The pilots p0, s1, and s2 are predesigned at both

source terminals for channel estimation.
Finally, R up-converts the resultant signal t to passband

by the carrier e j2π fr t .

2.4. Signal Reformulation at Terminals. Due to symmetry, we
only illustrate the process at T1. After down-converting the
passband signal by e− j2π f1t, T1 obtains the baseband block of

length N + L. It then removes the first L elements and the
remaining signal is written as

y = e j2π( fr− f1)LTsΓ(N)[ fr − f1
]

H(N)
cv [h1]

(

αr + p
)

+ n1

= αΓ(N)[ fr − f1
]

H(N)
cv [h1]Γ(N+L)[ f1 − fr

]

T(L)
cp H(N)

cp [h1]s1

+ αe j2π( f2− f1)LTsΓ(N)[ fr − f1
]

H(N)
cv [h1]Γ(N+L)[ f2 − fr

]

× T(L)
cp H(N)

cp [h2]s2 + e j2π( fr− f1)LTsΓ(N)[ fr − f1
]

×H(N)
cp [h1]p0

+ αe j2π( fr− f1)LTsΓ(N)[ fr − f1
]

H(N)
cv [h1]nr + n1

︸ ︷︷ ︸

ne

,

(8)

where the property

H(N)
cv [h1]T(L)

cp = H(N)
cp [h1] (9)

is used and, without loss of generality, the noise vector n1

is assumed to have the same statistics as nr . The equivalent
Gaussian noise ne has the covariance

Rn = σ2
n

(

α2Γ(N)[ fr − f1
]

H(N)
cv [h1]

×
(

H(N)
cv [h1]

)H(

Γ(N)[ fr − f1
]

)H
+ I

)

.

(10)

Define Ω(K)[ f ] = diag{e j2π f (K−1)Ts , . . . , e j2π f Ts , 1}. The
following properties hold

H(N)
cv [hi]Γ(N+L)[ f

] = Γ(N)[ f
]

H(N)
cv

[

Ω(L+1)[ f
]

hi
]

,

H(N)
cp [x1]H(N)

cp [x2] = H(N)
cp [x1 � x2],

(11)

where � denotes the N-point circular convolution but
reduces to linear convolution if N is greater than or equal
to the length of x1 � x2.

Assuming N > 2L and using the above properties, we can
further simplify y as

y = αH(N)
cp

[(

Ω(L+1)[ f1 − fr
]

h1

)

⊗ h1

]

s1

+ αe j2π( f2− f1)LTsΓ(N)[ f2 − f1
]

H(N)
cp

×
[(

Ω(L+1)[ f2 − fr
]

h1

)

⊗ h2

]

s2

+ e j2π( fr− f1)LTsΓ(N)[ fr − f1
]

H(N)
cp [h1]p0 + ne.

(12)

Define

w = fr − f1, a =
(

Ω(L+1)[−w]h1

)

⊗ h1,

v = f2 − f1, b =
(

Ω(L+1)[v −w]h1

)

⊗ h2,

Γ
(K)
L

[

f
] = e j2π f LTsΓ(K)[ f

]

.

(13)
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Then (12) can be expressed as

y = αH(N)
cp [a]s1 + αΓ(N)

L [v]H(N)
cp [b]s2

+ Γ
(N)
L [w]H(N)

cp [h1]p0 + ne

= αS1a + αΓ(N)
L [v]S2b + Γ

(N)
L [w]Ph1 + ne,

(14)

where S j is the N × (2L + 1) circulant matrix with the first
column si, and P is the N × (L + 1) circulant matrix with the
first column p0.

3. Joint Estimation Algorithms

Based on the new signal model (14), the task is to estimate
the individual channels h1, and h2 and the CFOs v andw. We
omit all redundant superscripts and subscripts for notation
simplicity and rewrite (14) as

y = αS1a + αΓ[v]S2b + Γ[w]Ph1 + ne. (15)

Note that the number of parameters to be estimated is 2L+4.
Furthermore, a is a function of w and h1, and b is a function
of v, w, h1 and h2. Depending on the number of pilots, we
can thus develop three different estimation methods.

3.1. Estimation for Sufficiently Large N . When N ≥ 5L + 5,
there are sufficient degrees of freedom in the training signals,
and v, w, a, b and h1 can be simply treated as individual
variables. That is, the above-mentioned relationships among
the variables are ignored. Rewrite y as

y = [αS1 αΓ[v]S2 Γ[w]P]
︸ ︷︷ ︸

C

a
b

h1
︸︷︷︸

d

+ ne,
(16)

where C and d are defined in (16). From the least-squares
(LS) method, the two CFO estimates are

{

v̂, ŵ
} = arg max

v,w
yHC

(

CHC
)−1

CHy, (17)

where v̂ and ŵ can be obtained either from a two-
dimensional search or from the alternating projection that
converts the 2-dimensional maximization into a series of 1D
maximization problems. Details on the implementation of
the alternating projection method can be found from [19].
Then values of d are estimated as

̂d =
(

CHC
)−1

CHy, (18)

where the value of C is obtained by using the estimates v̂ and
ŵ.

We next explore the relationships among a, b, and h1 to
improve the quality of the estimates. From (13), we note that

a =H(L+1)
zp

[

Ω(L+1)[−w]h1

]

h1, (19)

where H(K)
zp [x] is a tall Toeplitz matrix with the first column

[xT , oT1×(K−1)]. The estimate of H(L+1)
zp [Ω(L+1)[−w]h1] can be

expressed as H(L+1)
zp [Ω(L+1)[−ŵ]̂h1].

By subtracting the estimate of the second item in (15)
from y and by using (19), an improved estimate of h1 is
obtained as

̂

̂h1 =
(

αS1H(L+1)
zp

[

Ω(L+1)[−ŵ]̂h1

]

+ Γ[w]P
)†

×
(

y − αΓ[v]S2̂b
)

.

(20)

Similarly, from (13) we find that

b = H(L+1)
zp

[

Ω(L+1)[v −w]h1

]

h2. (21)

Thus h2 can be estimated as

̂h2 =
(

H(L+1)
zp

[

Ω(L+1)[v̂ − ŵ]̂h1

])†
̂b. (22)

In summary, (17), (20) and (22) provide estimates of
all the parameters. These initial estimates can be further
improved by the iterative estimator developed in Section 3.4.

3.2. Estimation with Not-So-Large N . In order to reduce the
overhead, we will use fewer pilots than before. Define K1,
K2, and Kr as the frequency domain pilot index sets from
T1, T2, and R, with cardinality K1, K2, and Kr , respectively.
We require K1 ≥ L + 1, K2 ≥ L + 1, Kr ≥ L + 1, and K1 ∪
K2 ∪Kr = {1, . . . ,N}. Here, we do not assume the disjoint
sets, and so K1 + K2 + Kr ≥ N . From (15), we know that the
frequency domain pilots are s̃ j = Fs j , and p̃0 = Fp0.

Remark 1. As will be seen later that pilots in Kr are used to
estimate h1, and those in K2 are used to estimate h2 at T1.
Due to symmetry, pilots in K1 are used to estimate h1 at T2.
This gives the above requirements on cardinality.

Let us collect nonzero pilots from T j into a Kj × 1 vector
s̆ j and nonzero pilots from R into a Kr × 1 vector p̆0. Since
S j and P are column-wise circulant matrices, they can be
represented as

S j =FH diag
{

s̃ j
}

F[:,1:2L+1] = FH[:,K j] diag
{

s̆ j
}

F[K j ,1:2L+1]

P =FH diag
{

p̃0
}

F[:,1:L+1] = FH[:,Kr ] diag
{

p̆0
}

F[Kr ,1:L+1].
(23)

Define K1 as the complement set of K1. Multiplying both
sides of (15) with F[K1,:] yields

F[K1,:]y =
[

αF[K1,:]Γ[v]FH[:,K2] diag{s̆2} F[K1,:]Γ[w]P
]

︸ ︷︷ ︸

C1

× b̆
h1
︸︷︷︸

d1

+ F[K1,:]ne,

(24)

where b̆ = F[K2,1:2L+1]b is the DFT response of b on the
subcarrier set K2, and C1 is an (N−K1)×(K2 +L+1) matrix.

As long as N −K1−K2− (L+ 1) ≥ 2, namely, when there
is sufficient degree of freedom to estimate the two unknown
CFOs, they can be estimated as

{

v̂, ŵ
} = arg max

v,w
yHFH[K1,:]C1

(

CH
1 C1

)−1
CH

1 F[K1,:]y.

(25)
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Considering the range of Kj and Kr , the minimum number
of N is 3L + 5, when sets are disjoint, and K1 = K2 = L + 1,
Kr = L + 3. Then,

̂d1 =
(

CH
1 C1

)−1
CH

1 F[K1,:]y. (26)

By definition

b̆ = F[K2,1:2L+1]H(L+1)
zp

[

Ω(L+1)[v −w]h1

]

h2. (27)

Then, h2 can be estimated as

̂h2 =
(

F[K2,1:2L+1]H(L+1)
zp

[

Ω(L+1)[v −w]h1

])†
b̆. (28)

Remark 2. Though the number of unknown parameters is
2L + 3, we should allow certain redundancy to provide low
complexity estimation, for example, linear estimation. In our
work, the minimum training length is set as N = 3L + 5.

3.3. Joint Estimation with Minimum Training Length: A
Special Case. In practical applications, the relay terminal
is often a simple device while the two source terminals
may employ high-precision synchronization circuits. Thus,
it is reasonable to expect the CFO between the two source
terminals to be negligible. In this case, v ≈ 0 or v 

1/N , that is, one subcarrier spacing. This is also true at the
CFO tracking stage when the frequency difference between
two terminals is quite small. By taking advantage of the
negligible CFO between the two source terminals, parameter
estimation is achieved with the minimum training length
N = 2L + 3, that is, the same number of the unknowns
variables.

Let us choose the same frequency pilot sets for T1 and
T2, that is, K1 = K2. Left multiplying the received signal y
by F[K1,:] gives

F[K1,:]y = αF[K1,:]Γ[v]FH[:,K2]
︸ ︷︷ ︸

≈0

diag{s̆2}F[Ki,1:2L+1]b

+ G[K1,:]Γ[w]P
︸ ︷︷ ︸

C2

h1 + F[K1,:]ne,
(29)

where C2 is an (N − K1)× (L + 1) matrix, and the first term
is negligible because v ≈ 0. As long as (N − K1 − L− 1) ≥ 1,
the CFO between the relay and the first source terminal can
be obtained as

ŵ = arg max
w

yHFH[K1,:]C2

(

CH
2 C2

)−1
CH

2 F[K1,:]y,

̂h1 = C†2 F[K1,:]y.

(30)

Since a can be estimated from ŵ and ̂h1, then h2 can be
estimated as

̂h2 = C†3
(

y − αS1â− Γ[ŵ]P̂h1

)

, (31)

where C3 = αS2H(L+1)
zp [Ω(L+1)[v̂ − ŵ]̂h1].

The estimates given by (30) and (31) need not be
improved by iterations because they already achieve CRB
under high SNR conditions.

3.4. Iterative Algorithm to Improve the Performance. With
the initial estimates of all the parameters, an iterative
approach can be applied to improve the estimation accuracy.
Re-denote the initial estimate as v{0}, w{0}, a{0}, b{0},
h{0}1 , h{0}2 , respectively, with the superscript representing
the number of the iterations. We will estimate v{1}, w{1}

simultaneously from the ML estimation process as

[

v{1},w{1}
]

= arg min
v,w

(

y − αS1a{0} − αΓ[v]S2b{0} − Γ[w]Ph{0}1

)H
R−1
n

×
(

y − αS1a{0} − αΓ[v]S2b{0} − Γ[w]Ph{0}1

)

,

(32)

where R−1
n is always obtained by using the newest estimates

of w and h1 in (10) expressed as

Rn = σ2
n

(

α2Γ(N)
[

w{0}
]

H(N)
cv

[

h{0}1

]

×
(

H(N)
cv

[

h{0}1

])H(

Γ(N)
[

w{0}
])H

+ I
)

.

(33)

The complexity here is not significant even if the 2-
dimensional search is applied, since the search region for
fine estimation is around the initial estimation and is thus
very small.

Then we can obtain h{1}2 and h{1}1 from

h{1}2 = arg min
h2

(

y − αS1a{0} − Γ
[

w{1}
]

Ph{0}1

−αΓ
[

v{1}
]

S2H{1}
12 h2

)H
R−1
n

×
(

y − αS1a{0} ,

−Γ
[

w{1}
]

Ph{0}1 − αΓ
[

v{1}
]

S2H{1}
12 h2

)

h{1}1 = arg min
h1

(

y −
[

αS1H{0}
11 + αΓ

[

v{1}
]

S2H(L+1)
zp

[

h{1}2

]

×ΩL+1
[

v{1} −w{1}
]

+ Γ
[

w{1}
]

P
]

h1

)H

× R−1
n

(

y −
[

αS1H{0}
11 + αΓ

[

v{1}
]

S2H(L+1)
zp

[

h{1}2

]

×ΩL+1
[

v{1} −w{1}
]

+ Γ
[

w{1}
]

P
]

h1

)

,

(34)

where H{1}
12 = H(L+1)

zp [Ω(L+1)[v{1} − w{1}]h{0}1 ], and H{0}
11 =

H(L+1)
zp [Ω(L+1)[−w{1}]h{0}1 ].

The interactive processing could gain the improvement
from the fact that the initial estimation does not fully exploit
the correlation between a, b, and h1.

Remark 3. The superimposed training used in our paper
is different from the traditional ones in two aspects. First,
traditional superimposed pilots [14] are added on the data
symbols while our superimposed pilots are added on the
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pilots from the source by the relay. On the other hand,
traditional superimposed pilots [15] select the first order
statistics for channel estimation while we use the nulling-
based LS method for joint CFO and channel estimation.

4. Cramér-Rao Bound

In this section, we derive the CRB that defines the theoretical
bound of the estimation accuracy. The CRB is an important
tool to study the performance of the estimation algorithms.

Define

μ � αS1a + αΓ[v]S2b + Γ[w]Ph1,

η �
[

v,w, R{h1}T , I{h1}T , R{h2}T , I{h2}T
]T
.

(35)

According to [20], the (i, j)th entry of the Fisher Infor-
mation Matrix (FIM) can be calculated as

[F]i, j = 2R

[

∂μH

∂ηi
R−1
n
∂μ

∂ηj

]

+ tr

[

R−1
n
∂Rn

∂ηi
R−1
n
∂Rn

∂ηj

]

. (36)

After some tedious simplifications, we derive

∂μ

∂v
= jαD1Γ[v]S2b + jΓ[v]S2H(L+1)

zp

× [h2]D0Ω
(L+1)[v −w]h1,

∂μ

∂w
= αS1H(L+1)

zp [h1]
(− jD0

)

Ω(L+1)[−w]h1

+ αΓ[v]S2H(L+1)
zp [h2]

(− jD0
)

Ω(L+1)[v −w]h1

+ jD1Γ[w]Ph1,

∂μ

∂R{h1}T
= αS1H(L+1)

zp

[

Ω(L+1)[−w]h1

]

+ αS1H(L+1)
zp [h1]Ω(L+1)[−w]

+ αΓ[v]S2H(L+1)
zp [h2]Ω(L+1)[v −w] + Γ[w]P,

∂μ

∂R{h2}T
= αΓ[v]S2H(L+1)

zp

[

Ω(L+1)[v −w]h1

]

,

∂Rn

∂w
= σ2

n

(

jα2DNΓ
(N)[w]H(N)

cv [h1]
(

H(N)
cv [h1]

)H

× Γ(N)[−w]− jα2Γ(N)[w]H(N)
cv [h1]

×
(

H(N)
cv [h1]

)H
DNΓ

(N)[−w]
)

∂Rn

∂R{h1i}T
= σ2

nα
2Γ(N)[w]H(N)

cv [e1i]
(

H(N)
cv [h1]

)H
Γ(N)[−w]

∂Rn

∂R{h2i}T
= ∂Rn

∂v
= 0N×N ,

(37)

where

D0 =2πTs diag{L, (L− 1), . . . , 1, 0},
D1 =2πTs diag{L, . . . , (L +N − 1)},

DN =2πTs diag{0, 1, . . . , (N − 1)},
(38)

and ei is an (L+ 1)× 1 vector whose ith element equals 1 and
others 0.

The CRB of η is then obtained by inverting the FIM F.
Since
⎡

⎢

⎢

⎢

⎣

v
w
h1

h2

⎤

⎥

⎥

⎥

⎦

=

⎡

⎢

⎢

⎢

⎣

1, 0, 0T , 0T , 0T , 0T

0, 1, 0T , 0T , 0T , 0T

0, 0, IL+1, jIL+1, 0 · IL+1, 0 · IL+1

0, 0, 0 · IL+1, 0 · IL+1, IL+1, jIL+1

⎤

⎥

⎥

⎥

⎦

︸ ︷︷ ︸

Ξ

× η,

(39)

the CRB of v, w, h1, and h2 can be expressed as

CRB =Ξ · F−1 · ΞH. (40)

5. Simulation Results

The performance of the proposed three estimation algo-
rithms along with the iterative estimator is investigated. A
four-tap model for both h1 and h2 is assumed, and each
tap is assumed complex Gaussian with unit variance as did
in [21]. The variance of the noise is taken as σ2

n = 1. The
normalized frequencies f1, fr , and f2 are set as 0.94, 1, and
1.06, respectively. The MSE is chosen as the figure of merit,
defined by

MSE(v) = 1
10000

10000
∑

i=1

(v̂i − v)2,

MSE(w) = 1
10000

10000
∑

i=1

(ŵi −w)2,

MSE(x) = 1
10000

10000
∑

i=1

1
4

(x̂i − x)2,

(41)

where x represents h1 or h2, and 10000 is the number of
the Monte-Carlo trials used for average. In all the following
simulations, α is set as half the maximum value, that is,
α = 0.5

√

Pr/(
∑2

j=1

∑L
l=0 σ

2
j,lP j + σ2

n).

5.1. Sufficiently Large N . In this case, we chose N = 24,
which is greater than 5L + 5 = 20. The received signal y at
T1 is generated according to (9). Initial CFO and channel
estimates are obtained from y through (17) and (18). The

estimate ̂h1 of h1 is updated as (20). Finally, the iterative
estimator in Section 3.4 is applied and is found to converge
in three iterations.

The MSEs and CRBs of CFO estimation as a function
of SNR are shown in Figure 2. The iterative algorithm
improves the estimation accuracy significantly. Specifically,
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Figure 2: CFO estimation MSE versus SNR: N = 24.

the improvement of w, which is the CFO between R and T1,
is much more significant than that of v, the CFO between T2

and T1. The reason is due to the fact that the received signals
contain more information aboutw than that about v. In (14),
all components of y contain information about w while only
the second term of y does so of v.

The channel estimation MSEs and CRBs versus SNR
are shown in Figure 3. It is observed that the gaps between
the MSE and the CRB are smaller compared to those in
the CFO estimation. The reason is that phase errors have
less effect on the channel estimation than on the CFO
estimation. Similarly to CFO estimation, iteration improves
the estimation accuracy, and h1 improves more than h2 since
most components of y contain the information of h1.

5.2. Not-So-Large N . Next we choose N = 3L + 5 = 14,
and K1 = 4, K2 = 4, Kr = 6. The initial CFO and
channel estimates are obtained from (25), (26), and (28). The
estimates are iteratively updated. We find that ten iterations
reach convergence. The MSEs and CRBs versus SNRs for
both CFO and channel estimation are displayed in Figures
4 and 5, respectively.

Since smaller training length is applied and the average
symbol power is kept the same, the performance here is a
little worse than that in Figures 2 and 3. It is observed that
in the high SNR region, the MSEs approach CRBs after ten
iterations. The iterative estimator improves the estimation
of h1 for all SNRs while, for h2, it only works at the high
SNR region. Conversely, the iterative estimator degrades
the estimation of h2 at low SNRs. A possible reason is as
follows. Since only the second item of y in (14) contains h2,
and iterations require reconstruction of a from the initial
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Figure 3: Channel estimation MSE versus SNR: N = 24.
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Figure 4: CFO estimation MSE versus SNR: N = 14.

estimate ŵ and ̂h1, the ambiguity of ̂h2 increased at the
low SNR region from errors of all factors. However, in the
case of large training length, for example, N = 24, a is
directly estimated, which avoids the error propagation from

erroneous ŵ and ̂h1. Therefore similar phenomenon is not
observed in Figure 3.
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Figure 5: Channel estimation MSE versus SNR: N = 14.

From Figure 2 to Figure 5, one key conclusion is that
there is room for new algorithms to improve the perfor-
mance, due to the gap between MSEs and CRBs. This open
question is an interesting topic for the future research.

5.3. Minimum N : A Special Case. In the last example, we set
f2 as 0.95 and 0.9401, such that the CFOs between the two
terminals are v = 0.01 and v = 0.0001, respectively. The
minimum training length is chosen as N = 2L + 3 = 9.
The CFO and channel estimation results can be obtained
from (30) and (31). As mentioned before, these cases do not
require iterations because v is nearly zero. The estimation
MSEs ofw and channels, as well as their corresponding CRBs
are shown in Figures 6 and 7, respectively.

These figures show that the estimation accuracy is quite
close to CRB. The reason is that the interference due to the
pilots is negligible in this case as the CFO between the two
source terminals is negligible. For v = 0.01, a relatively larger
value, there exists an error floor for both CFO and channel
estimation at the high SNR region. When v is as small as
0.0001, the best estimation performance can be achieved
since the MSE attaches the CRB.

6. Conclusions

In this paper, superimposed pilot-based CFO and chan-
nel estimation was investigated for CP-OFDM modulated
TWRN. Three direct estimation algorithms as well as the
iteration algorithm to improve the performance were devel-
oped. We also derived the analytical CRBs as the benchmark
for the designed algorithms. With superimposed training, all
the individual parameters can be estimated at all three nodes.
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Figure 6: CFO estimation MSE versus SNR: N = 9.
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Figure 7: Channel estimation MSE versus SNR: N = 9.

From the simulations, it is found that although the iterative
estimator improves the performance, gaps remain between
the MSE and CRB, indicating room for further improving
the performance.
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We consider the channel estimation for two-way relay OFDM networks. We proposed an LS-based channel estimation algorithm
under block-based training schemes. Based on the mean square error (MSE) criterion, the condition and the design method for
optimal training sequences are discussed. To reduce peak-to-average power ratio (PAPR), a special sequence called Zadoff-Chu
sequence is employed to design the optimal training sequence, which can achieve both minimum MSE performance and excellent
PAPR performance.

1. Introduction

Two-way communication is a popular type of modern com-
munications, where two source terminals simultaneously
communicate. The two-way channel was first considered
by Shannon, who derived inner and outer bounds on the
capacity region [1]. Recently, the two-way relay networks
(TWRNs) have attracted a great deal of research interest [2–
13], due to its potential application in cellular networks and
peer-to-peer networks. Both amplify-and-forward (AF) and
decode-and-forward (DF) protocols developed for one-way
relay channels are extended to the half-duplex additive white
Gaussian noise (AWGN) two-way relay channel (TWRC)
in [2] and the general full-duplex discrete TWRC in [3].
Furthermore, physical layer network coding is considered in
[5, 6] for AWGN TWRC. Cui et al. have studied a differential
network coding at the physical layer in [7]. The optimized
relaying strategies for TWRC have been proposed in [8].
Information-theoretic results on TWRN were also presented
in [12, 13].

However, many studies have focused on narrowband
systems and flat fading environments. Since broadband
transmission, such as orthogonal frequency division multi-
plexing (OFDM) or single carrier cyclic prefix (SCCP), is
likely to be a key element in future wireless communication
systems, two-way relay techniques should be investigated
for such systems. Compared to the narrowband case, the

problem at hand is different due to the increase in degrees
of freedom brought by OFDM or SCCP. In [14], two-way
relaying over parallel tones of OFDM systems is investigated.
The throughput of TWRN is discussed for high-speed
802.11n WLANs in [15]. The-Hanh Pham extended two-
way relay communication to the frequency selective fading
environment where SCCP was employed in [16].

All the existing work has assumed perfect channel state
information (CSI) at both the relay node and/or the two
terminals. However, under the assumption of coherent
detection, the fading channel coefficients need to be first
estimated and then used in the detection process. The quality
of channel estimates inevitably affects the overall perfor-
mance of relay-assisted transmission and might become a
performance limiting factor [17]. Although there have been
some discussions on the channel estimation for one-way
relay networks [18–20], little work has been done for the
TWRN. Recently, Gao et al. have studied the maximum
likelihood (ML) and the linear maximum SNR (LMSNR)
channel estimation for two-way AF relay networks over the
flat fading channels in [21], and pointed out that there exist
many challenges since the channel estimation is required
not only for data detection but also for self-cancelation at
the two terminals. The optimal training sequence has been
designed to minimize the mean square error of the channel
estimation for two-way SCCP systems according to zero-
forcing criterion over frequency selective fading channels
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in [16]. Two different types of training based on pilot-
tone and block, respectively, were proposed to develop their
corresponding channel estimation algorithms for OFDM
modulated TWRN in [22].

In this work, we consider the channel estimation for two-
way relay OFDM networks. Due to the nature of the signal-
ing, we estimate two composite channels instead of separately
estimating the two links from the source nodes to the relay
node. Based on the mean square error (MSE) criterion, a
design method for training sequences is proposed. Different
from [22], to reduce peak-to-average power ratio (PAPR), a
special sequence called Zadoff-Chu sequence is employed to
design the optimal training sequence for TWRN, which can
achieve the same minimum MSE performance as the training
sequences in [22] with better PAPR performance.

This paper is organized as follows. Section 2 introduces
the two-way relay OFDM system. Least-square channel esti-
mation is developed in Section 3, and the optimal training
sequence to reduce PAPR is also designed in this section.
Section 4 discusses the numerical results. Finally, Section 5
concludes the paper.

Notations. The capital bold letters denote matrices and the
small bold letters denote row/column vectors. Transpose,
Hermitian transpose of a vector/matrix are denoted by (·)T
and (·)H , respectively. The identity matrix of size N is
denoted by IN . 0m,n stands for a zero matrix of size m × n.
For a matrix B, [B]m,n is the (m,n)th element of B. diag(b) is
a diagonal matrix whose diagonal entries are from vector b.
The Hadamard product and convolution of two vectors a and
b are denoted as a � b and a ⊗ b, respectively. E{·} denotes
expectation operation.

2. Two-Way Relay OFDM Model

Consider a two-way relay network where the two source
nodes, Tx1 and Tx2, exchange information relying on the
help of a relay node R. The relay node and the two source
nodes are assumed to equip single antenna each. Here, we
employ the two-way relay protocol the same way as proposed
in [10]. The bidirectional communication is performed slot-
wise, while one time-slot is divided into two phases of equal
duration, namely, the multiple access (MAC) and broadcast
(BC) phase. During the MAC phase, both source nodes,
Tx1 and Tx2, send one signal frame to the relay node R
whereas during the BC phase, R processes the received signals
and broadcasts them to Tx1 and Tx2. We assume perfect
synchronization for both transmission phases.

For a given time-slot, the fading channels between Tx1
and Tx2 to R are assumed to be quasistatic frequency selec-
tive fading, that is, they do not change within one time-slot
of transmission but can vary from one time-slot to another
independently. Let h1 = [h1(0), . . . ,h1(L)]T and h2 =
[h2(0), . . . ,h2(L)]T be the discrete-time baseband equivalent
impulse response vectors of the frequency selective fading
channels between Tx1 and Tx2 to R, respectively, where
L represents the number of the taps of the corresponding
channel. The channel impulse response includes the effects of

transmit receive filters, physical multipath, and relative delays
among antennas. Each element of h1 or h2 is modeled as a
zero-mean complex Gaussian random variable with variance
σ2
i,l, i = 1, 2, l = 0, . . . ,L. These elements are also assumed to

be independent of one another. The time-division duplexing
(TDD) is a generally adopted assumption for TWRN, where
the channels can be considered reciprocal so that the channel
from R to Tx1 is still h1 and the channel from R to Tx2 is
still h2. The frequency-domain channel coefficient matrix is
Hi = diag{Hi(0), . . . ,Hi(N − 1)}, i = 1, 2 where Hi(n) =
∑L

l=0 hi(l)e
− j2πnl/N is the channel frequency response on the

nth subcarrier and N is the number of subcarriers.
For a given time-slot, the signal frame contains multiple

OFDM blocks, while each OFDM block contains informa-
tion symbols and a cyclic prefix (CP) of length LCP. The
length of the CP, LCP, is greater than or equal to the channel
memory to avoid the interblock interference (IBI), LCP ≥ L.

At the MAC phase, the input data bits are first mapped
to complex symbols drawn from a signal constellation such
as phase shift keying (PSK) or quadrature amplitude modu-

lation (QAM). We use sk1 = [sk1(0), . . . , sk1(N − 1)]
T

and sk2 =
[sk2(0), . . . , sk2(N − 1)]

T
to denote the kth frequency-domain

symbol vectors transmitted from Tx1 and Tx2, respectively.
The cyclic prefix (CP) is added to the top of each signal vector
after taking IFFT, respectively. The power constraints of the
transmission is E{skH1 sk1} = E{skH2 sk2} = P, where P is the
average transmitting power of Tx1 and Tx2 without loss of
generality.

These signal frames are transmitted simultaneously from
Tx1 and Tx2 to R. At R, the received signals associated
with the CP portion are discarded first. Then the remaining
received signals are scaled by a real factor α to keep the
average power of R to be Pr . The resultant signals are CP-
added and broadcasted to Tx1 and Tx2 during the second
phase.

The kth received signal vector at R after the MAC phase
is

r̃k1 = ˜H1FHsk1 + ˜H2FHsk1 + w̃k
1, (1)

where ˜H1 and ˜H2 are two N × N circulant matrices with
[hT1 , 01×(N−L−1)]

T
and [hT2 , 01×(N−L−1)]

T
as their first columns,

respectively; F is the unitary discrete Fourier transform
matrix with [F]m,n = (1/

√
N)e− j2πmn/N ; w̃k

1 is an additive
white Gaussian noise (AWGN) vector with zero mean and
covariance matrix E{w̃kH

1 w̃k
1} = σ2

wIN . The received signal
vector in (1) is then amplified by a real coefficient which is
given by

α =
√

√

√

√

Pr
(

∑L
l=0 σ

2
1,l +
∑L

l=0 σ
2
2,l

)

P + σ2
w

. (2)

The last LCP components of the vector are appended
to the top of itself and the resultant vector is broadcasted
to both Tx1 and Tx2. Without loss of generality, we only
consider the channel estimation problem at Tx1. A similar
operation can be applied at Tx2.
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The kth received signal vector at Tx1 after removing CP
and taking FFT can be written as follows:

rk2 = αF ˜H1r̃k1 + Fw̃k
2

= αF ˜H1 ˜H1FHsk1 + αF ˜H1 ˜H2FHsk1 + w′k
2 ,

(3)

where w′k
2 = αF ˜H1w̃k

1 + Fw̃k
2, w̃k

2 is an AWGN vector with
zero mean and covariance matrix E{w̃kH

2 w̃k
2} = σ2

wIN . Based
on the DFT theory, with a condition of (2L + 1) ≤ N , let
h = h1 ⊗ h1 = [h(0),h(1), . . . ,h(2L)]T and g = h1 ⊗ h2 =
[g(0), g(1), . . . , g(2L)]T , we obtain that

rk2 = αdiag
(

sk1
)

FLh + αdiag
(

sk2
)

FLg + w′k
2 , (4)

where FL is the first 2L + 1 columns of F, and w′
2 is a AWGN

vector with zero mean and covariance matrix E{w′kH
2 wk

2} =
σ2
w(α2(

∑L
l=0 σ

2
1,l) + 1)IN .

Equation (4) can be written in another form as

rk2 =
[

αdiag
(

sk1
)

FL αdiag
(

sk2
)

FL
]

[

h
g

]

+ w′k
2

= Skθ + w′
2,

(5)

where Sk = α[diag(sk1)FL diag(sk2)FL] and θ = [hTgT]
T

.
In this paper, we use all the carriers in one or more

OFDM blocks for channel estimation normally happening at
the start of the transmission, where these OFDM blocks are
known as the training sequence. In the next section, without
loss of generality, we use one OFDM block as training to

estimate θ = [hTgT]
T

. For the notational convenience, we
omit the time index k in the following.

3. Least-Square Channel Estimation and
Optimal Training Sequence Design

From (5), the least-square estimation of the composite
channel θ is given by

̂θ �
(

SHS
)−1

SHr2 = θ +
(

SHS
)−1

SHw′
2. (6)

The MSE of the estimation is defined as

MSE � 1
2(2L + 1)

E
{

(

̂θ − θ
)H(
̂θ − θ

)

}

. (7)

Substituting (6) to (7), we can obtain that

MSE= 1
2(2L+1)

tr

{

(

SHS
)−1

SHE
{

w′H
2 w′

2

}

(

(

SHS
)−1

SH
)H
}

=
σ2
w

(

α2
(

∑L
l=0 σ

2
1,l

)

+ 1
)

2(2L + 1)
tr
{

(

SHS
)−1
}

.

(8)

It is clear from (8) that minimizing MSE is equivalent to
minimizing Q � tr{(SHS)

−1}. From the above, we design the
training sequences s1 and s2 so that Q is minimized.

Let A = (SHS)
−1

, using (5), we can obtain that

A = 1
α2

⎛

⎜

⎝

FHL diag
(

sH1 � s1

)

FL FHL diag
(

sH1 � s2

)

FL

FHL diag
(

sH2 � s1

)

FL FHL diag
(

sH2 � s2

)

FL

⎞

⎟

⎠

−1

︸ ︷︷ ︸

B

.

(9)

For a 2(2L+ 1)× 2(2L+ 1) positive definite matrix A, we
have

Q = tr{A} ≥ 1
α2

2(2L+1)
∑

i=1

[B]i,i, (10)

where the equality holds if and only if A is diagonal. Applying
the Cauchy-Schwartz inequality on the RHS of (10), we
further obtain

Q ≥ 1
α2

(2(2L + 1)) 2(2L+1)

√

√

√

√

√

2(2L+1)
∏

i=1

[B]i,i (11)

where equality holds if and only if [B]i,i’s are equal.
From (11), we get that to achieve minimum MSE, the

training signal vectors s1 and s2 must be designed to meet
the following conditions:

(1) FHL diag(sH2 � s1)FL = FHL diag(sH1 � s2)FL = 02L+1;

(2) FHL diag(sH1 � s1)FL and FHL diag(sH2 � s2)FL

are two diagonal matrices with equal diagonal elements.
Based on conditions (1) and (2), we can achieve the

minimum MSE:

MSEmin =
σ2
w

(

α2
(

∑L
l=0 σ

2
1,l

)

+ 1
)

α2
[B]p,p, (12)

where the arbitrary p belongs to the interval {1, . . . , 2(2L +
1)}.

To meet conditions (1) and (2), we can design different
kinds of the training s1 ands2. For instance, we can orthogo-
nally design s1 and s2 according to [22]

s1(i) = 1, s2(i) = e j2πiw/N , i = 0, . . . ,N − 1, (13)

wherew ∈ {2L+1, . . . ,N−2L−1}. Obviously, the training s1

and s2 according to (13) can meet conditions (1) and (2), and
achieve the minimum MSE in (12). However, the training
s1 and s2 according to (13) may have high peak-to-average
power ratio (PAPR), PAPR = maxn=0,...,N−1[s̃i(n)]/E[s̃i(n)] =
N . The high PAPR brings signal distortion in the nonlinear
region of high-power amplifier (HPA), and the signal distor-
tion induces the degradation of the detection performance.
Here, the high PAPR of the training sequence will result in
channel estimation errors.

To reduce PAPR of the training sequence, the time-
domain signals should have constant magnitude. In [23], a
special sequence, called Zadoff-Chu sequence, was proposed.
All elements of this sequence have the same magnitude in
both time and frequency domain. In this paper, we can
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design the optimal training sequence based on the Zadoff-
Chu sequence. The general form of a Zadoff-Chu sequence
of length M is given as follows:

m(n) =
⎧

⎨

⎩

e− jπUn(n+2d)/M , n = 0, . . . ,M − 1; M is even,

e− jπUn(n+1+2d)/M , n = 0, . . . ,M − 1; M is odd,
(14)

where d is an integer and U is an integer relatively prime to
M.

Based on a Zadoff-Chu sequence m = [m(0), . . . ,m(N/2
− 1)]T of length N/2, we repeat m twice to construct s̃1 =
[mT , mT]

T
, and then element-wise multiply s̃1 with e1 to

construct s̃2 = s̃1�e1,where e1 = [1, e j2π/N , . . . , e j2π(N−1)/N]
T

.
So, the frequency transform si = [si(0), . . . , si(N − 1)]T of
s̃i, i = 1, 2, can be determined by

si(k) =
⎧

⎨

⎩

√
2m′((k − i)/2), k = Ii,

0, else,
(15)

where Ii = {i − 1, i + 1, . . . , i + N − 3}, and m′(k) =
∑N/2−1

n=0 m(n)e− j2πnk/N is the frequency transform of m.
Based on (15), and I1 ∩ I2 = ∅, we can obtain that

diag(sH2 � s1) = 0, therefore condition (1) can be met.
And

Πi = FHL diag
(

sHi � si
)

FL

= FHL diag
(

[

|si(0)|2, . . . , |si(N − 1)|2
]T
)

FL,
(16)

where |si(k)|2 = 2|m′((k − i)/2)|2 = 2 if k ∈ Ii and |si(k)|2 =
0 if k /∈ Ii.

So, (Πi)p,q for p, q = 0, 1, . . . , 2L is determined as follows:

(Πi)p,q =
∑

k∈Ii
|si(k)|2e j2πkp/Ne− j2πkq/N

= 2N
∑

k∈Ii
e j2πk(p−q)/N

=

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

N , if q = q

2Nej2πi(p−q)/N
(

1− e j2π(p−q)
)

1− e j4π(p−q)/N . if q /= q

(17)

Considering 0 ≤ |p − q| ≤ 2L, in order not to make the
quantity 1 − e j4π(p−q)/N equal to 0, we have to restrict L as
follows:

2L <
N

2
⇐⇒ L <

N

4
. (18)

With the condition of (18), we have

(Πi)p,q =
⎧

⎨

⎩

N , if p = q,

0, if p /= q .
(19)

It is easy to see that A in (10) is a diagonal matrix with
equal diagonal elements of 1/α2N .

So, based on the Zadoff-Chu sequence, we can design the
training sequences s1 and s2 to achieve minimum MSE:

MSEmin =
σ2
w

(

α2
(

∑L
l=0 σ

2
1,l

)

+ 1
)

α2N
. (20)

On the basis of the previous assumption, the MSE
performance of the training sequences s1 and s2 according
to (20) is in direct proportion to the noise power σ2

w

and in inverse proportion to the number of subcarriers N .
Because of one OFDM block as training to estimate the
channels, larger N implies more transmitted power being
employed by channel estimation, which can achieve better
MSE performance.

Because of the property of the Zadoff-Chu sequence
according to (14), the designed training sequences s1 and s2

can also achieve the minimum PAPR performance with
PAPR = 1, in which the power of the time domain
signal s̃1 and s̃2 of s1 and s2 keep constant, respectively.
So, the proposed optimal training sequences can achieve
the same minimum MSE performance as the orthogonal
optimal training sequences according to (13) with better
PAPR performance. Furthermore, from (18), we can obtain
that the maximum channel length supported by the LS-based
estimation method is N/4 + 1.

4. Simulation Results and Discussion

In this section, we present computer simulations to verify
our theoretical analyses. We assumes L = 4, LCP = 8, and
N = 64. We further assume that the power delay profile
of each channel is uniform, that is, each tap of h1 or h2

is modeled as a zero-mean Gaussian random variable with
variance E{|hi(l)|2} = 1/(L + 1), i = 1, 2 and l = 0, 1, . . . ,L.
The channels are assumed to be static over 50 time slots. The
first time slot is used to estimate the channel information
and the remaining are used for data transmission. For data
transmission, BPSK modulation is deployed.

The four different trainings are considered, including
the random training sequences whose elements are ran-
domly chosen form BPSK signaling, the orthogonal training
sequences which are distinct columns of Hadamard matrix
of size N , the orthogonal optimal training sequences accord-
ing to (13), and the Zadoff-Chu-based optimal training
sequences. We compare both MSE performance as well as
symbol error rate (SER) performance for two-way relay
OFDM networks.

Figure 1 shows the MSE performance between ̂θ and
θ for different training sequences. Figure 2 shows the SER
performance for different training sequences. The four kinds
of training sequences have the same power. The MSE per-
formances obtained using random sequences or orthogonal
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sequences are worse compared with those of our proposed
optimal design. From Figure 1, it is observed that both the
orthogonal optimal training sequences and the Zadoff-Chu-
based optimal training sequences can achieve the same and
minimum MSE performance. From Figure 2, it is observed
that the SER performance of the Zadoff-Chu-based optimal
training sequences is same as that of the orthogonal optimal
training sequences and much better that of the random
training sequences and the orthogonal training sequences.
However, the Zadoff-Chu-based optimal training sequences
can also achieve better PAPR performance with PAPR = 1
than the orthogonal optimal training sequences according to
[22], obviously.

5. Conclusion

In this paper, we proposed LS-based channel estimation
algorithms under block-based training schemes for two-way
relay OFDM networks. By minimizing MSE, the condition
and design method of the optimal training sequences was
discussed. The optimal training sequences based on a
special sequence called Zadoff-Chu sequence are designed
to achieve the same minimum MSE performance as the
orthogonal optimal training sequences in [22], with better
PAPR performance.
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The unavoidable parametrization of the wireless link represents a major problem of the network-coded modulation synthesis in a
2-way relay channel. Composite (hierarchical) codeword received at the relay is generally parametrized by the channel gain, forcing
any processing on the relay to be dependent on channel parameters. In this paper, we introduce the codebook design criteria,
which ensure that all permissible hierarchical codewords have decision regions invariant to the channel parameters (as seen by
the relay). We utilize the criterion for parameter-invariant constellation space boundary to obtain the codebooks with channel
parameter-invariant decision regions at the relay. Since the requirements on such codebooks are relatively strict, the construction
of higher-order codebooks will require a slightly simplified design criteria. We will show that the construction algorithm based
on these relaxed criteria provides a feasible way to the design of codebooks with arbitrary cardinality. The promising performance
benefits of the example codebooks (compared to a classical linear modulation alphabets) will be exemplified on the minimum
distance analysis.

1. Introduction

The physical-layer coding in the wireless multinode and
multisource scenarios is currently under a heavy investiga-
tion in the research community. The cooperative relaying
scenarios for two-way communication (see, e.g., [1, 2]), and
particularly the scenarios based on the principles similar
to Network Coding (NC) [3], are foreseen to have a great
potential even for the wireless communication networks.
Although the pure NC operates with a discrete (typical
binary) alphabet over lossless discrete channels, its principles
can be extended into the wireless domain. Such an extension
is however nontrivial, because the signal space link models
(e.g., MAC phase in relay communications) lack a simple
finite field properties as found and used in a pure discrete
NC. There are still only very limited results available even
for the simplest possible scenarios like 2-Way Relay Channel
(2-WRC). A brief overview of the current state of art of

the bidirectional relaying scenarios is available in [4] and in
references therein.

A complete revamp of the physical-layer modula-
tion/coding, respecting inherently and from the beginning
the structure of the multinode network with possible mul-
tiple sources of information, is foreseen to be a preferred
solution [5]. This principle is sometimes called Wireless
Network Coding (WNC) or Physical Network Coding
(PNC). However, we believe that the term Network Coded
Modulation (NCM) better describes the phenomenon of the
modulation/coding aware of the surrounding network struc-
ture. The major benefits of these communication principles
are given by the possibility to increase a throughput in a
MAC phase of the bidirectional communication, and by the
inherently increased reliability of the BC stage [6].

The strategy where the relay decodes only a hierarchi-
cal codeword is called by some authors Denoising (DNF
Strategy) [7]; however the term “denoising” seems to be
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rather connected to the symbol level treatment (as done
in [7]). We feel that a more generic term Hierarchical
Decoding and Forward (HDF) [8, 9] is better suited for
possible application on more complicated codebooks and
channel structures. Increased MAC phase throughput of
DNF (HDF) strategy provides performance improvement
against the standard techniques based on Amplify & Forward
or Joint Decode & Forward (e.g., [10]) paradigms. In the
MAC phase of the DNF strategy relay “denoises” the received
signal, which means that it performs decisions directly on
the superimposed symbols without actually distinguishing
the individual symbols from both sources. Together with
the eXclusive law [7] applied on the relay output, symbol
mapping makes it possible to get joint throughput gains
similar to the discrete NC case.

The paper in [9] introduces Hierarchical eXclusive Code
(HXC) layered design which relies on a concatenation of the
exclusive alphabet and outer standard capacity-approaching
code. Lattice-based code construction [11, 12], using the
principles from [13] is limited to the nonparametric Gaus-
sian channels. Authors of [11] present the simplest realiza-
tion of HDF strategy with minimal cardinality mapping,
which they call “modulo decoding”. More general relay
output mapping, which considers also the possibility of
extended cardinality, is introduced in [8].

The channel parametrization proved to be a major
problem of synthesizing relay WNC in Denoise and Forward
(DNF) strategies proposed in [6, 7, 14]. Specific channel
parametrization can invoke the eXclusive law [7] failures,
resulting in significant performance degradation (see e.g.,
[7, 9]). The authors of [6] propose two adaptive solutions
to overcome this problem. The first approach prerotates
the transmitted signal (closed loop adaptation required) in
such a way that the constellation observed at the relay is
invariant to the channel parameter. The second solution
uses an adaptive relay decision DNF maps, choosing the
optimal one for a given parametrization. The particular map
index needs to be passed along with the data message at the
broadcast phase.

The adaptive solutions are generally not well suited
for fast-fading channels. Moreover, the increased BC phase
overhead (e.g., larger adaptive DNF map set, increased
cardinality of the relay output) of these adaptive solutions
was observed for higher-order modulations (e.g., 16-QAM)
[6].

This paper approaches the problems of the MAC phase
channel parametrization in the HDF relaying from a different
angle. We design the alphabets (codewords) used by source
nodes A and B in such a way that the resulting hierarchi-
cal codeword visible at the relay has channel parameter-
invariant decision regions. The design criteria for a Paramet-
ric Hierarchical eXclusive Code (PHXC), which satisfies the
requirement of parameter-invariant decision regions at the
relay, are presented in the form of required conditions for
PHXC hierarchical codeword pairs in [5]. The fulfillment of
these design criteria force the particular constellation space
boundary (given by the set of points which have an identical
Euclidean distance to the both corresponding hierarchical
codewords) to be invariant to the channel parametrization.

MAC phase

BC phase

A R B

Figure 1: Model of 2-WRC in half-duplex mode.

Complete individual codebooks could be designed to
be pairwise parameter-invariant only for those pairs of
hierarchical codewords whose decision regions at the relay
are mutually neigbouring and which fall into two distinct
mapping regions of the relay output. The PHXC design
criteria then guarantee the parameter-invariance of the
corresponding pairwise (decision) boundaries.

Another way of how to synthesize complete PHXC
codebook is to apply the pairwise PHXC design criteria
on all “critical” hierarchical codeword pairs, that is, on all
hierarchical codeword pairs which must always obey the
exclusive law. Such an approach will force all corresponding
pairwise boundaries (i.e., not only the ones which are directly
affecting the decision regions shape) to be parameter-
invariant. Although this requirement could be relatively
strict, it allows us to express the codebook design criteria in a
compact set of required conditions. In this paper, we present
the design criteria for the complete parametric hierarchical
exclusive codebook and show that all requirements of the
extended design criteria can be satisfied at once only if the
terminals use different individual codebooks.

2. System Model and Definitions

We adopt the system model presented in [5]. A 2-WRC
working in a half-duplex mode (nodes cannot simultane-
ously receive and transmit) is assumed. The end-nodes of the
system are denoted as A and B, and the relay is denoted as R
(Figure 1).

2.1. MAC Phase. The constellation space signal received at R
in MAC phase is

x = hAsA + hBsB + w, (1)

where w is AWGN, hA, hB are scalar complex channel
coefficients (constant during the observation and known at
R), and sA, sB are transmitted signal space codewords. The
useful signal (hAsA + hBsB) can be equivalently expressed
(after a rescaling by 1/hA) as

u = sA + αsB, (2)

where α = hB/hA. The only purpose of this “rescaling”
is an attempt to simplify the signal analysis in parametric
MAC channel by introducing a useful signal model which
incorporates the influence of both channel parameters
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Figure 2: 2-WRC with HXC and perfect Side Information.

(hA,hB) in the single one parameter (α). The equivalent MAC
channel model is in this case given by

x = hAu + w. (3)

The signal space codewords si (i ∈ {A,B}) are drawn
from individual codebooks BA, BB (individual codebooks
can be different in general). The equivalent hierarchical code-
words u ∈ Bu(α), as seen by R, have generally the codebook
parametrized by α. The number of individual codewords in
BA and BB is assumed to be equal, that is, |BA| = |BB| = N ,
and the number of hierarchical codewords is |Bu(α)| ≤ N2.
Throughout this paper, we assume only a minimal cardinality
of the hierarchical codebook |Bu(α)| = N . For a general
discussion on hierarchical codebook cardinality see [9].

2.2. BC Phase. The relay R re-encodes the codeword u into
sR = sR(u) ∈ BR and sends it during the BC phase. Notice
that the relay decodes only a hierarchical codeword u and not
the individual codewords sA, sB. This corresponds to the DNF
(HDF) relaying strategy. In the BC phase, the nodes receive

xi = hRisR + wi, (4)

where i ∈ {A,B}, hRi are channel complex gains, and wi is
AWGN.

3. Parametric Hierarchical Exclusive Code
in 2-WRC

3.1. HDF Strategy in Parametric 2-WRC. The joint 2-
source signal space codebook is called eXclusive Code (XC)
C(sA, sB) ∈ BR if and only if the exclusive law [7] of the
network coding holds

C(sA, sB) /=C
(

s′A, sB
)⇐⇒ sA /= s′A,

C(sA, sB) /=C
(

sA, s′B
)⇐⇒ sB /= s′B.

(5)

Assuming that the receiver has perfect a priori Side
Information (SI) on its own data, the decoding of the XC-
encoded source A data is not affected by the source B
data (and vice-versa) (Figure 2). The capacity region has
a rectangular shape which can be outside the 2-user MAC
region of traditional Decode and Forward (DF) strategy [4].

The relay processing in the HDF strategy consists gener-
ally of the decoding function û = DR(x) and the encoding
function sR = CR(û). If the hierarchical data rate Ru is below
the equivalent hierarchical MAC channel (3) capacity, then
the HDF Decoder (HDFD) can provide perfect decisions
û = u and the HDF design reduces to the design of the HDF
Coder (HDFC) function CR(·) such that

CR(u(sA, sB)) = C(sA, sB), (6)

where C(sA, sB) is XC. Such a code CR(·) will be called
Hierarchical eXclusive Code (HXC).

A major problem occurs when we apply the HDF strategy
to the wireless constellation space parametric channels. The
constellation space model of the MAC phase is continuously
valued (3), and hence it lacks a simple finite field properties
(as found and used in a pure discrete NC). The codewords
visible at the relay are parametrized u(α) ∈ Bu(α) and the
decision regions of the HDF re-encoder generally depend
on α. A structure of the processing at the relay is shown in
Figure 3.

The exclusive law in parametric channel [5] implies

u(sA, sB,α) /=u
(

s′A, sB,α
)⇐⇒ sA /= s′A,

u(sA, sB,α) /=u
(

sA, s′B,α
)⇐⇒ sB /= s′B

(7)

for all α. The decoding and encoding functions generally
depend on channel parameters DR(α)(·), CR(α)(·). The code
which has the HDF functions DR(·) and CR(·) invariant to
the channel parametrization (α) is called Parametric Hier-
archical eXclusive Code (PHXC) [5]. Generally the PHXC
comprises codebooks BA, BB, BR and the re-encoding
functions DR(α)(·) and CR(α)(·). One of the possible ways
of how to design the PHXC is to design the codebooks BA

and BB in such a way that the decoding function DR(α)(·)
does not depend on α, that is, the HDFD decision regions
are parameter-invariant [5].

The codebook design for parametric channels can gener-
ally focus on the two different design goals. One goal is the
parameter-invariant structure of the relay processing, which
can be achieved if the codebook design forces the decision
regions at the relay to be independent on the actual channel
parameter values. The second goal is the parameter-invariant
performance of the entire system, that is, the codebook
design with performance (e.g., rate) resistant to the channel
parametrization. This paper mainly addresses the first goal,
the codebook design criteria for parameter-invariant decoder
structure. As we will show in the later sections, the “reduced”
version of the proposed codebook design criterion shows also
some promising (parameter-invariant) performance results.

3.2. HDF Decoder Decision Regions. We denote the code-
words in codebooks as follows, BA = {siA}iA , BB =
{siB}iB and Bu = {uk}k. Let uk(iA,iB)(α) = siA + αsiB be
the equivalent hierarchical codeword received at the relay.
Codeword indices k, iA, iB must obviously obey the exclusive
law (7). Note that the index of the hierarchical codeword
k is a function of the pair of individual codeword indices
(iA, iB), hence it is useful to list all permissible combina-
tions of individual codewords siA , siB (and corresponding
hierarchical codewords uk(iA,iB)) in a “hierarchical codeword
table” (Table 1). We generally assume that all codebooks
are subsets of 2-dimensional vector space over the field F
(BA, BB, Bu, BR ⊂ F2) and that the parameter is a scalar
in F, α ∈ F. The field is typically the set of real or complex
numbers.

Definition 1. A pairwise boundary Rkl(α) is the set of
points having the same (constellation space) Euclidean
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Figure 3: Equivalent model of HDF strategy relay processing in
parametric channel.

Table 1: Example of hierarchical codeword table (|BA| = |BB| =
N).

iB1 iB2 · · · iBN

iA1 u(iA1,iB1) u(iA1,iB2) · · · u(iA1,iBN )

iA2 u(iA2,iB1) u(iA2,iB2) · · · u(iA2,iBN )

...
...

...
. . .

...

iAN u(iAN ,iB1) u(iAN ,iB2) . . . u(iAN ,iBN )

distance from a pair of hierarchical codewords uk(iA,iB)(α) and
ul(i

′
A,i′B)(α) for any k /= l. A pairwise boundaries set SPB is the

union of all pairwise boundaries Rkl(α).

A pairwise boundary (see the example in Figure 4) is
defined for every permissible pair of hierarchical codewords
(uk(α),ul(α)). From the perspective of the codebook design,
the most critical are those pairs of hierarchical codewords,
which have one of the comprising individual codewords
identical (sA = s′A or sB = s′B). These hierarchical codeword
pairs may directly violate the exclusive law (7), if some
specific value of parametrization cause them to fall into an
identical decision region of the relay decoder. The codewords
from such pair must hence be designed appropriately to
ensure that they always fall into two distinct mapping regions
of the output HDF codebook BR, otherwise the errorless
communication would be impossible. Pairwise boundaries
between all such pairs of hierarchical codewords constitute
some subset of SPB, as it is obvious from the following
definition.

Definition 2. A critical boundaries subset SCB ⊂ SPB is the
set of all pairwise boundaries Rkl(α) between all permissible
hierarchical codewords pairs uk(iA,iB)(α), ul(i

′
A,i′B)(α) which

have iA = i′A or iB = i′B.

Rk,l(α)uk(iA ,iB)

ul(i′A ,i′B)

Figure 4: Visualization of the pairwise boundary in the constella-
tion space.

Pairwise boundary Rkl between the hierarchical code-
words pair uk(iA,iB)(α), ul(i

′
A,i′B)(α) is hence classified as critical

(Rkl
CB) by Definition 2, if the corresponding hierarchical

codewords reside in the same row (iA = i′A) or column
(iB = i′B) of the hierarchical codeword table (Table 1).

3.3. Pairwise PHXC Design Criteria. As mentioned above,
one of the possible ways of how to design the PHXC is to
design the codebooks BA and BB in such a way that the
decoding function DR(α)(·) would not depend on α, that is,
the HDFD decision regions are α-invariant. The shape of
the HDFD decision regions is always given directly by some
subset of pairwise boundaries, which we will call the active
boundaries subset (SAB ⊂ SPB)—see the example in Figure 5.
In general, the active boundaries subset SAB does not have to
comprise solely the boundaries from SCB (SAB /⊆SCB). As it
is also obvious from Figure 5, the final shape of the HDFD
decision regions generally does not have to be formed by all
boundaries from SCB. Boundaries for some index pairs could
be overlapped by other decision boundaries. For example,
boundaries between two neigbouring hierarchical codewords
(in one column or row of the hierarchical codeword table)
do not have to appear as a true decision boundaries of the
overall hierarchical codebook. However, considering all, even
the “masked” ones, enables simplified parametric codebook
construction at the expense of fulfilling stricter criterion than
actually required. Such code design rules are thus sufficient
but not necessary ones.

The pairwise design criterion for the α-invariant pairwise
boundary Rkl (i.e., for the α-invariant hierarchical codeword
pair uk(iA,iB) and ul(i

′
A,i′B)) in F2 is (under some limitations)

derived as a pair of required conditions in [5]:
〈

siA − si
′
A ; siB + si

′
B

〉

= 0, (8)

〈

siB − si
′
B ; siB + si

′
B

〉

= 0. (9)

4. Design Criteria for
Complete PHXC Codebooks

The final shape of the HDFD decision regions is given entirely
by active boundaries (Rkl

AB(α) ∈ SAB). Hence, it could seem
quite reasonable to apply the pairwise design criteria (8),
and (9) just to these boundaries in SAB. Note that in this
case the design criteria would ensure that the constellation
space “position” of all boundaries from SAB will remain fixed,
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iA

iB

(1, 1)

(1, 2)

(2, 1)

(2, 2)

(iA, iB), uk(iA ,iB)

Rkl(α) ∈ SCB

Rkl(α) ∈ SAB

Figure 5: HDFD decision regions’ shape example (real-valued
2-dimensional example codebook). Note that some boundaries
lie inside the decision region corresponding to one hierarchical
codeword (given by the same region colour). Such boundaries do not
affect the final decision region’s shape, and hence can be considered
as “masked”.

however some other boundaries could potentially “move”
along with the varying channel parameter α.

This “boundary movement” could (for some values of α)
change the HDFD decision regions shape and hence break
the requirement of parameter-invariant HDFD decision
regions (Figure 6). One way of how to potentially avoid
this undesirable behavior is to apply the design criteria on
all critical boundaries (Rkl

CB(α) ∈ SCB), thus requiring all
pairwise boundaries in SCB to be α-invariant. As we will
prove later in this section, this condition will be sufficient to
force even the entire set SPB to be parameter-invariant.

4.1. E-PHXC Design Criteria. Forcing all critical pairwise
boundaries to be α-invariant could be a relatively strict
requirement; nevertheless it allows us to express the design
criteria in a compact set of required conditions, and it avoids
the movement of all critical boundaries (complete set SCB),
which are dominantly responsible for the final shape of the
HDFD decision regions. We apply the design criteria (8),
and (9) for the parameter-invariant pairwise boundary to all
critical boundaries; hence the extended design criteria for a
complete PHXC codebooks will be derived.

A code which has all the critical boundaries (Rkl
CB(α) ∈

SCB) invariant to the channel parameter will be called
Extended Parametric Hierarchical eXclusive Code (E-
PHXC). Now we will formally define the E-PHXC codebooks
and introduce the necessary conditions for the codebooks’
design in Lemma 4 (proof is available in Appendix A).

Definition 3. The codebooks BA = {siA}iA , BB = {siB}iB are
the E-PHXC when all the critical boundaries Rkl

CB(α) ∈ SCB

for hierarchical codebook Bu(α) at the relay are α-invariant.

Lemma 4. The codebooks BA = {siA}iA , BB = {siB}iB are the
E-PHXC if the following conditions hold:

〈

siA − si
′
A ; siB

〉

= 0 ∀iA < i′A, (10)

〈

siB − si
′
B ; siB + si

′
B

〉

= 0 ∀iB < i′B, (11)

for all iA, iB, i′A, i′B ∈ {1, 2, . . . ,N}, where N = |BA| = |BB|.

4.2. E-PHXC Decoder Decision Regions. Design criteria for E-
PHXC codebooks (10) and (11) force all critical boundaries
(set SCB) to be invariant to the channel parameter. Hence,
all pairs of hierarchical codewords which are in the same
row (or column) of the hierarchical codeword table (Table 1)
have the corresponding pairwise boundary invariant to
the channel parameter. Moreover, the design criteria are
sufficient to force the entire set of pairwise boundaries (SPB)
to be parameter-invariant, that is, the constellation space
boundary Rk,l between any permissible pair of hierarchical
codewords is forced to be parameter-invariant by the E-
PHXC design criteria (10) and (11). We will prove this in the
following Lemma (proof is available in Appendix B).

Lemma 5. If the codebook fulfills E-PHXC design criteria
then it has all permissible pairwise boundaries (Rk,l ∈ SPB)
invariant to the channel parameter.

4.3. E-PHXC with Identical Individual Codebooks. Now we
analyze the design criteria for the special case of identical
individual codebooks BA = BB = B. Note that by
“identical codebooks” we mean codebooks which have all
codewords completely identical (i.e., including the indexing
of codewords in the codebook). Hence e.g. two mutually
rotated BPSKs are not considered as identical. In this case,
both codebooks contain the same codewords, so we may
omit the subscript (A,B) from indices.

Theorem 6 (E-PHXC with identical codebooks). The code-
book B = {si}i is the E-PHXC if the following conditions hold:

∥

∥

∥si
∥

∥

∥ =
∥

∥

∥si
′∥∥
∥ ∀i < i′,

∥

∥s1
∥

∥

2 =
〈

si; si
′〉 ∀i < i′,

(12)

for all i, i′ ∈ {1, 2, . . . N}, where N = |B|.

Proof. We start with (11) from which we get for two pairs of
codeword indices (i, j) and (i′, j′)

〈

si − si
′
; si + si

′〉 = 0,

∥

∥

∥si
∥

∥

∥

2 −
∥

∥

∥si
′∥∥
∥

2
+ j2I

{〈

si; si
′〉} = 0 ∀i < i′,

(13)

where j is an imaginary unit. Should this hold for all i < i′,
the inner products 〈si; si

′ 〉must be real-valued and all norms
‖si‖,‖si

′‖ must have same magnitude. Thus, the condition
(11) is equivalent with conditions 〈si; si

′ 〉 ∈ R and ‖si‖ =
const.
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Figure 6: Movement of pairwise boundaries affects the HDFD decision regions’ shape (real-valued 2-dimensional example codebook).

From (10) we get
〈

si − si
′
; s j
〉

= 0,

〈

si; s j
〉

=
〈

si
′
; s j
〉

∀i < i′,
(14)

for all i, i′, j ∈ {1, 2, . . . N}. Considering the symmetry, this
is equivalent to

〈

si; s j
〉

=
〈

si
′
; s j
〉

∀i, i′, j, (15)

which is in turn equivalent to
〈

si; si
′〉 = const = ‖s1‖2, ∀i, i′. (16)

Thus the condition (10) is equivalent to 〈si; si
′ 〉 = ‖s1‖2.

Theorem 7. E-PHXC does not exist for any identical individ-
ual binary codebooks (BA = BB = B, |B| = 2).

Proof. The binary codebook contains two individual code-
words B = {s1, s2}. Each codeword is a 2-dimensional vector
over the field F.Design criteria for the E-PHXC with identical
binary codebooks require (from (12))

∥

∥s1
∥

∥ = ∥∥s2
∥

∥, (17)

∥

∥s1
∥

∥

2 = 〈s1; s2〉. (18)

We assume that there exists s1 /= s2 such that both conditions
are satisfied.

The Cauchy-Bunyakovskii-Schwartz inequality (CBS)
[15] states that for all vectors x, y

∣

∣

〈

x, y
〉∣

∣ ≤ ‖x‖ · ∥∥y
∥

∥, (19)

where the equality is achieved if and only if x = γy for γ =
〈x, y〉/‖x‖2. The inner product 〈s1; s2〉 must be positive and
real valued (from (18)), so |〈s1; s2〉| = 〈s1; s2〉. Now, we apply
the CBS inequality (19) on vectors s1, s2:

∣

∣

〈

s1; s2〉
∣

∣ ≤ ∥∥s1
∥

∥ · ∥∥s2
∥

∥,

〈

s1; s2〉 ≤ ∥∥s1
∥

∥

2
,

(20)

because ‖s1‖ = ‖s2‖ (from (17)). Condition (18) requires
the equality in (20). This equality is achieved if and only if
s1 = γs2, where γ = 〈s1; s2〉/‖s1‖2 = 1, that is, the equality is
achieved if and only if s1 = s2, which is a contradiction with
the assumption s1 /= s2.

Corollary 8. E-PHXC does not exist for any identical individ-
ual codebooks (BA = BB = B, |B| = N).

Proof. The conditions (17) and (18) form a subset of
all required conditions for any individual codebook with
cardinality greater than two (|B| > 2). As shown in a proof of
Theorem 7, it is impossible to find two different codewords
satisfying this condition.

4.4. E-PHXC with Different Individual Codebooks. We proved
that the individual codebook satisfying all the required
design criteria does not exist if we request both codebooks
to be identical. In this section, we derive the E-PHXC design
criteria for the assumption of two nonidentical individual
codebooks (BA /=BB).
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Theorem 9 (E-PHXC with different codebooks). The code-
books BA = {siA}iA , BB = {siB}iB are the E-PHXC if the
following conditions hold:

∥

∥

∥siB
∥

∥

∥ =
∥

∥

∥si
′
B

∥

∥

∥ ∀iB < i′B, (21)

I
〈

siB ; si
′
B

〉

= 0 ∀iB < i′B, (22)

〈

siA − si
′
A ; s jB

〉

= 0 ∀iA < i′A, (23)

for all iA, i′A, iB, i′B, jB ∈ {1, 2, . . . ,N}.

Proof. We start again with (11), from which we get

〈

siB − si
′
B ; siB + si

′
B

〉

= 0,

∥

∥

∥siB
∥

∥

∥

2 −
∥

∥

∥si
′
B

∥

∥

∥

2
+ j2I

{〈

siB ; si
′
B

〉}

= 0 ∀iB < i′B,
(24)

for all iB, i′B ∈ {1, 2, . . . ,N}, which gives us directly (21) and
(22). From (10) we immediately get the last condition (23).

4.5. Example Binary Alphabet Construction Algorithm. We
have shown in previous sections that E-PHXC codebooks
have all pairwise boundaries invariant to the channel param-
eter and that they could be designed only if the sources
use two different individual codebooks (BA /=BB). Here we
exemplify the E-PHXC design criteria for this case ((21),
(22), (23)) on a few simple cases.

Assume F = C,n = 2 and two different binary codebooks
|BA| = |BB| = 2 with code indices iA, iB ∈ {1, 2}. Value α is
a complex-valued scalar. Considering these assumptions, the
design criteria for a binary E-PHXC (from Theorem 9) are

∥

∥s1B
∥

∥ = ∥∥s2B
∥

∥, (25)

I
{〈

s1B ; s2B
〉} = 0, (26)

〈

s1A − s2A ; s1B
〉 = 0, (27)

〈

s1A − s2A ; s2B
〉 = 0. (28)

As it is obvious from (27) and (28), a trivial example
of E-PHXC are codebooks BA, BB with mutually orthogonal
codewords (〈siA ; siB〉 = 0 for all siA , siB ), provided that also
(25) and (26) are not violated. Some examples of these
“orthogonal” binary codebooks are presented in Table 2.
Codebooks BA, BB spanning mutually orthogonal subspaces
have additional advantage of providing unitary parameter-
invariant performance (e.g., the phase rotation). The deci-
sion subspaces for both source codebooks are independent
(orthogonal) and thus a unitary rotation of one subspace
cannot affect the overall performance. Despite of the fact that
the orthogonality itself puts the HXC (in MAC phase) on
the same level as the classical MAC with joint decoding of
both data streams, the HDF strategy with such HXC can still
utilize all the BC phase benefits of network-coding principles
(see e.g., [6] for details), regardless of the MAC phase channel
parametrization.

Example design process for generally nonorthogonal E-
PHXC codebooks BA, BB is presented in Algorithm 1. Some
examples of nonorthogonal binary codebooks, which were
found using this algorithm, are presented in Table 3. The
construction algorithm, however, does not guarantee zero-
mean nor equal distance (Gram matrix) codebooks BA, BB.
It is obvious that if the alphabet Bi satisfies the design
criteria from Theorem 9, then the codebook B′

i = −Bi (all
codewords have inverted signs) satisfies the design criteria as
well (this holds for any alphabet cardinality). The nonzero
mean of any codebook can hence be quite easily adjusted
by sequential swapping of the codebooks Bi and −Bi at the
particular source, since the resulting “compound” codebook
will be zero mean.

We have defined the E-PHXC codebooks (BA, BB) in
such a way that the shape of the HDFD decision regions
is α-invariant. This was achieved by forcing all pairwise
boundaries from SCB to be α-invariant. Note that only the
shape of the HDFD decision regions was considered, hence
it is possible that two hierarchical codewords uk, ul switch
their position in the constellation space (with respect to the
corresponding pairwise boundary Rkl) for some values of
α. This phenomenon is affected only by the signs of real
and imaginary part of α, so the relay HDF decoder must
take into account at most four different patterns (one for
each of the four possible sign combinations of R{α} and
I{α}) for hierarchical codewords. Note that the shape of the
HDFD decision regions still remains α-invariant for arbitrary
α, which is obvious from Figure 7, where the effect of the
parameter sign is exemplified (for various values of α) on the
example codebook I from Table 2.

5. Minimum Distance-Based Design Criteria for
Higher-Order Cardinality Codebooks

The new challenge in the codebook design arises when
we need to design a codebook with higher cardinality.
It can be shown that the strictness of the complete E-
PHXC design criteria ((21), (22), and (23)) disables the
codebook design in C2 for higher than binary cardinality. To
overcome this inconvenience, we will slightly “relax” the E-
PHXC design criteria and propose a new codebook design
algorithm which will provide the tool for the construction of
codebooks with generally arbitrary cardinality. By relaxing
the proposed design criteria; we lose the parameter-invariant
shape of the decision regions at the relay HDF decoder, but
nevertheless, the overall system performance does not have
to be negatively influenced. As we will show in this section,
the performance analysis of the codebooks constructed
according to the modified design algorithm shows some
promising performance (compared to the traditional linear
modulation schemes—e.g., PSK, QAM).

5.1. Hierarchical Minimum Distance. As we have already
mentioned in the introduction of this paper, the major
problem of HDF strategy is the channel parametrization in
the MAC phase of the bidirectional communication. Specific
channel parametrization can invoke the eXclusive law [7]
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Figure 7: The sign of parameter α affects only the hierarchical codewords pattern, not the shape of the HDFD decision regions.

Table 2: Example binary E-PHXC codebooks.

s1A s2A s1B s2B

codebook I (−1, 1) (1,−1) (1, 1) (−1,−1)

codebook II (0, 1) (0,−1) (1, 0) (−1, 0)

codebook III (−1 + j, 1− j) (1− j,−1 + j) (1 + j, 1 + j) (−1− j,−1− j)

(1) Choose arbitrarily s1B ∈ C2.
(2) Choose s2B ∈ C2, s2B = δ1s1B , where δ1 ∈ C1 is arbitrary

scaling constant such that (25), (26) are satisfied.
(3) Find v ∈ C2 such that 〈v; s1B 〉 = 0.
(4) Choose arbitrarily s1A ∈ C2.
(5) Find s2A ∈ C2 such that s2A = s1A − δ2v, where δ2 ∈ C1

is arbitrary scaling constant.
(6) BA = {s1A , s2A}, BB = {s1B , s2B}

Algorithm 1: Binary E-PHXC codebook—example design.

failures, resulting in significant performance degradation
(see e.g., [7, 9]). This eXclusive law failures occur whenever
the channel parametrization causes some pair of useful
signals (u(α), u′(α)) which correspond to a distinct eXclusive
relay output codeword (C(u(α)) /=C(u′(α))) to fall in (or
close) to each other in the constellation space, thus increasing
the probability of erroneous decision at the relay. These
eXclusive law failures can be analyzed by observing the
(squared) hierarchical distance of the useful signals in the
constellation space

d2
(u,u′)(α) = ∥∥u(α)− u′(α)

∥

∥
2
. (29)

For a general pair of useful signals (u(iA,iB), u(i′A,i′B)), it becomes

d2
u(iA ,iB ),u(i′A ,i′B ) (α) =

∥

∥

∥

(

siA − si
′
A

)

+ α
(

siB − si
′
B

)∥

∥

∥

2
. (30)

The hierarchical minimum distance represents an
approximation of the hierarchical decoder exact metric (as

discussed, e.g., in [6]), and its performance is quite closely
connected with the error rate performance of the whole
system [6]. The hierarchical minimum distance for the HDF
strategy can be defined as

d2
min(α) = min

C(u) /=C(u′)
d2

(u,u′)(α). (31)

The eXclusive law failures cause d2
min(α) → 0, which in turn

results into a faulty decision of the relay decoder, and hence
the performance degradation. In the following subsection we
show that the fulfillment of (23) from the original E-PHXC
design criteria is sufficient to avoid these failures for arbitrary
channel parametrization.

5.2. Modified Design Criteria. Here we finally introduce the
relaxed design criteria for the codebook construction. The
following theorem shows that (23) is sufficient to avoid
the significant performance degradation of the system by
avoiding the eXclusive law failures (d2

min(α) = 0).

Theorem 10. The codebooks BA = {siA}iA , BB = {siB}iB
are resistant to the eXclusive law failures (for |α| > 0) if the
following condition holds:

〈

siA − si
′
A ; s jB

〉

= 0 ∀iA < i′A, (32)

for all iA, i′A, jB ∈ {1, 2, . . . ,N}.

Proof. It is obvious that (32) forces the following inner
product to be always equal to zero:

〈(

siA − si
′
A

)

;
(

s jB − s j
′
B

)〉

= 0. (33)
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Table 3: Example (nonorthogonal) binary E-PHXC codebooks.

s1A s2A s1B s2B

codebook IV (2, 1) (1, 2) (1, 1) (−1,−1)

codebook V (1, 2) (1, 1) (1, 0) (−1, 0)

codebook VI (1, j) ( j, 1) (1 + j, 1 + j) (−1− j,−1− j)

codebook VII (2, 1 + j) (1 + j, 2) (1 + j, 1 + j) (−1− j,−1− j)

codebook VIII (2 + j, 1) (1 + 2 j, 2− j) (1 + j, 1 + j) (−1− j,−1− j)

(1) Choose x, y ∈ C2 such that 〈x; y〉 = 0.
(2) BB = {qiB · x}N−1

iB=0; qiB ∈ C
(3) Pick v ∈ C2.
(4) BA = {v − qiA · y}N−1

iA=0; qiA ∈ C.

Algorithm 2: Higher-order codebook—example design.

Hence, the vectors ΔsiA,i′A = (siA−si
′
A) and Δs jB , j′B = (s jB−s j

′
B )

are mutually orthogonal. Now, since the pairs of mutually
orthogonal vectors are always linearly independent (e.g.,
[15]), and the norm of the vector is equal to zero if and
onlt if the vector is a zero vector (‖x‖ = 0 ⇔ x = o),
we can conclude that the minimum distance (30) will be
nonzero for any α /= 0, because (siA − si

′
A) + α(siB − si

′
B ) is

a linear combination of the linearly independent vectors.
Hence, the eXclusive law failures d2

min(α) = 0 are avoided for
any α /= 0.

The “relaxed” design criteria (32) are hence able to avoid
the eXclusive law failures for any permissible value of the
channel parametrization (excluding the singular case α =
0). The Algorithm 2 presents an example design process for
codebooks of generally arbitrary cardinality.

Vector v defines the mean of the codebook BA. For
v = o, we obtain a trivial solution with mutually orthogonal
codewords (〈siA ; siB〉 = 0 for all siA , siB ). In this case the
main benefits of the HDF strategy are again mainly in the
BC phase. For v /=o, we have the codebook with a non-
zero mean, which can be again easily adjusted by sequential
swapping of the codebooks BA and −BA. The coefficients
qiA , qiB can be chosen from the classical linear modulation
constellation (e.g., PSK or QAM) and can be generally
identical (qiA = qiB ) for both codebooks.

5.3. Performance Evaluation. Now we analyze the hierar-
chical minimum distance performance of the codebooks
designed according to the Algorithm 2. Figures 8, 9, and
10 present the performance comparison of the example
codebooks (with zero mean (v = o)) and classical linear
modulation constellations (for various channel parametriza-
tion). All codebooks are scaled to have identical mean symbol
energy. Note that the distance shortening at |α| → 0 is
generally inevitable [6].

We conclude this section by observing the influence of
the non-zero mean values of the codebook. In Figure 11, the
comparison of the 4-ary example codebooks with ‖v‖ ∈
{0, 1, 2} is shown. It is obvious from this figure that the
increasing value of the mean of the alphabet degrades the
minimum distance performance.

6. Discussion of Results and Conclusion

The achievements of this paper can be summarized as
follows. The MAC stage channel parametrization of the 2-
WRC system with HDF strategy affects the decision regions
at the relay as well as the overall system performance (which
is influenced by the minimum distance performance of
the chosen codebooks). The adverse effects of the channel
parametrization (e.g., eXclusive law failures) can be generally
avoided by the system adaptation (either by prerotation or by
adaptive decision regions, see [6]), or by designing the source
node codebooks in such a way that the decision regions at the
relay are invariant to the channel parametrization. Since the
adaptive solutions are generally not well suited for the fast-
fading channels, we focus in this paper mainly on the second
approach.

Utilizing the criterion for parameter-invariant constel-
lation space boundary [5], we have derived E-PHXC code-
book construction criteria that guarantee channel parameter-
invariant relay decision regions. We have shown that these
criteria require having two nonidentical source node code-
books. Strict nature of the full E-PHXC design criteria dis-
ables the possibility of designing the codebooks with higher
than binary cardinality. To overcome this inconvenience,
we have proposed the modified codebook construction
algorithm (Algorithm 2), which is based on the relaxed
version of the design criteria. This algorithm provides a
feasible way for the design of codebooks with arbitrary
cardinality.

Although neither of the construction algorithms require
mutual orthogonality of the codebooks, it appears to be the
simplest way of how to fulfill their requirements. Despite
the fact that the orthogonality itself puts the HXC (in MAC
phase) on the same level as the classical MAC with joint
decoding of both data streams, the performance gain of the
HDF strategy is in this case given by the increased reliability
of the BC phase, which is available regardless of the MAC
phase channel parametrization. Both proposed algorithms
can produce a codebook with non-zero mean, which would
have obvious performance disadvantages. It was shown that
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Figure 8: Hierarchical minimum distance performance for QPSK and 4-ary example codebook (zero-mean).

this problem can be solved by sequential swapping of the
codebooks Bi and −Bi, since the resulting “compound”
codebook will have zero-mean.

Performance analysis shows some promising results of
the minimum distance of the example codebooks, compared
to the classical linear modulation constellations. The more
detailed investigation of the influence (pros and cons) of
the modification of proposed E-PHXC design criteria on the
relay processing/performance is a subject for future work.

Appendices

A. Proof of Lemma 4

We apply the PHXC design criteria (8), (9) to all critical
boundaries. The critical boundary Rkl

CB(α) is the pairwise
boundary between hierarchical codewords uk(iA,iB)(α) and
ul(i

′
A,i′B)(α) where iA = i′A or iB = i′B (from Definition 2).
Now we have (from (8))

0 =
〈

siA − siA ; siB + si
′
B

〉

=
〈

0; siB + si
′
B

〉

, (A.1)

for all iA = i′A, iB /= i′B, iA, iB, i′B ∈ {1, 2, . . . ,N} and

0 =
〈

siA − si
′
A ; siB + siB

〉

=
〈

siA − si
′
A ; 2siB

〉

, (A.2)

for all iB = i′B, iA /= i′A, iA, i′A, iB ∈ {1, 2, . . . ,N}.
From (9), we have

0 =
〈

siB − si
′
B ; siB + si

′
B

〉

, (A.3)

for all iB /= i′B, iB, i′B ∈ {1, 2, . . . ,N} and

0 =
〈

siB − siB ; siB + siB
〉

=
〈

0; 2siB
〉

, (A.4)

for all iB = i′B, iB, i′B ∈ {1, 2, . . . ,N}.
It is obvious that the inner products in (A.1) and (A.4)

are always zero, and hence these conditions are always
satisfied for all required individual codeword indices. From
the remaining two inner products (A.2) and (A.3), we have
the following criteria for the E-PHXC design:
〈

siA − si
′
A ; siB

〉

= 0 ∀iA, i′A, iB ∈ {1, 2, . . . ,N}, iA /= i′A,

(A.5)
〈

siB − si
′
B ; siB + si

′
B

〉

= 0 ∀iB, i′B ∈ {1, 2, . . . ,N}, iB /= i′B.
(A.6)

Furthermore, the condition (A.5) for a given pair of
indices (iA, i′A) is equivalent to the same condition for a
“reversed” pair of these indices (i′A, iA), because 〈si′A −
siA ; siB〉 = −1〈siA − si

′
A ; siB〉 (and similarly for (A.6)). Hence

it is sufficient to check (A.5) only for iA < i′A (and (A.6) for
iB < i

′
B).

B. Proof of Lemma 5

We choose (without loss of generality) two hierarchical
codewords (u(iA1,iB1) and u(iA2,iB2)) which have different indices
(iA1 /= iA2 and iB1 /= iB2). These hierarchical codewords reside
in a different row and column of the hierarchical codeword
table (Table 1). The corresponding pairwise boundary is not
considered critical by Definition 2 (R(iA1,iB1),(iA2,iB2) /∈SCB),
hence it is not directly forced to be parameter-invariant by
E-PHXC design criteria (see Figure 12). We will prove that
R(iA1,iB1),(iA2,iB2) will be parameter-invariant if the E-PHXC
design criteria are satisfied.

Assume that we have E-PHXC codebooks BA, BB. Then
any hierarchical codeword pair residing in the same row or
column of the corresponding hierarchical codeword table has
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Figure 9: Hierarchical minimum distance performance for 8-PSK and 8-ary example codebook (zero mean).
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Figure 10: Hierarchical minimum distance performance for 16-QAM and 16-ary example codebook (zero mean).

the pairwise boundary invariant to channel parameter (cor-
responding boundary is considered critical by Definition 2
and is required to be parameter-invariant by Definition 3).
All such boundaries satisfy the PHXC pairwise criteria (8),
(9). The following four boundaries are hence parameter-
invariant (marked as SCB in Figure 12)

R(iA1,iB1),(iA2,iB1) =R13,

R(iA1,iB1),(iA1,iB2) =R12,

R(iA1,iB2),(iA2,iB2) =R24,

R(iA2,iB1),(iA2,iB2) =R34.

(B.1)

Boundaries R13, R12, R24, and R34 satisfy the PHXC
design criteria (8), (9), and hence the following three inner
products (conditions for R12 and R34 are identical) are
forced to be zero:

〈

siA1 − siA2 ; siB1

〉

= 0, (B.2)

〈

siB1 − siB2 ; siB1 + siB2

〉

= 0, (B.3)

〈

siA1 − siA2 ; siB2

〉

= 0. (B.4)
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Figure 11: Hierarchical minimum distance for 4-ary example codebooks (‖v‖ ∈ {0, 1, 2}).
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Figure 12: Impact of E-PHXC design criteria on noncritical
(Rk,l /∈SCB) boundaries.

The examined pairwise boundary (R(iA1,iB1),(iA2,iB2) =
R14) will be parameter-invariant if the following two inner
products are zero:

〈

siA1 − siA2 ; siB1 + siB2

〉

= 0, (B.5)
〈

siB1 − siB2 ; siB1 + siB2

〉

= 0. (B.6)

Now it is obvious that (B.6) is identical with (B.3) and (B.5)
and is forced to be zero by (B.2) and (B.4):
〈

siA1 − siA2 ; siB1 + siB2

〉

=
〈

siA1 − siA2 ; siB1

〉

+
〈

siA1 − siA2 ; siB2

〉

〈

siA1 − siA2 ; siB1 + siB2

〉

= 0.

(B.7)
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The pairwise boundary R(iA1,iB1),(iA2,iB2) satisfies both (B.5)
and (B.6), and hence it is indirectly forced to be parameter-
invariant by the E-PHXC design criteria (10), (11). In
the same way we can prove that any permissible pairwise
boundary (Rk,l ∈ SPB) with arbitrary indices k, l is forced
to be parameter-invariant by the E-PHXC design criteria.
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Network capacity for bidirectional communication between pairs of wireless end users assisted by a relay terminal can be
improved by network coding at the physical layer (PNC). Narrowband analog network coding (ANC) was introduced as a
simpler implementation of PNC in a flat (i.e., frequency-nonselective fading) channel. Recently, broadband ANC has been studied
for communication over a frequency-selective fading channel. In ANC, the end user removes its own information from the
received signal before detecting the data of the other user. Clearly, the network performance of ANC scheme depends on the self-
information removal at the destination terminal. In this paper, we discuss the impact of imperfect self-information removal on
the performance of broadband ANC in terms of the bit error rate (BER) and achievable throughput in a frequency-selective fading
channel. The theoretical minimum mean square error (MMSE) equalization weight for ANC based on single carrier with frequency
domain equalization (SC-FDE) radio access is derived by taking into account the self-interference. We have used analysis and
computer simulation to evaluate how the imperfect removal of self-information influences the achievable BER and throughput.

1. Introduction

Next generation wireless communication networks are
expected to provide gigabit ubiquitous access and coverage
over a large area for wireless users. To enable gigabit
broadband services for wireless end-users, a higher capacity
is required. Direct application of network coding [1] in
a wireless relaying [2] at the physical layer increases the
capacity of bi-directional communication in a flat (i.e.,
frequency-nonselective) fading channel (called bi-directional
amplification of the throughput (BAT-relaying) in [3] and
physical layer network coding (PNC) in [4]). The ana-
log network coding (ANC) proposed in [5] is essentially
another variation of BAT-relaying and PNC schemes in
a flat fading channel with a simpler implementation.
Recently, broadband ANC based on orthogonal frequency
division multiplexing (OFDM) and single carrier with
frequency domain equalization (SC-FDE) was investigated
in a multipath (i.e., frequency-selective) fading channel
[6].

In the ANC scheme, communication is done in two
stages; in the first stage both users transmit their signals
to the relay, while in the second stage the relay broadcasts
the received signal. At the destination terminal, the self-
information is removed from the received signal before
data detection. Naturally the network performance of ANC
scheme highly depends on the self-information removal at
the destination terminal. Self-information removal accuracy
can be degraded due to several factors such as imperfect
frame synchronization, carrier frequency offset, and imper-
fect knowledge of channel state information. Early studies
[3–6] considered perfect self-information removal at the
destination terminal. Therefore, an important question is
“How much does the imperfect self-information removal
affect the performance of ANC scheme?” To the best of
authors knowledge, this effect has not been evaluated in the
literature yet.

This paper investigates the performance of bi-directional
ANC with imperfect self-information removal based on
OFDM and SC-FDE radio access in a frequency-selective
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Figure 1: Network model.

fading channel. The performance metrics of practical interest
are (i) the bit error rate (BER) and (ii) throughput. The
achievable performance with imperfect self-information
removal is evaluated by analysis and computer simulation.
We develop a theoretical model to take into consideration
a random nature of self-interference due to imperfect
self-information removal. The theoretical MMSE weight
for SC-FDE is derived by taking into account the self-
interference. The theoretical expressions are derived based
on the Gaussian approximation of both the residual inter-
symbol interference (ISI) after equalization and the self-
interference due to imperfect self-information removal.

The remainder of this paper is organized as follows.
Section 2 explains the network model. In Section 3, we
present the theoretical performance with imperfect self-
information removal. Numerical and computer simulation
results are presented in Section 4. Section 5 concludes the
paper.

2. Network Model

This section firstly presents bi-directional ANC based on
OFDM and SC-FDE radio access, and then we present
a theoretical model for random self-interference due to
imperfect self-information removal.

2.1. Broadband ANC Scheme. A two-way relay network with
the users T0 and T1 and the relay R is illustrated in Figure 1.
We assume that coverage area of terminals T0 and T1

includes relay terminal R while they are out of each other’s
transmission range due to solid obstacles as illustrated in
Figure 1. Each terminal is equipped with an omnidirectional
antenna, and the communication takes place in two stages
as summarized in Table 1. During the first stage, terminals
T0 and T1 transmit simultaneously. During the second stage,
the relay broadcast the received signal to both terminals T0

and T1 using an amplify-and-forward network protocol [7].
Information bit sequence of length M is channel coded,

bit interleaved, and mapped into the data-modulated sym-
bols using quadrature phase-shift keying (QPSK) modula-
tion scheme. The terminal T j data-modulated sequence is
divided into Nc-symbol blocks {dkj (n); n = 0 ∼ Nc − 1}
for k = 0 ∼ M/Nc − 1 with E[|dkj (n)|2]=1, where E[·]

Table 1: Network protocol.

First stage Second stage

T0,T1 → R R → T0,T1

denotes the ensemble average. Henceforth, the frame index k
is omitted without loss of generality. We consider two radio
access schemes for bi-directional ANC: (i) OFDM and (ii)
SC-FDE. In the case of SC radio access, the transmit signal
is given by {dj(n)}, while in the case of OFDM signaling,
{dj(n)} is fed to an Nc-point inverse fast Fourier transform
(IFFT) to generate the OFDM signal. After insertion of Ng-
sample cyclic prefix into the guard interval (GI), the signal is
transmitted over a frequency-selective fading channel.

The signal propagates through the channel with a
discrete-time channel impulse response hm, j(τ) given by

hm, j(τ) =
L−1
∑

l=0

hl,m, jδ(τ − τl), (1)

where L, hl,m, j , τl, and δ(t) denote the number of paths,
the path gain between the terminal T j and relay at stage m
(=1,2), the lth path time delay normalized by IFFT sampling
period, and the delta function, respectively. Without loss of
generality, we assume that τ0 = 0 < τ1 < · · · < τL−1 and that
the lth path time delay is τl = lΔ, where Δ (≥ 1) defines the
separation between adjacent paths.

Stage I. The signals transmitted from both terminals are
superimposed in the wireless channel and reach the relay
simultaneously. In this paper, we assume ideal synchroniza-
tion and also assume no path loss and shadowing loss. It
should be noted that the assumptions of no path loss and
shadowing loss do not change our general conclusion.

The signal received at the relay terminal in the frequency
domain can be represented as

Rr(n)

=
⎧

⎨

⎩

√

Ps
[

S0(n)H0,0(n) + S1(n)H0,1(n)
]

+ Nr(n), SC,
√

Ps
[

d0(n)H0,0(n) + d1(n)H0,1(n)
]

+ Nr(n), OFDM,
(2)

for n = 0 ∼ Nc − 1, where Ps (=Es/Tc), Sj(n), H0, j(n),
and Nr(n), respectively, denote the transmit signal power, the
Fourier transforms of the terminal T j transmit signal, the
channel gain between T j and R, and the additive white Gaus-
sian noise (AWGN) at the relay with power spectral density
N0. Es and Tc denote the data-modulated symbol energy and
the sampling interval of IFFT. The received signal at the relay
is amplified and broadcasted to both destination terminals.

Stage II. At the terminal T j , Nc-point FFT is applied to
decompose the received signal into Nc frequency compo-
nents represented by

R j(n) =
√

PsRr(n)H1, j(n) + Nj(n), (3)



EURASIP Journal on Wireless Communications and Networking 3

for j ∈ {0, 1} and n = 0 ∼ Nc − 1, where Rr(n), H1, j(n), and
Nj(n) denote the Fourier transforms of the relay transmitted
signal, the channel gain between R and terminal T j , and the
additive white Gaussian noise (AWGN) with power spectral
density N0 at the terminal T j , respectively.

2.2. Self-Information Removal. The terminal T j removes
its self-information from the received signal. However, the
self-information removal is not perfect, and hence, the
self interference is present. Since an exact analysis of self
interference is quite difficult if not impossible, we introduce
a simplified model to include the random interference
resulting from, for example, imperfect channel estimation as

˜R j(n) = R j(n)− PsSj(n) ̂H0, j(n) ̂H1, j(n), (4)

where Sj(n) denotes the SC- or OFDM-transmitted signal
of the terminal T j (i.e., {dj(n)} in case of OFDM and

FFT[{dj(n)}] for SC-FDE). In (4), ̂Hm, j(n) = Hm, j(n) −
δm, j(n), where the error term δm, j(n) (m = 0, 1) is assumed
to be independent zero mean complex Gaussian random
variable [8]. Thus, we can rewrite (4) as

˜R j(n) = R j(n)− PsSj(n)H0, j(n)H1, j(n) + Δ j(n), (5)

where Δ j(n) denotes the random self interference due to
imperfect channel estimation given by

Δ j(n) = Ps
[

H0, j(n)δ1, j(n) + H1, j(n)δ0, j(n)

+δ0, j(n)δ1, j(n)
]

.
(6)

For the given channel gains Hm, j(n), the products
H1, j(n)δ0, j(n) and H1, j(n)δ0, j(n) are also assumed to be
independent complex Gaussian random variables. On the
other hand, the cross term δ0, j(n)δ1, j(n) is not a Gaussian
variable. However, most of the time, the term δ0, j(n)δ1, j(n)
is much smaller than H1, j(n)δ0, j(n) + H1, j(n)δ0, j(n) and
therefore can be neglected. As a consequence, the self
interference Δ j(n) behaves as a complex Gaussian random
variable with the variance given as E[|Δ j(n)|2] = P2

s β
2H(n),

where H(n) = |H0, j(n)|2 + |H1, j(n)|2 and β =
√

E[|δm, j(n)|2]
denotes the root mean square (rms) estimation error, which
reflects the degree of imperfect self-information removal
due to estimation error at the destination end. The case with
β = 0 represents the perfect self-information removal case.
We note here that the self interference also may be caused by
imperfect synchronization, carrier frequency offset, and so
forth, in addition to the imperfect channel estimation, but
their analysis is out of the scope of this work.

2.3. FDE. One-tap equalization is applied in the frequency
domain to combat the channel impairments as presented
below. The equalized signal can be represented as

̂R j(n) = ˜R j(n)wj(n), (7)

for n = 0 ∼ Nc − 1, where the equalization weight at the
terminal T j is given by (8) at the top of the next page. We
note here that the theoretical MMSE equalization weight for
SC-FDE is derived to take into consideration the random
interference due to imperfect self-information removal (see
the appendix).

wj(n) =

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

H∗
0, j(n)H∗

1, j(n)
∣

∣

∣H0, j(n)H1, j(n)
∣

∣

∣

2
+ β2H(n) + (Es/2N0)−1

∣

∣

∣H1, j(n)
∣

∣

∣

2
+ (Es/2N0)−2

, SC,

H∗
0, j(n)H∗

1, j(n)
∣

∣

∣H0, j(n)H1, j(n)
∣

∣

∣

2 , OFDM.

(8)

In the case of SC-FDE transmission, Nc-point IFFT is
applied to (7) to obtain decision variables for data detection,
while for OFDM case, (7) denotes the decision variables.
Finally, the log-likelihood ratio (LLR) is computed, and de-
interleaving followed by Viterbi decoding is carried out.

3. Performance Analysis

In this section, we first present the conditional signal-to-
interference plus noise ratio (SINR) taking into account
imperfect self-information removal. Later the conditional
BER and throughput expressions are presented. We note
here that the derivation of closed form BER and throughput
expressions with imperfect self-information removal is very
difficult if not impossible due to the presence of the residual

ISI after FDE and self interference term in (11). We assume
that the relay normalizes received signal (2) by the factor
α which represents its noise variance. This will not alter
the signal-to-noise ratio (SNR) but will assist theoretical
derivations.

3.1. Decision Variables with Imperfect Self-Information
Removal. Using (2) through (6), the decision variables at the
terminal T j after equalization can be expressed as

̂dj(n) =

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

Psdj(n) ˜H + I j(n) +
1
Nc

Nc−1
∑

n=0

˜Nj(n), SC,

Psdj(n) ̂Hj(n) + I j(n) + ˜Nj(n), OFDM,

(9)
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where

˜H = 1√
α

1
Nc

Nc−1
∑

n=0

H0, j(n)H1, j(n)wj(n),

̂Hj(n) = 1√
α
H0, j(n)H1, j(n)wj(n),

˜Nj = Ps√
α
H1, j(n)Nr(n)wj(n) + Nj(n)wj(n),

(10)

with j = 0(1) if j = 1(0). In (9), Sj(n) = dj(n) in the case
of OFDM while Sj(n) = FFT[{dj(n)}] for SC-FDE radio
access. I j(n) denotes the total interference (i.e., the residual
ISI after equalization plus random self interference due to
imperfect self-information removal) given by (11) at the top
of the next page. We note here that in the case of OFDM the
ISI is eliminated by the insertion of the cyclic prefix within
the GI.

I j(n)

=

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

Ps√
αNc

Nc−1
∑

n=0

̂H(n)
Nc−1
∑

t′=0

dj(t
′) exp

(

j2πn
t − t′

Nc

)

+
1√
αNc

Nc−1
∑

n=0

Δ j(n)wj(n), SC,

1√
α
Δ j(n)wj(n), OFDM.

(11)

It can be seen from (11) that the residual ISI is a
weighted sum of a large number of independent and
identically distributed (i.i.d.) data-modulated symbols as
shown by summation in (11). The Gaussian approximation
of the residual ISI remains valid only if the number of ISI
components is large and if they are i.i.d. so that the central
limit theorem can be considered. This is true for OFDM
and SC-FDE when the IFFT/FFT size is large enough. Thus,
we assume that the residual ISI after FDE, for SC-FDE, can

be approximated as a complex-valued random Gaussian
variable. Consequently, since the self interference due to
imperfect self-information removal can be approximated as a
complex-valued random Gaussian variable (see Section 2.2),
the sum of the residual ISI, the self interference, and AWGN
can be treated as a new complex-valued random Gaussian
noise with variance 2σ2 given by

2σ2 =

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

2N0

TcNc

1
Nc

Nc−1
∑

n=0

∣

∣

∣wj(n)
∣

∣

∣

2

+
2N0

TcNc

Ps
αNc

Nc−1
∑

n=0

∣

∣

∣H1, j(n)wj(n)
∣

∣

∣

2

+
P2
s

αNc

Nc−1
∑

n=0

∣

∣

∣
̂Hj(n)wj(n)

∣

∣

∣

2 −
∣

∣

∣
˜H
∣

∣

∣

2

+
β2P2

s

αNc

Nc−1
∑

n=0

H(n)
∣

∣

∣wj(n)
∣

∣

∣

2
, SC,

2N0

TcNc

∣

∣

∣wj(n)
∣

∣

∣

2

+
2N0

TcNc

Ps
α

∣

∣

∣H1, j(n)wj(n)
∣

∣

∣

2

+
β2P2

s

α
H(n)

∣

∣

∣wj(n)
∣

∣

∣

2
, OFDM.

(12)

It can be seen from (9) that the OFDM (SC-FDE)
equalized (IFFT) output can be seen as a random variable
with mean Psdj(n) ̂H (Psdj(n) ˜H(n)). Using (9) and (12), the
conditional signal-to-interference plus noise ratio (SINR)
γj[Es/N0, {Hm, j(n)}] at the jth terminal T j is represented by
(13).

γj

[

Es
N0

,
{

Hm, j(n)
}

]

=

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

∣

∣

∣
˜H
∣

∣

∣

2

(

1
Nc

)Nc−1
∑

n=0

∣

∣

∣
̂H
∣

∣

∣

2−
∣

∣

∣
˜H
∣

∣

∣

2
+

(

β

Nc

)2 Nc−1
∑

n=0
H(n)

∣

∣

∣wj(n)
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3.2. BER and Throughput Analysis for Uncoded System. We
assume QPSK data modulation with all “1” transmission
without loss of generality. The conditional BER at the
terminal T j is given by [8]

Pj,b

(

Es
N0

,
{

Hm, j(n)
}

)

= 1
2

erfc

[√

1
4
γj

(

Es
N0

,
{

Hm, j(n)
}

)

]

, (14)

where Es/N0 and erfc[·] denote the given average signal energy

per symbol-to-AWGN power spectrum density ratio and the

complementary error function, respectively. We define the
packet length of M bits. Using (14), the conditional packet
error rate (PER) at the terminal T j can be expressed by

Pj,packet

(

Es
N0

,
{

Hm, j(n)
}

)

= 1−
[

1− Pj,b

(

Es
N0

,
{

Hm, j(n)
}

)]M

.

(15)

The average PER at terminal T j can be numerically evaluated
by averaging the conditional PER (15) over all possible
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Figure 2: Uncoded BER versus β of broadband ANC.

realizations of {Hm, j(n); n = 0 ∼ Nc − 1} as

Pj,packet

(

Es
N0

)

= E
[

Pj,packet

(

Es
N0

,
{

Hm, j(n)
}

)]

. (16)

Finally, the achievable throughput ηj at terminal T j is given
as

ηj = 1− Pj,packet

(

Es
N0

)

, (17)

which is the theoretical throughput achievable by selective
repeat ARQ, where the transmission is done using a packet
of 2 OFDM symbols (i.e., two Nc-sample IFFT blocks).

The evaluation of the throughput is done by Monte-
Carlo numerical computation method as follows. First, a set
of channel gains {Hm, j(n); n = 0 ∼ Nc − 1} is generated as
a Fourier transform of the corresponding channel impulse
response given by (1). Then, the equalization weight {wj(n);
n = 0 ∼ Nc − 1} is computed for each of the source terminals
[6]. Secondly, the conditional BER is computed using (14) for
the given set of channel gains {Hm, j(n)} for the given Es/N0.
Then, the average PER is computed using (16) to obtain the
achievable throughput by evaluating (17).

4. Results and Discussions

Numerical and computer simulation parameters are summa-
rized in Table 2. In our numerical evaluation and computer
simulation, we assume Nc = 256, GI length of Ng = 32
samples, and ideal coherent QPSK data modulation and

demodulation. The information bit sequence length is taken
to be 1024 bits. For channel coding, we apply {g1 = (111),
g2 = (101)} convolutional encoder [9] with coding rate
1/2 and constraint length 3 (each new frame state of the
encoder is initialized before transmission). 2048-bit random
interleaver is used as channel interleaver. At the receiver, a
hard decision Viterbi decoder is applied. The propagation
channel is an L = 16-path block Rayleigh fading channel
having the uniform power delay profile, where {hl,m, j ; l =
0 ∼ L − 1} are zero mean independent complex variables
with E[|hl,m, j|2] = 1/L. The normalized Doppler frequency
fDTs = 10−4, where 1/Ts = 1/[Tc(1 + Ng/Nc)] is the transmission
symbol rate, is assumed (under this assumption, the path
gains can be considered to remain almost constant over a
packet of 1024 information bits and vary packet-by-packet).
We assume that the maximum time delay of the channel is
less than the GI length (i.e., L < Ng with Δ = 1) and that all
paths in any channel are independent of each other. In this
paper, we do not consider geometry, and thus, we assume
neither shadowing nor path loss.

4.1. BER. We perform computer simulation to evaluate the
uncoded and coded BER of broadband ANC as a function
of the cancelation factor β with the average signal energy
per bit-to-AWGN power spectrum density ratio Eb/N0 (=
0.5 ×0.5×(Es/N0)×(1+Ng/Nc)) as a parameter being illustrated
in Figures 2 and 3. The uncoded BER is evaluated by both
numerical computation using (14) and computer simulation,
while the coded BER is measured by computer simulation.
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Figure 3: Coded BER versus β.

Table 2: Simulation parameters.

Transmitter
Data modulation QPSK

Block/IFFT size Nc=256

GI Ng = 32

Channel L-path block Rayleigh fading with Δ = 1

Receiver
FDE MMSE, ZF

Channel estimation Ideal

It can be seen from the figure that in a lower Eb/N0 region,
impact of imperfect self-information removal is negligible;
for Eb/N0 = 0 and 5 dB, the BER performance slightly
degrades as the cancelation coefficient β increases. On the
other side, for a higher Eb/N0, the BER performance is severely
affected by imperfect self-information removal. For example,
if 10 times increase of the BER performance is allowable in
comparison with the perfect self-information removal (i.e., β
= 0) case, it is required to cancel 96% of self-information (β
= 0.04 in Figure 2) for uncoded OFDM case, while SC-FDE
radio access is more sensitive to self-information removal
since more than 99% of cancelation is required to allow only
10 times performance degradation. It can be seen from the
figure that more self-interference is allowed in the lower Eb/N0

region to achieve the same performance degradation.
In the case of channel coding illustrated in Figure 3,

a higher resistance to imperfect self-information removal
due to channel coding gain is observed; a lower percentage
of cancelation is required to allow 10 times performance
degradation in comparison with the uncoded case. Note that,
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Figure 4: Throughput versus Eb/N0.

the BER of broadband ANC based on SC-FDE is lower in
comparison with OFDM radio access due to the frequency
diversity gain obtained through MMSE-FDE. However,
the BER performance between their coded performances
is significantly reduced since OFDM system achieves the
frequency diversity gain through channel decoding. In this
paper, we assume simple convolutional encoding and hard
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decision Viterbi decoding, which provides a relatively small
coding gain. Much larger coding gain can be obtained with
soft decision decoding or state-of-the-art channel coding
techniques such as turbo codes and low-density parity check
codes.

4.2. Throughput. The achievable throughput of broadband
ANC as a function of Eb/N0 is illustrated in Figure 5 for
(i) uncoded and (ii) coded cases. The uncoded case is
numerically evaluated by (17). Throughput in the coded
case is evaluated by measuring the BER by computer
simulation. Then, the PER is computed using (16) assuming
that the bit errors after decoding are random, and finally,
we compute the throughput using (17). In the uncoded
case, the achievable throughput of broadband ANC using
SC-FDE is higher than that using OFDM. This is because
SC-FDE is able to exploit the channel frequency selec-
tivity and obtain frequency diversity gain. However, the
OFDM system achieves the frequency diversity gain through
channel decoding. The performance difference between
coded SC-FDE and coded OFDM is significantly reduced.
In this paper, we assumed the hard decision decoding;
however, the use of soft decision decoding provides better
throughput.

Next, we discuss the impact of self-information removal
on the achievable throughput. We perform computer simu-
lation to evaluate the achievable throughput of broadband
ANC as a function of the cancelation factor β as illustrated in
Figure 5. It can be seen from the figure that channel coding
provides a better resistance to imperfect self-information
removal in comparison with the uncoded case.

5. Conclusion

In this paper, we discussed the impact of imperfect self-
information removal on the BER and achievable throughput
of bi-directional ANC based on OFDM and SC-FDE radio
access in a frequency-selective fading channel. The perfor-
mance is evaluated by analysis and computer simulation.
The theoretical MMSE equalization weight for SC-FDE is
derived by taking into account the self interference due to
imperfect self-information removal. Our results show that
the allowable performance degradation in comparison with
the perfect self-information removal case highly depends on
the level of Eb/N0 for both uncoded and coded performances.
In the case of channel coding, due to coding gain, a lower
percentage of self-information cancelation is required to
allow the same performance degradation in comparison with
uncoded case. It was also shown that broadband ANC based
on SC-FDE is more sensitive to imperfect self-information
removal in comparison with OFDM signaling radio access.

The self interference may be caused by different factors
such as imperfect synchronization, carrier frequency offset,
in addition to channel estimation error, but the analysis
taking into account their full impact on the performance is
very difficult. This is left as an interesting future work.

Appendix

The equalization weight for SC-FDE signaling, which takes
into consideration the random self interference due to
imperfect self-information removal, is chosen to minimize
the mean square error (MSE) between ̂R j(n) and Sj(n) at the
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nth frequency as MSE j(n) = E[|ej(n)|2] = E[|̂R j(n) − Sj(n)|2].
Substituting (5) into (7), the MSE j(n) term can be expressed
as

MSE j(n) = P2
s

α
E
[

Sj(n)S∗j (n′)
]∣

∣
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∣

∣

∣

2
,

(A.1)

where Nr(n) and Nj(n) denote the zero mean and independent
identically distributed (i.i.d.) complex Gaussian variable
with variance 2N0/Tc. Since data symbols are independent,
that is, E[d(x)d∗(y)] = δ(x − y), we obtain E[Sj(n)S∗j (n′)] =
δ(n − n′). After the expectation with respect to the noise and
self interference components, we obtain

MSE j(n) = P2
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(A.2)

where H(n) = |H0, j(n)|2 + |H1, j(n)|2, Ps = Es/Tc and R{z}
denotes the real part of the complex number z. By solving
∂MSE j(n)/∂wj(n) = 0, we obtain the equalization weight given
by (8).
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Backbone wireless mesh networks have attracted much of attention due to their wide-range applications. The use of CSMA/CA
based MAC protocols in mesh networks, however, leads to an inefficient resource utilization, and to high latency. Several alternative
protocols including directional MAC, multichannel MAC only provide marginal improvement. Recently, a cross-layer design
employing multiple antenna techniques and network coding called MIMO network coding was proposed. Owing to multiple
access interference cancellation ability of MIMO, bi-directional flow multiplexing capability of network coding in combination
with an efficient channel access scheme of TDMA/TDD, MIMO two-way relay provides significantly high end-to-end capacity. In
this paper, MIMO network coding is considered as an alternative PHY/MAC protocol of CSMA/CA. This paper provides details
of the protocol and develops network simulators for performance evaluation. Furthermore, an efficient retransmission scheme
for transmission system employing network coding is proposed. The paper shows that MIMO network coding achieves significant
network performance improvement with respect to CSMA/CA mesh networks. The proposed retransmission scheme is also shown
to be effective in terms of resource usage as well as QoS guarantee.

1. Introduction

Wireless mesh networks (WMN) consisting of mesh routers
and mesh clients have been achieving much attention in
recent years as they allow innovative applications, namely
wireless sensor networks, public wireless access networks,
wireless plant control systems, and smart utility networks
[1]. The advantages of a WMN are its ability to form a flexible
network topology, its robustness and its wide area coverage
owing to multihop relay property.

In the near future, the infrastructure/backbone WMN
needs to improve its network capacity to support client
applications which require to exchange data in larger amount
and with a better quality. Figure 1 shows some examples
of such applications, for example, public wireless access,
home network, intervehicle network, and sensor network.
For instance, public wireless access networks need to support

many users who request bandwidth for high data rate
multimedia contents. Home networks should accommodate
high-end consumer applications, such as those for data-
intensive multimedia equipment having multiple channels of
high-resolution digital video.

In recent years, multiple-input-multiple-output (MIMO)
communication [2, 3] has been considered as a key tech-
nology of the next generation wireless communication
systems [4]. The system employs multiple antennas at both
the transmitter (Tx) and receiver (Rx) to enable spatial
multiplexing to increase the channel capacity, and/or spatial
diversity to improve link robustness against channel fading.
Besides, in multiuser MIMO systems, it is possible to
steer beams toward desired users, as well as nulls toward
undesired/protected users [5], by manipulating Tx and/or Rx
weights. Because of these advantages, MIMO can be applied
to realize future infrastructure/backbone WMNs without
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Figure 1: Some applications of the future wireless mesh networks.

increasing largely the system cost, noting that the mesh nodes
of infrastructure/backbone WMN are fixed and well power-
supplied.

We return to the reason why conventional mesh networks
are not satisfiable in terms of achieving high data rate
and guarantee good QoS. In all shared medium networks,
medium access control (MAC) is an important technique
that enables the successful operation of the network. IEEE
802.11 MAC, which employs carrier sense multiple access
with collision avoidance- (CSMA/CA-) based sensing and
backoff procedures, is considered as the standard MAC of
many conventional wireless networks established by 802.11
working group [6], for example, WLAN. While simple to use
and efficient for local one-hop transmission, 802.11 MAC
does not scale to larger networks and presents a serious
loss of performance in terms of delay, fairness and most
critically, throughput [7, 8]. CSMA/CA is also not suited
for the high rate contention and collision environment
associated with wireless mesh networks. In such environ-
ment, without careful design, the performance of CSMA/CA
deteriorates due to various problems. For example, basic
access of CSMA/CA suffers from hidden node problem,
which increases the probability of packet collision. RTS/CTS
can be introduced to avoid this problem at the expense
of causing a new problem, which is the exposed node
problem. This latter reduces the opportunities of concurrent
transmissions in a network. Some other problems are deaf
terminal, information asymmetry and flow-in-the-middle
[9]. Moreover, CSMA/CA also has a large impact on end-to-
end delay due to processing through the physical, MAC and

network layers, requeuing at the network and MAC layers,
and recontention for channel access at every hop [10].

Several alternative protocols of CSMA/CA were proposed
in recent literature, but provide only marginal improvement.
For instance, [11, 12] introduce directional antenna to mesh
networks and propose directional medium access control
(DMAC) protocols. Despite being able to eliminate the
exposed terminal problem, the protocols cannot completely
solve the performance degradation because more hidden
nodes are produced due to the directional transmission [1].
Furthermore, DMAC protocols are only effective for light-of-
sight (LOS) environment with small angular spread while in
the multipath environment with wide angular spread where
the multihop relay is required, the schemes do not work
efficiently due to scattering objects. Slotted CSMA/CA, in
which channel contention and packet transmission is only
allowed to occur in predefined time slots, can alleviate the
probability of packet collision of CSMA/CA at the expense
of requirement for synchronization among nodes [13]. More
deterministic solutions such as time division multiple access-
(TDMA-) based MAC protocols [14] and multichannel MAC
protocols [15] are also proposed in recent years. These
protocols can avoid some of the problems associated with
CSMA/CA. However, given a whole network allocated with
a fixed channel bandwidth, the use of multiple orthogonal
channels (in time or frequency) in the network is equivalent
to partitioning the total bandwidth into subbands, thus
directly results in the reduction of network spectral efficiency
[16]. Since the problems of conventional mesh networks
are basically due to MAC protocols, a simple introduction
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of MIMO as a PHY candidate for mesh network does not
guarantee significant improvement. In other words, a cross-
layer design is required.

On the other hand, network coding has emerged in
recent years as a technology which can improve the capacity
of a network with multiple information flows. This tech-
nique, which is originally proposed for the network layer
in [17] for improvement of multicast capacity, has been
adopted into PHY, for example, analog network coding [18]
in a classical two-way relay [19] topology, or digital network
coding [20] in a one-way multihop relay topology. Both
works theoretically showed an asymptotic throughput gain
of two after the introduction of network coding. Experiments
of network coding (from now on, the term “network coding”
shown in this paper refers to network coding in PHY), for
example, [21] (digital network coding) and [22] (analog
network coding), in a nonsynchronized network with spe-
cific topologies, that is, two-way relay topology, X topology,
and ad hoc, also showed a MAC and coding gain ranging
from 1.3 to 1.7. The combination of network coding with
MIMO furthermore promises a higher achievable gain. For
a two-way relay topology, [23] considered two approaches of
message combining at the relay node: superposition coding
and XOR precoding, and derived the optimal beamforming
method to maximize the sum rate of two users exchanging
packets through the relay node. Capacity region in the
broadcast phase of MIMO two-way relay has been derived
in [24], where this region is convex and contains achievable
rate regions of [23]. In [25], MIMO two-way relay employing
XOR precoding was extended to the case of multiuser MIMO
where mobile stations exchange uplink/downlink packets
with the base station through a common relay node. An
iterative algorithm was also employed for sum rate maxi-
mization. [26] furthermore extended network coding and
MIMO for one dimensional (1D) two-way multihop relay
topology. The algorithm, which is called as MIMO network
coding (MIMO-NC), is a synchronized TDMA/TDD scheme
where nodes are assumed to be synchronized to each other
and transmissions are realized in time slot unit. [26] does not
employ optimal beamforming since optimal beamforming
for a MIMO two-way relay multihop network is still an open
problem. Instead, [26] employs MMSE as a MIMO detector
at any Rx, without any precoding at Tx. Thus, [26] does
not require CSI at Tx and is practical for implementation
in multihop networks. It had been shown that owing to
multiple access interference cancellation ability of MIMO,
bidirectional flow multiplexing ability of network coding
in combination with an efficient channel access scheme of
TDMA/TDD, MIMO-NC provides significantly high end-to-
end capacity in comparison with conventional synchronized
MAC protocols.

In this paper, MIMO-NC is reconsidered as an alternative
cross-layer design PHY/MAC protocol with linear topogy
(although a linear topology is considered in this paper,
the algorithm of MIMO-NC can be extended to other
topologies including cross topology [16], rotary topology
[27], tree topology [28]. The combination of all these
topologies makes MIMO-NC applicable to general topology
of mesh network) mesh network and its performance is

compared with conventional CSMA/CA, slotted CSMA/CA-
based protocols and their corresponding extensions with
MIMO. To consider MIMO-NC as a cross-layer PHY/MAC
protocol, this paper defines transmission scheme, frame
format, resource allocation, and retransmission scheme of
the protocol. Two mesh network simulators, respectively,
employing MIMO-NC- and CSMA/CA-based protocols are
developed. Therefore, comparison is performed in terms
of network performance. The results show that MIMO-NC
achieves a significant improvement in network throughput
(e.g., 14 times with respect to CSMA/CA (RTS/CTS), packet-
delivery ratio as well as packet-delay reduction in com-
parison with other (nonslotted/slotted) CSMA/CA-based
mesh networks. For interested readers, Table 1 compares
the achievable throughput gain owing to the introduction
of network coding, which was reported in [20–22], with
respect to that achieved in this paper. From the table, it
can be seen that the significant improvements of MIMO-
NC can be attained owing to a scheduled synchronized
network (network synchronization and scheduling can be
achieved using the approach, e.g., in [29]. Since we consider
a mesh backbone network supporting high traffic, the cost
for synchronization and scheduling is not a critical problem.
The synchronization and scheduling are only performed
in the initial phase of the backbone network. Therefore,
we can ignore its effect on the total network throughput),
the introduction of MIMO, and efficient bidirectional flow
multiplexing capability of network coding.

In terms of implementation of network coding in real
system, this paper moreover discusses about the design of
network coding header and proposes an efficient retrans-
mission scheme based on network coding header. Analysis
is performed to show the efficiency of the proposed scheme.
This retransmission scheme is furthermore implemented
into the developed network simulator and simulation results
confirm the benefit of the proposed scheme.

The rest of the paper is organized as follows. Sections
2 and 3, respectively, describe CSMA/CA protocols and
MIMO-NC. Details about network simulator are provided in
Section 4. Section 5 describes the design of network coding
header and the proposed retransmission scheme. Numerical
results are presented in Section 6. Finally, the paper is
concluded in Section 7.

2. Revisiting CSMA/CA

The 802.11 specification supports two different MAC
schemes, the distributed coordination function (DCF) and
the point coordination function. This paper concentrates on
two methods used in DCF as follows.

2.1. CSMA/CA Basic Access Method. This method uses only
DATA frames and ACK (acknowledgment) frames as shown
in Figure 2(a). The node which wants to send a data frame
first senses the channel and proceeds with transmission of a
DATA frame if the medium is sensed to be idle for an interval
larger than DIFS. When the DATA frame is transmitted, all
other nodes hearing the frame set their network allocation
vector (NAV) based on the duration field value in the data
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Table 1: Network coding gain in terms of throughput against conventional networks not employing network coding.

Reference
Evaluation
method

Synchronized
network

Type of
network
coding

Opportunistic/
scheduled network
coding

Topology

Network coding gain against conventional
networks which are

Nonsynchronized Synchronized

SISO MIMO SISO MIMO

[20] Theory Yes Digital Scheduled
1-way

multihop
— — 2 —

[21] Experiment
(802.11)

No Digital Opportunistic
2-way relay, X 1.33 — — —

Ad hoc 1.38 — — —

[22] Experiment
No

Analog Scheduled
2-way relay 1.70 — — —

Yes X 1.65 — — —

No
(no

decoding)
1-way

multihop
1.70 — — —

This paper
Network

Yes
Analog

Scheduled
2-way

multihop
14.68 7.66 7.66 2.92

simulation (decoding)

frame received. If the medium is busy, the transmitting
node will wait until the end of the current transmission
plus another DIFS, and then defers for a random backoff
period before transmission. This paper employs the binary
exponential backoff [6] where the backoff counter follows a
uniform distribution with its maximum value being doubled
after every failed transmission until a maximum value
CWmax, or being reset to an initial value CWmin after a
successful transmission. In this paper, (CWmin, CWmax) is
selected as (15,1024) in compliant with [6]. One big problem
of this access method is the hidden terminal problem, which
will be explained later.

2.2. CSMA/CA Protocol Using RTS/CTS. To avoid hidden
terminal problem, it is proposed to use request-to-send
(RTS) and clear-to-send (CTS) frames. This method is
a four-phase RTS-CTS-DATA-ACK protocol as shown in
Figure 2(b). The node that wants to send a DATA frame
first senses the channel. If the channel remains idle for a
DIFS interval, then it sends an RTS frame. Otherwise, it
starts the backoff algorithm after waiting till the end of
current transmission and a further DIFS period. When the
destination receives the RTS, it transmits CTS after SIFS. The
source node is then allowed to transmit DATA frame, after
successful reception of the CTS frame. All other nodes which
hear the RTS, CTS, or DATA frame update their NAV.

2.3. Associated Issues of CSMA/CA in 1D Mesh Network with
Bidirectional Flows. In this section, we present several issues
of CSMA/CA in a 1D mesh network with bidirectional flows.
For instance, we consider a mesh network consisting of five
nodes as shown in Figure 3 with a forward flow from node
no. 1 to node no. 5 and a backward flow from node no. 5 to
node no. 1.

(1) Hidden terminal problem: a node is said to be hidden
from the transmitter (Tx) if it can cause a collision
at the receiver (Rx) by transmitting, but cannot hear
any signal sent by the Tx. An example is given in
Figure 3(a). Node no. 3 is a hidden node of the Tx-Rx

pair no. 1 and no. 2 with the assumption that carrier
sensing range is one hop.

(2) Exposed terminal problem: for a given Tx-Rx pair, an
exposed terminal is a node which can perceive signals
sent by the Tx, but cannot cause a collision at the Rx.
In Figure 3(b), node no. 2 is an exposed node for the
Tx-Rx pair no. 3 and no. 4.

(3) Deaf terminal problem: a deaf terminal is the one that
is unable to interpret the handshake messages from a
Tx-Rx pair in its neighborhood. In Figure 3(c), node
no. 3 is not able to interpret the CTS from node
no. 2 to node no. 1, if there is an on-going data
transmission from node no. 4 to node no. 5. Once
the transmission from node no. 4 to node no. 5 is
completed, node no. 3 could send out an RTS and
cause a collision at node no. 2. This problem occurs
in any single flow; therefore it also happens in the case
of bidirectional flows.

In a 1D mesh network with bidirectional flows, there is a
combination of the aforementioned problems. Therefore, it
can be predicted that the introduction of CSMA/CA in such
networks will reduce the throughput and increase the latency
extremely.

2.4. Alleviating Collision with Slotted CSMA/CA. To par-
tially alleviate the probability of collision in CSMA/CA,
slotted CSMA/CA has been proposed [13]. In this scheme,
nodes are assumed to be synchronized with each other.
Furthermore, contention for channel access as well as packet
transmission must be completed in predefined time slot.
This paper employs a slotted CSMA/CA scheme as depicted
in Figure 2(c). It is almost similar to the CSMA/CA using
RTS/CTS, except that the contention process (the backoff
and the exchange of RTS/CTS) must take place during the
contention period of each time slot. DATA transmission
period follows the contention period. In this period, the
nodes which have already reserved the channel during the
contention period can transmit multiple DATA packets.
After a successful reception of packets, destination nodes
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CTS: clear to send
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Figure 2: Two CSMA/CA algorithms.

acknowledge it by sending ACK packets during the ACK
period. During the contention period, other nodes beside
the source and the destination node have to defer from
contending for channel until the next time slot. In this
paper, contention window for slotted CSMA/CA is fixed
as CWmin. It means that the backoff counter follows a
uniform distribution with maximum value of CWmin. For
a fair comparison with CSMA/CA and MIMO network
coding, slotted CSMA/CA in this paper is designed based on
parameters of IEEE 802.11. The scheme is slightly different
from that in [13] in terms of backoff mechanism, frame
duration, and so forth.

3. MIMO Network Coding

This section defines the transmission scheme and the
resource allocation of MIMO-NC. Figure 4 depicts an exam-
ple of MIMO-NC applied to a linear topology with five
equally placed nodes each equipped with two antennas.
However, the scheme works for arbitrary number of nodes.
The algorithm is efficient because only a single channel is
required.

There are two flows of information, namely the forward
flow (F) which transports information from the leftmost
to the rightmost node and the backward flow (B) which
transports information in the reverse direction. Each node

is assumed to be employed with M = 2 antennas. At a time
slot, transmitters and receivers are located adjacently to each
other, and nodes switch their functions of Tx or Rx at every
time slot. Let HR,T ∈ C2×2 represent the channel matrix
between Tx node T and Rx node R. Also, WR

r ∈ C2×2 denotes
Rx weight at node R. Besides, nR ∈ C2 represents the noise
vector with zero mean and covariance σ2I at node R.

This paper employs a decode, spool and forward relaying
mechanism. Let assume a flow � runs through a set of
nodes Ω� = {�(1), . . . ,�(k), . . . ,�(K)}. For instance, ΩF =
{1, . . . , k, . . . ,K} and ΩB = {K , . . . , k, . . . , 1} in this paper.

Let c�(k)
� (n) denote native packets of flow � to be relayed at

a node �(k) at time n. Passing c�(k)
� (n) through an encoder

and modulator results in a corresponding modulated signal

s�(k)
� (n). This process is expressed as s�(k)

� (n) = F (c�(k)
� (n)),

where F (since this paper employs adaptive modulation
and coding per flow, this operator is associated with the

subscripts �(k)
� (n) which is also the subscript of the operand

c�(k)
� (n). Without losing generality, the subscript is omitted

for sake of expedience) is an operator representing adaptive

modulation and coding. Inversely, c�(k)
� (n) can also be

written as c�(k)
� (n) = F −1(s�(k)

� (n)), where F −1 is an
operator representing the demodulation and decoding.

At each relay node, received packets are stored in flow-
specific buffers. When node �(k) becomes a Tx node in
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Figure 3: Associated issues of CSMA/CA in 1D mesh network with bidirectional flows. (Transmission range is assumed to be the distance
between any two adjacent nodes in this figure).

time slot n, a part of the stored packets of each flow is
adaptively selected for relaying based on the link condition.
This operation of selection is defined as S-operator in this

paper. For example, c�(k)
� (n) is selected as packets of flow� to

be relayed. Since packets of that flow are relayed from�(k−1)
to�(k) up to time slot n−1,�(k−1) has a perfect knowledge

of c�(k)
� (n). This fact can be symbolically represented as

c�(k)
� (n) ∈ ⋃n−1

ν=0 c
�(k−1)
� (ν), where

⋃

stands for the union

operator of sets. Thus, we define c̆�(k−1)
� (n − 1) � c�(k)

� (n)

the replica of c�(k)
� (n) at �(k − 1). Applying the F -operator

on both sides of the previous formula and exchanging the left
side with the right side, the following equality is achieved

s�(k)
� (n) = s̆�(k−1)

� (n− 1), (1)

where s̆�(k−1)
� (n − 1) � F (c̆�(k−1)

� (n − 1)) represents the

replica of s�(k)
� (n) at �(k − 1). This equality is called as the

law of flow conservation in this paper.

3.1. In Odd Time Slot n = 2p − 1, p ∈ N +. In this time slot,
odd number nodes are Tx node and even number nodes are
Rx node. Transmit signals skt

FB of Tx node kt = 2q + 1, q ∈ N
are given by

skt
FB =

1√
2

(

skt
F (n) + skt

B (n)
)

, (2)

where a simple analog network coding is employed. This
manipulation results in 3 dB power loss in both forward and
backward direction.

At a Tx node T, transmit signal is mapped to one of
the antenna by the following Tx weight wT

t = [1 0]T . The
received signal ykr ∈ C2∀kr = 2q, q ∈ N + is therefore

ykr =
∑

kt=kr±1

˜hkr,ktskt
FB +

∑

kt=kr±3,5,...

˜hkr,ktskt
FB

︸ ︷︷ ︸

overreach interference

+ nkr

= ˜Hkr skr +
∑

kt=kr±3,5,...

˜hkr,ktskt
FB + nkr

˜Hkr =
[

˜hkr,kr−1
˜hkr,kr+1

]

∈ C2×2

skr =
[

skr−1
FB skr+1

FB

]T ∈ C2,

(3)

where for a pair of Tx node T and Rx node R,

˜hR,T = HR,TwT
t = hR,T

1 ∈ C2. (4)

Since node kr has two antennas (due to the multiple access of
two streams at a node, we assume that each node is equipped
with the minimum required number of antennas M = 2.
However, the algorithm can be extended to general MIMO
systems where the availability of antennas further allows
diversity reception, cancellation of interferences from far
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Figure 4: MIMO network coding (MIMO-NC).

nodes, and spatial multiplexing of network coding streams
[16]), the desired signals can be retrieved by using MIMO
linear detection algorithm as follows:

ŝkr =
[

ŝkr−1
FB ŝkr+1

FB

]T

=
(

Wkr
r

)H
ykr .

(5)

Here, for an MMSE decoder

Wkr
r =

(

˜Hkr

(

˜Hkr

)H
+
σ2

P
I

)−1

˜Hkr , (6)

where P is the Tx power. It should be noticed that the
interference from distant nodes (overreach interference) are
taken into account in this paper, however the MMSE decoder
at each Rx does not deal with this interference.

Based on network decoding and the law of flow conser-
vation, skr−1

F (n), skr+1
B (n) can be estimated as follows:

ŝkr−1
F (n) = √2ŝkr−1

FB − s̆kr
B (n− 1),

ŝkr+1
B (n) = √2ŝkr+1

FB − s̆kr
F (n− 1).

(7)

Estimated signals are demodulated, decoded and stored
in the buffer of node kr as F −1(ŝkr−1

F (n)), F −1(ŝkr+1
B (n)).

In the final step, after checking the destination address of
the buffered packets, node kr adaptively selects packets for
relaying and performs modulation and coding. For example,
from the buffer of the forward flow

⋃n
ν=0 F −1(ŝkr−1

F (ν)),
packets which have not been relayed to node kr + 1 are
adaptively selected as ckr

F (n + 1) � S(
⋃n

ν=0 F −1(ŝkr−1
F (ν))).

Thus, the modulated signal of the forward flow becomes
skr

F (n + 1) � F (ckr
F (n + 1)).

3.2. In Even Time Slot n + 1 = 2p, p ∈ N +. In the (n + 1)th
time slot, odd number nodes become Rx node and even
number nodes become Tx node. The discussion is the same
as in nth time slot by switching the role of kt and kr such that
kt = 2q, q ∈ N + and kr = 2q + 1, q ∈ N .

The repetition of processes in odd and even time slots
results in a single channel MIMO-NC. Frame format, relay
mechanism and retransmission scheme of MIMO-NC are
provided in later sections.

4. MIMO-NC as a PHY/MAC Protocol and
Architecture of Network Simulator

To compare the network performance of MIMO-NC with
CSMA/CA based MAC protocols, network simulators have
been developed. This section explains the details about the
packet relaying schemes used in these simulators. Therefore,
information about frame format, packet relaying mechanism
of MIMO-NC are studied in this section. Basically, we
consider packet relaying of bidirectional flows using con-
ventional method of CSMA/CA (Basic Access or RTS/CTS)
and its enhancement using M ×M MIMO (M = 2), slotted
CSMA/CA with RTS/CTS and its enhancement with 2 × 2
MIMO, and the proposed MIMO network coding.

4.1. Frame Format, Packet Format and Resource Mapping.
The frame format of the relaying schemes is presented in
Figure 5. Figure 6(b) shows how these frames are mapped
to resource blocks of physical layer (PHY). Since MIMO is
employed, packets are not only mapped to different OFDM
symbols (time resource) but to different spatial streams
(spatial resource) as well. Frame format of the conventional
CSMA/CA schemes are based on 802.11a standard. Each
frame contains only one packet. Four types of packet
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Figure 6: Resouce mapping of different types of packet used in network simulators.

with fixed sizes are considered in this paper as shown
in Figure 6(a). The control packets of RTS and CTS are
modulated using basic rate Rb. Based on channel condition,
DATA and ACK are adaptively modulated with adaptive rate
R, therefore the frame durations of DATA and ACK are
variable. At the end of a packet, a frame check sequence
(FCS) is attached for the purpose of detecting packet error
at receiver nodes. Important time durations of CSMA/CA
including backoff duration, interframe spaces which are
defined in [6], and packet durations which are calculated
based on data rate and packet size, are summarized in
Table 2.

For a fair comparison, slotted CSMA/CA is introduced at
the expense of synchronization among nodes. Frame format
of slotted CSMA/CA is the same as that of CSMA/CA except

that channel contention and packet transmission is only
allowed to occur in predefined time slots. Configuration of
a time slot of slotted CSMA/CA is presented in Table 4.
The duration of data transmission period is fixed as that of
MIMO-NC (Tdata = 4/3 ms). During this period, depending
on the channel conditions, multiple packets (up to 9) per
flow can be relayed. The reason of these values will soon
be provided in the explanation about MIMO-NC. The data
transmission period is followed by an ACK reply period
whose duration equals to the sum of one SIFS and the time
required for reply of one ACK packet when basic rate is
employed. When multiple DATA packets are relayed during
data transmission period, multiple ACK packets are fed back
to the transmitter. The fixed duration of the contention
period is chosen to be long enough to support the exchange
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Table 2: Important time duration of (nonslotted/slotted) CSMA/CA (unit: μs).

[μs] Duration of Preamble SIG Packet Total duration Example

TBO
1 Backoff BO3 × 9 135 for BO = CWmin

Tsifs
2 SIFS 16

Tdifs DIFS 34

TSISO
rts RTS

160
6

140
3

TMIMO
rts

1
2

160
6

100
3

TSISO
cts CTS

112
6

116
3

TMIMO
cts 16 4

1
2

112
6

88
3

TDATA DATA
8000
R

4

20 +
8000
R �168 for R = 54 Mbps

TSISO
ACK ACK

112
R

20 +
112
R �22 for R = 54 Mbps

TMIMO
ACK

1
2

112
R

20 +
56
R �21 for R = 54 Mbps

1T•UPPERCASE means that the duration is variable, depending on the number of backoff counter (TBO) or adaptive modulation scheme (others).
2T•lowercase means that the duration is a fixed value.
3A (random) backoff counter.
4R [Mbps] is the data rate which depends on adaptive modulation scheme.

of RTS/CTS. In terms of the time parameters, there are two
main differences between slotted CSMA/CA with respect to
CSMA/CA. First, in CSMA/CA, for each transmission of
a data packet, a phase of channel contention is required.
In contrast, multiple data packets can be transmitted in a
same time slot after a single contention for channel access
in slotted CSMA/CA. Second, since channel contention is
only allowed in the fixed contention period, the (wasteful)
portion of time which is not used for data transmission
in slotted CSMA/CA case is deterministic and is small
compared to data transmission period. On the other hand,
that of CSMA/CA is a random variable and may become large
as the contention window is doubled after each data packet
transmission failure. Similarly to the case of CSMA/CA,
spatial multiplexing MIMO is also extended for slotted
CSMA/CA.

In the case of MIMO-NC, PHY resource before network
coding is virtually extended to spatial domain with one
forward stream and one backward stream as shown in
Figure 6(b). One PHY frame contains a preamble, a signal
field, an extended network coding header and ends with a
DATA frame consisting of multiple network coded DATA
packets. The duration of the DATA frame is fixed to 4/3 ms
to ensure that at least one packet per flow can be relayed
when basic rate Rb is selected. Different from the case of
conventional CSMA/CA, PHY frame of MIMO-NC may
contain multiple DATA packets per stream, according to the
algorithm of rate adaptation based on channel condition.
For instance, when the data rate of 54Mbps is chosen,

maximally 9 DATA packets per stream can be transmitted
simultaneously. The configuration of a time slot of MIMO-
NC is summarized in Table 4. The number of packet of
each flow that can be relayed during the period of 4/3 ms
with respect to adaptive modulation scheme is shown in
Table 3. PHY header of a frame of MIMO-NC contains a
preamble, used for channel estimation, and also a network
coding header. The role of the network coding header will
be explained in later sections. Furthermore, since MIMO-
NC is a TDMA/TDD-based protocol, the handshake using
RTS/CTS is not adopted.

In MIMO-NC, each node is equipped with multiple
antennas (M = 2). For a fair comparison, we extend
CSMA/CA with MIMO. This extension is based on IEEE
802.11n [30] with modification of antenna configuration
to M × M. Since PHY resource is extended to spa-
tial domain, mapping of packets to PHY resource block
(Figure 6(b)) is changed such that control packets (RTS/CTS
and ACK) is mapped across all spatial resources, while
different DATA packets are mapped to different spatial
streams. This mapping helps to reduce inefficient trans-
mission duration of control packets and multiplex multiple
DATA packets at the same time to achieve higher data
rate.

4.2. Packet Relaying Process. Packet relaying process of
different schemes is presented in Figure 7. For CSMA/CA-
based schemes, correctly received DATA packet is passed to
the MAC layer. If the next hop address field of the packet
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Table 3: Adaptive modulation table for required PER = 10−2.

Modulation Bit rate (Mbps) Required SINR (dB) Np
1

BPSK 1/2 (Basic rate) 6 <7.5 1

QPSK 1/2 12 7.5 2

QPSK 3/4 18 11 3

16QAM 1/2 24 13 4

16QAM 3/4 36 17.5 6

64QAM 2/3 48 20.5 8

64QAM 3/4 54 23.5 9
1The maximum number of packets per flow in slotted CSMA/CA and MIMO-NC.

Table 4: Time slot configuration of slotted CSMA/CA and MIMO-NC (unit: μs).

[μs]
Contention period (Tcont) Data transmission ACK transmission Total

Tdifs TBO Trts Tsifs Tcts Tsifs Tdata Tsifs ×TACK Tslot

Slotted CSMA/CA
Tdifs + 9CWmin + TSISO

rts + TSISO
cts + 2Tsifs TS−SISO

ack 5023
3

TS−SISO
cont = 859

3
164

3

Slotted CSMA/CA
with 2× 2 MIMO

Tdifs + 9CWmin + TMIMO
rts + TMIMO

cts + 2Tsifs
4000

3
TS−MIMO

ack 4927
3

TS−MIMO
cont = 791

3
136

3

[μs]
PHY header DATA transmission ACK transmission Total

Preamble SIG Network coding header

MIMO-NC 16 4 Thdr = 2LNbit

Rb
= 331 4000

3
02 4159

3
1Nbit denotes the number of required bits to represent sequence number of packets and Rb is the basic rate of 6 Mbps.
2MIMO-NC does not require ACK packets since the mechanism of acknowledgment and retransmission is embedded in network coding header.

corresponds to the address of the Rx node (MyAddr), the
packet is passed to the mesh layer. Otherwise, the Rx node
sets its NAV according to the duration field of the packet.
At the mesh layer, if the final destination address field of the
packet does not match MyAddr, Rx node looks up its routing
table for the address of the next hop node, then puts the
packet back to the Tx buffer for relaying. A scheduler always
checks the availability of PHY layer and selects packet(s)
to be mapped to resource blocks of the PHY layer for
transmission. In the case of conventional CSMA/CA with
single antenna, scheduling algorithm is a first-in-first-out
(FIFO) type. However, for efficient usage of spatial resource
in enhanced CSMA/CA with MIMO, we propose a scheduler
which selects M packets intended to a same next hop
neighbor to pass to PHY layer. If there is not enough packets
jointly satisfying the scheduler’s rule, the scheduler will wait
for another chance. The same process is extended to slotted
CSMA/CA and slotted CSMA/CA with MIMO. During data
transmission period, a scheduler continuously moves packets
(via a same destination) from MAC layer to available PHY
resources, which depends on channel condition at each time
slot.

As shown in Figure 7(b), packet-relaying process of
MIMO network coding is simple. Since there are always two

kinds of packets, that is, the forward packets from forward
stream and backward packets from backward stream, an
Rx node has two different buffers containing corresponding
packets. At the time period when the Rx node becomes a
Tx node, a scheduler will select the first I packets from
the forward buffer and J packets from the backward buffer
to map to the corresponding resource block of PHY. The
number of I and J is decided based on a per stream
rate adaptation algorithm taking into account the channel
conditions.

5. Efficient Retransmission Scheme for
MIMO Network Coding

Despite the potential of network coding, it seems far from
seeing wide-spread deployment across real WMN networks.
One of the possible reasons for this is that it lacks of an
efficient network-coding-oriented retransmission scheme.

Packet acknowledgment and link retransmission are gen-
erally required in WMN for ensuring reliable transmission
at each link, and thus reliable end-to-end packet delivery.
These techniques become especially essential for multihop
relay network employing network coding. Without packet
acknowledgment, packet errors not only propagate in its own
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Figure 7: Packet relaying mechanism.

flow but also give rise to errors in other flows due to the
natural property of network coding.

Despite its importance, to our best knowledge, there
are very little work on packet retransmission for WMN
employing network coding. The retransmission scheme in
COPE [21] is based on the transmission of acknowledgment
packet (ACK) at every hop of the relay network. The source
node continues to retransmit the network coded packet until
it receives ACKs from all of the desired destination nodes.
In this algorithm, a destination node only sends back an
ACK if it succeeds in receiving and in (network) decoding
the received network coded packet. In [31], besides ACKs,
transmissions of negative acknowledgment packet (NACK)
is introduced to improve the delay performance. In this
scheme, when a node does not have enough native packets
required for successful network decoding of a received
network coded packet, it sends out a NACK to request for
the missing native packets.

The above algorithms ensure the reliability of WMN at
the expense of resource utilisation for transmission of control

packets (ACK/NACK). Furthermore, the algorithms are
more inefficient, knowing that control packets are required at
every hop of the relay network for end-to-end delivery of any
single packet. In this section, we propose an efficient retrans-
mission scheme in which transmissions of control packets are
not required. Instead of using ACK/NAK packets, we propose
a suitable manipulation of the packet header of network
coded packets to fully convey acknowledgment information.
The proposed scheme also exploits the multihop relaying
property.

5.1. Network Coding Header Design. The format of a network
coded frame containing multiple packets is presented in
Figure 8. Since link adaptation is employed in MIMO-
NC, buffers are implemented to store packets. The frame
contains a network coding header, necessary for network
decoding, followed by the network coded signals. Based
on the channel conditions, different number of packets are
selected to be relayed in forward and backward directions,
that is, I and J , respectively, in the example. Packets of each
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Figure 9: Conventional retransmission schemes.

flow are combined in an order and modulated separately.
The modulated signals of two flows are then added to form
the network coded signals. Each packet of each flow is
assigned with a unique sequence number. To facilitate the

network decoding, sequence number of packets are stored in
network coding header in the same order of packets. Network
coding header is divided into two parts which contains the
sequence numbers of the forward flow and the backward
flow packets, respectively. Each part is divided into L slots.
Each slot has a size of Nbit, which is the number of bits
required to represent the sequence number of packet. Nbit

is related to the buffer size. A mechanism how to assign
sequence number of packet effectively to reduce Nbit is out
of scope of this paper. For the calculation of the duration
of network coding header, Nbit = 11 bits is roughly selected
in this paper. Besides, L, which equals 9 in this paper,
is a system design parameter representing the maximum
number of packets of a flow to be relayed in one PHY
frame. It depends on the highest supported data rate. If
only I packets are selected to be relayed, the other L − I
slots are filled with zeros. Like the signal field (SIG) in PHY
frame of 802.11, network coding header, which contains
critical information, must be sent through a very reliable
link. In this paper, the basic rate is used for transmission of
the header.

5.2. Efficient Retransmission Scheme for Two-Way Relay Using
Network Coding Header. For ease of exposition, we first
consider a model of three nodes where R is the relay node
of both A and B as shown in Figure 9.

5.2.1. Conventional Retransmission Using ACK. Conven-
tional retransmission using ACK is presented in Figure 9(a).
In the first phase, node A continuously retransmits its packet
to node R until it receives an ACK from node R. Similarly,
node B stops retransmitting its packet to R until it gets an
ACK from R. It is noted that all transmissions are done in
different time slots. In the second phase, R continuously
rebroadcasts its network coded packet until it achieves an
ACK from both A and B.
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Let Td and Ta represent the frame durations of a packet
and of an ACK frame respectively. Let us assume that for any
data transmission, a packet is delivered with an equal packet
error rate pe. We also assume that an ACK frame is always
received correctly. In the 1st phase, the average time required
for successful transmission of a packet from A (B) to R is
given as follows:

Tconv
R−A = Tconv

R−B

=
∞
∑

n=1

n(Td + Ta)
(

1− pe
)

pn−1
e

= Td + Ta

1− pe
,

(8)

where (1 − pe)pn−1
e is the probability that the packet is

correctly received at the nth attempt. In the 2nd phase, the
probabity that R finishes its transmission at the nth attempt
can be calculated as

p(n)

= (1− pe)2p2n−2
e

︸ ︷︷ ︸

Both A and B fail to receive the packet at all attempts except in the nth attempt

+ 2
︸︷︷︸

Treat A and B equally

× (1− pe)pn−1
e

︸ ︷︷ ︸

A fails to receive the packet at all attempts except in the nth attempt

× (

1− pn−1
e

)

︸ ︷︷ ︸

B has succeeded in receiving the packet before the nth attempt

,

(9)

where the first term represents the probability that both A
and B successfully receive the packet from R at the n attempts
for the first time. The second term represents the probability
that one of the two receivers successfully receives packet
from R at the nth attempt for the first time while the other
node has already successfully received the packet in previous
attempts. The average time required for this broadcast phase
is given by

Tconv
AB−R =

∞
∑

n=1

n(Td + 2Ta)p(n)

=
(

2p2
e + 3pe + 1

)

(Td + 2Ta)
(

pe + 1
)2(1− pe

) .

(10)

Finally, the average spectral efficiency of the conventional
scheme can be calculated as

ρconv = ρTd

Tconv
R−A + Tconv

R−B + Tconv
AB−R

= ρ
(

pe + 1
)2(1− pe

)

(4 + 6α)p2
e + (7 + 10α)pe + 3 + 4α

,

(11)

where ρ [bps/Hz] is the spectral efficiency of modulation
scheme used to transmit a packet and α = Ta/Td.

For a fair comparison, in the conventional retransmission
scheme, it is also assumed that node R is equipped with
two antennas as shown in Figure 9(b). Hence, A and B can
transmit packets to R simultaneously and R can send two
ACKs to A and B concurrently using MIMO broadcast. In
the first phase of multiple access, retransmission is repeated
until R successfully receives packets both from A and B.
The average time required to complete the second phase of
broadcast can be calculated following the same reasoning,
leading to the below spectral efficiency

Tconv2
AB−R = Tconv2

R−AB

=
∞
∑

n=1

n(Td + Ta)p(n)

=
(

2p2
e + 3pe + 1

)

(Td + Ta)
(

pe + 1
)2(1− pe

) ,

ρconv2 = ρTd

Tconv2
R−AB + Tconv2

AB−R

= ρTd

2
(

2p2
e + 3pe + 1

)

(Td + Ta)/
(

pe + 1
)2(1− pe

)

= ρ
(

pe + 1
)2(1− pe

)

2(1 + α)
(

2p2
e + 3pe + 1

) ,

(12)

where Tconv2
AB−R and Tconv2

R−AB represent the average time required
for successful transmission in the broadcast and the multiple
access phases respectively. By the way, this paper uses a same
average packet error rate pe of the broadcast phase (SISO)
and the multiple access phases (2 × 2 MIMO) since, based
on discussion in [32], the average SINR per stream of a full
multiplexing MIMO system with MMSE receiver in Rayleigh
fading channel is almost the same as the average SNR of the
corresponding SISO channel.

5.2.2. Proposed Retransmission Scheme. In this section, we
propose a retransmission scheme making use of network
coding header as a negative acknowledgment (NACK) of lost
packets. No explicit acknowledgment packet is required but
such information are piggybacked in the network coding
header of the transmit packet in the consecutive time slot.
This approach is somewhat similar to the piggybacked
scheme in [33]. However, [33] does not consider network
coding and multihop relay. The proposed algorithm is
explained using an example in Figure 10. In the first time
slot, R receives packet iA from A. In the second time slot,
packet iB sent from B to R is lost. R may send a NACK to B to
announce the packet loss and wait for the retransmission of
iB from B. However, this approach is still inefficient. Since R
owns packet iA, it can relay iA to B while informing B of the
packet loss. In the third time slot, R sends only the forward
packet iA. In the network coding header of R, the forward
slot is normally filled as iA. Although no backward packet
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is sent, the backward slot is filled with a special predefined
index #. In this case, # is a sign of packet loss of backward
packet which R could not receive in the previous time slot.
When B receives the signal sent from R, it achieves packet
iA. Furthermore, since it discovers the sign # in the backward
slot of the header of R, it realizes that the backward packet
iB which B sent to R in previous time slot is not successfully
received at R. In the next transmission chance (time slot 3),
B retransmits iB.

The efficiency of the proposed scheme is compared to
conventional schemes. Using the same discussion of previous
part, the average time required for a packet to arrive at R

is given by T
prop
R−A = T

prop
R−B = Td/(1 − pe). Here, it should

be noticed that the time required for transmission of ACK
becomes zero. In the broadcast phase, owing to the proposed
algorithm, packets of two flows can be treated independently.
The required time for a packet of the forward (backward)

flow to be sent from R to B (A) is similarly T
prop
A−R = T

prop
B−R =

Td/(1 − pe). Hence, the average spectral efficiency of the
proposed scheme becomes

ρprop = ρTd

2
(

Td/
(

1− pe
)) = ρ

(

1− pe
)

2
. (13)

5.2.3. Analytic Results. Without loss of generality, we assume
ρ = 1. Following packet format of 802.11a, the ratio of
durations of ACK and data frame is set to α = 14/1000 =
0.014. Figure 11 depicts spectral efficiency of the proposed
retransmission scheme with respect to different values of
pe in comparison with conventional schemes. In this figure,
the bold lines represents theoretical results using (11), (12),
and (13) and marks denote the simulation results. In the
simulation, 3000 packets are generated from both ends, and
are relayed to the other end. Packets are transmitted through
channel with a packet error rate pe. The figure shows that
the analytical results agree with the simulation results. Also,
the proposed retransmission scheme achieves the highest
spectral efficiency at all area of pe.

5.2.4. Application to MIMO-NC. In MIMO-NC, a frame
contains multiple packets. Retransmission using ACK is
extremely inefficient. If multiple ACKs are used for acknowl-
edgment of each packet, a large part of the system bandwidth
is used for transmission of ACK. If only one ACK is sent
as acknowledgment for successful reception of a frame,
one packet loss requires retransmission of the whole frame.
However, the proposed algorithm can be easily extended for
MIMO-NC.

Namely, # is used to inform a packet loss. At certain
time slot n, a Rx node receives multiple packets of forward
and backward flow whose packet sequence numbers are
correspondingly stored in the network coding header of the
received frame. For each packet, if it passes the FCS check,
it is considered as a successfully received packet. Otherwise,
the packet is considered as lost. In the next time slot n +
1, the node becomes a Tx node and generates a network
coding header. First of all, it puts # to the header slots which
correspond to header slots of the lost packets in time slot

n. For instance, in time slot n, node R fails to receive a
forward packet (sent from node T) whose sequence number
ω is stored in header slot l of the former part of the received
network coding header. In time slot n+1, node R becomes Tx
and node T becomes Rx. Node R generates a network coding
header such that the header slot l of the former part is filled
with #. The remaining header slots are available to insert
sequence numbers of native packets encoded in network
coded packets to be relayed. When a Rx node detects #s in
the former (latter) L header slots from its next-hop node
of forward (backward) flow, it recognizes a packet loss and
schedules the retransmission of the corresponding forward
(backward) packets. In the above example, since node T
detects # in header slot l of the former part of its received
network coding header, and it knows that sequence number
ω had been stored in this slot in time slot n, node T can
acknowledge about the transmission failure of the forward
packet with sequence number ω in the previous time slot and
arrange a retransmission of the packet.

For further understanding of the algorithm, an example
is given in Figure 12 with L = 3. In the first time slot,
forward packets with sequence number 1 and 2 are sent
from A and backward packets 1, 2, and 3 are sent from E.
Since link adaptation is employed, the number of packets of
each flow being relayed is smaller than L. At the Rx side, B
fails to receive packet 2 of the forward flow and D fails to
receive packet 1 of the backward flow. In the second time
slot, B and D become Tx node. B puts a # to the second slot
of its header part containing sequence numbers of forward
packets. Similarly, D puts a # to the first slot of its header
part containing sequence numbers of backward packets. It
is noticed that in this example, even if D owns packet 3 of
the backward flow, it cannot immediately relay the packet
because the adaptive modulation scheme at D at this time
slot only allows D to relay one packet. When A receives the
header of B, it acknowledges that the packet 2 of the forward
flow fails to arrive at B and schedules its retransmission in
the third time slot. Packet retransmission at the link E-D is
performed in the same manner.

6. Network Performance Analysis

6.1. Simulation Setup and Parameters. In our simulations,
five nodes are arranged in a line with equal distance as shown
in Figure 3. With this arrangement, average SNR per antenna
of any link connecting two adjacent nodes is assumed to
be γ = 30 dB. No obstacles are assumed in the simulation
environment and the path loss exponent is set to 3.5. This
value is commonly used in factory environment where mesh
networks are often deployed. Noise power has a typical value
of −94 dBm. Carrier sensing level is −62 dBm [6], thus
sensing range is almost within a distance of one hop. The
channel is supposed to be quasistatic Rayleigh fading such
that channel value does not change during the transmission
of one frame. The channel reciprocity is also assumed, that is,

HR,T = HT,RT . M = 1 in the case of conventional CSMA/CA
schemes and M = 2 in the case of enhanced CSMA/CA
with MIMO. For ease of rate adaptation in CSMA/CA, it is
especially assumed that the channel fading is the same during
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the whole duration of the four phase handshake. In enhanced
CSMA/CA with MIMO, a Rx node uses minimum mean
square error (MMSE) detection method for separation of
spatial schemes. Genie-aided rate adaptation for CSMA/CA
and for MIMO-NC (per stream) are performed based on
estimated signal-to-interference and noise ratio (SINR) and
modulation table given in Table 3. In the simulators, there is
no real transmission of preambles and headers. Perfect frame
synchronization, perfect channel estimation, and no header
errors are assumed. In CSMA/CA and slotted CSMA/CA
based protocols, a Rx node detects a frame if it is currently
idle and its received signal strength is larger than the Rx
sensitivity. In MIMO-NC, perfect synchronization among

nodes are assumed. For all simulations, all far interference
signals caused by simultaneous transmissions are taken into
account and are captured in the SINR. The SINR might
vary during the reception of a frame due to the nature
of random access. For such cases, the minimum observed
SINR is selected as the SINR of the frame. Packet error
rate (PER) is calculated from SINR of a received frame by
a method in [34]. Again, based on the probability given by
PER, for each received packet, the Rx tosses an unequal coin
to decide a successful or failed packet transmission. It is
noted that in MIMO-NC, there is always interference from
three nodes away from a Rx node. Dealing with header error
in MIMO-NC is considered as our future work. Other system
parameters are summarized in Table 5.

In the simulation setup, to make full utilization of
MIMO-NC, packets of two flows of information (forward
and backward) are generated from two end nodes following
a Poisson distribution. The final destination of forward
packets and backward packets are node no. 5 and node no.
1, respectively. Buffers at network layer of each node can
store up to 300 packets per flow. For each flow, if the buffer
is full, newly generated/received packets will be discarded.
In contrast, a sent packet will be kept in a temporary
buffer for retransmission until its ACK (or virtual ACK in
case of MIMO-NC) is received, or retransmission reaches
maximum attempt of 7. The paper does not consider the
delay constraint of packets. Network simulators are run to
observe the status of packets during a total period of one
second. At the end, we calculate the network throughput
by counting the total number of aggregated arrival packets
divided by the observation time. Based on time log of arrival
packets, the average packet delay is also found.

6.2. Network Performance

6.2.1. Adaptive Modulation and Coding. Figures 13 and
15 show network throughput performance and average of
packet delay with respect to increment of offered load,
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Table 5: Physical channel parameters.

Bandwidth 16 MHz

Guard interval
1
4

symbol

Average SNR per link γ 30 dB

Noise power −94 dBm

Receiver sensitivity −82 dBm

Carrier sensing level −62 dBm

Fading channel Block Rayleigh fading

Pathloss exponent 3.5

respectively. In Figure 13, it is interesting to look at the
curves of random access-based protocols. In low-input rate
area, the curve linearly increases with respect to input rate
to a peak point, then gradually decreases to an output
saturation level. The linearly increasing area indicates that
input packets are successfully delivered to their destinations.
But with a higher offered load, the channel congestion occurs
and impedes the successful packet relaying at every links.
Finally, the output rate saturation level exists due to the
limited buffer size at the mesh layer of the implemented
network simulator. In MIMO-NC, no congestion period
exists, thus there is no hump in the throughput performance
curve. At an input rate lower than (1 Mbps/flow), all schemes
do not show any saturation. It means that all schemes
including CSMA/CA based protocols can be used in light
traffic environment. However, at a high-input rate where
new packets are continuously generated at two ends of
the network, Figure 13 reveals superior performance of
MIMO-NC compared to all other CSMA/CA-based pro-
tocols. While network throughputs of other protocols are
saturated at low throughput value with respect to the offered
load, that of MIMO-NC only saturates when offered load
reaches 21 Mbps/flow. The saturated level of MIMO-NC
is 21 Mbps/flow, much higher than 0.2 Mbps/flow (basic
access), 1.5 Mbps/flow (RTS/CTS), 2.7 Mbps/flow (RTS/CTS
with MIMO and slotted RTS/CTS), 7 Mbps/Hz (slotted
RTS/CTS 2 × 2-MIMO). The saturation of MIMO-NC can
be explained by 3 dB power loss of network coding and
overreach interference, noting that the upper bound data rate

of this network is 1/2 × 54 [Mbps] = 27 [Mbps]. To better
see the performance of nonslotted/slotted CSMA/CA-based
protocols, the throughput and delay performance in low
input rate area are zoomed in and shown in Figures 14 and
16, respectively. Basic access performs worst as a result of the
hidden node problem at high input rate and saturates at the
input rate of 1 Mbps/flow. Since CSMA/CA with RTS/CTS
can alleviate hidden node problem, its achievable throughput
is better than basic access with input saturation level is
1.5 Mbps/flow. When MIMO is introduced to RTS/CTS, the
benefits of spatial multiplexing almost double the saturation
point of RTS/CTS. Furthermore, paying for the cost of
synchronization, we can observe large improvement of slot-
ted CSMA/CA (and with MIMO). Since transmissions are
restricted in predefined time slots, the probability of packet
collision can be reduced thus improve achievable through-
put. We can see the performance of slotted CSMA/CA
is almost the same as that of CSMA/CA with MIMO,
and slotted CSMA/CA with MIMO furthermore shows a
significant gain with input saturation point of 10Mbps/flow.
Here, we can conclude that scheduled schemes which require
synchronization among nodes in mesh network can have
drastically better performance than that of random access
protocols. The significant gain of MIMO-NC with respect
to other schemes can be achieved in the favor of bandwidth
saving owing to efficient two-way relay and simultaneous
transmission at different links in the network. For these
reasons, performance of MIMO-NC should at least double
the performance of slotted CSMA/CA with 2 × 2 MIMO.
Simulation result, however, shows larger improvement more
than the factor of 2 since the control packets of slotted
CSMA/CA can still collide, and the PHY header of MIMO-
NC is much smaller (thus more efficient) than collision
period of slotted CSMA/CA.

In terms of packet delay, MIMO-NC also shows better
performance than the others as shown in Figure 15. Delay
performance curves raise up at the saturation input point.
The result seen from this graph agrees well with the result
in Figure 13 that CSMA/CA saturates first, followed by
RTS/CTS, RTS/CTS with MIMO, slotted RTS/CTS, slotted
RTS/CTS, and finally MIMO-NC. To better analyze delay
performance of these schemes, the figure is zoomed in to
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the low input rate area up to 10 Mbps/flow as shown in
Figure 16. In this area, MIMO-NC is below its saturation
point. Therefore, the generated packets are immediately
relayed through four hops to its destination, which results
in a delay of (Tslot × (Nnode − 1) � 6 ms). However, other
CSMA/CA-based protocols have worse performance except
for basic access and RTS/CTS in input rate area lower
than 1 Mbps/flow. In this area, since the channel is not
congested and adaptive modulation is employed, a newly
generated packet can be relayed per hop in shorter period
than a time slot of MIMO-NC. By the same reason, since
in slotted CSMA/CA scheme, packets are fixed in a time
slot of duration longer than that of MIMO-NC, its delay
performance is worse than that of MIMO-NC even in low
input rate area. The delay performance of nonslotted and
slotted CSMA/CA-based protocols with MIMO have the
same characteristics, namely, very high at low input rate,
lower in medium rate and raises again after saturation point.
This phenomenon occurs due to packet relaying mechanism
employed in this paper where the packets are only relayed
if more than M = 2 packets destined toward a same next
hop exist in the MAC buffers of the relay. This mecha-
nism is applied to exploit spatial multiplexing benefit of
MIMO.

In summary, in heavy traffic area, scheduled MAC
schemes, especially MIMO network coding, are not only
superior than other schemes in terms of achievable through-
put but also in terms of packet delay performance. In
light traffic area of bursty source where the network is
not congested, scheduled MAC schemes have comparable
performance with CSMA/CA-based protocols in terms of
throughput and provide a fixed packet delay (fixed QoS).
However, random access like CSMA/CA-based protocols
might have better delay performance than scheduled schemes
employing slotted configuration of PHY frame.
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When a link adaptation is employed without the pro-
posed retransmission scheme, the number of lost packets
at physical layer is reduced significantly. However, for some
applications which do not allow packet loss, the proposed
retransmission scheme is needed. It achieves zero packet loss
as shown in Figure 17.

6.2.2. Fixed Data Rate. Figure 18 shows the packet delivery
ratio of MIMO-NC network with respect to the input offered
load when the link adaptation is not employed. In this
scenario, the data rate of each link is fixed to 54 Mbps. The
delivery ratio is defined as the ratio of successfully delivered
packets through multihop relaying and the total number of
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packets generated. Since high order modulation scheme is
used at each transmission with the existence of intraroute
interference, there is high probability of occurrence of packet
loss. As seen in the figure, without retransmission, maximally
only 25% of packets can be delivered successfully. However,
when retransmission scheme is introduced, at low offered
load, 100% of packets arrive at destination nodes. At higher
offered load, packet loss occurs due to the buffer overflow.

7. Summary and Extension

The application of well-known CSMA/CA-based MAC
protocols to mesh network reveals high latency and low
resource utilization. Several alternative protocols only pro-
vided marginal improvement. In recent publication, a cross-
layer design employing multiple antenna techniques called
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Figure 18: Packet delivery ratio MIMO-NC network at fixed data
rate of 54 Mbps.

MIMO-NC has been proposed for one dimensional mesh
network. The technique was shown to provide significantly
high end-to-end capacity. This paper considered MIMO-
NC as an alternative PHY/MAC protocol of CSMA/CA
and provided details on the design of the protocol, for
example, packet format, relaying mechanism. This paper
furthermore proposed an efficient retransmission scheme
employing network coding header. The proposed retrans-
mission scheme was shown to be effective in terms of
resource usage as well as QoS guarantee. Simulation results
from our developed network simulators also showed that
MIMO-NC achieved an extremely large gain in terms of
network throughput (14 times) and a significant reduction
of packet latency in comparison with CSMA/CA mesh
networks. Such improvements can be attained as the benefits
of the scheduled synchronized network, the introduction
of MIMO, and the efficient bidirectional flow multiplexing
capability of network coding.

The network simulator and the proposed retransmission
scheme presented in this paper can be easily extended
to other network topologies, for example, 2D topology
including “X-topology”, “Y-topology,” and cross topology
[16], rotary [27] topology, tree topology [28], and so forth.
Furthermore, owing to freedom of antenna at the Tx,
space time block code (STBC) [26] can be introduced to
improve link robustness. For future work, we consider the
performance evaluation of MIMO-NC based on experiment
using our developed MIMO mesh hardware [35] at 950 MHz
band.
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We propose non-regenerative multi-way relaying where a half-duplex multi-antenna relay station (RS) assists multiple single-
antenna nodes to communicate with each other. The required number of communication phases is equal to the number of the
nodes, N. There are only one multiple-access phase, where the nodes transmit simultaneously to the RS, and N − 1 broadcast
(BC) phases. Two transmission methods for the BC phases are proposed, namely, multiplexing transmission and analog network
coded transmission. The latter is a cooperation method between the RS and the nodes to manage the interference in the network.
Assuming that perfect channel state information is available, the RS performs transceive beamforming to the received signals
and transmits simultaneously to all nodes in each BC phase. We address the optimum transceive beamforming maximising the
sum rate of non-regenerative multi-way relaying. Due to the nonconvexity of the optimization problem, we propose suboptimum
but practical signal processing schemes. For multiplexing transmission, we propose suboptimum schemes based on zero forcing,
minimising the mean square error, and maximising the signal to noise ratio. For analog network coded transmission, we propose
suboptimum schemes based on matched filtering and semidefinite relaxation of maximising the minimum signal to noise ratio. It
is shown that analog network coded transmission outperforms multiplexing transmission.

1. Introduction

The bidirectional communication channel between two
nodes was introduced in [1]. Recently, as relay communi-
cation becomes an interesting topic of research, the work in
[1] was extended by other works, for example, those in [2–
7], for bidirectional communication using a half-duplex relay
station (RS).

Bidirectional communication using a half-duplex RS can
be realised in 4-phase [2, 8], 3-phase [9–11], or 2-phase
communication [2, 7, 8]. The latter was introduced as two-
way relaying protocol in [2], which outperforms the 4-phase
(one-way relaying) communication in terms of the sum rate
performance. This is due to the fact that two-way relaying
uses the resources more efficiently. In two-way relaying,
the two communicating nodes send their data streams
simultaneously to the RS in the first communication phase,
the multiple-access (MAC) phase. In the second phase, the

broadcast (BC) phase, the RS sends the superposition of
the nodes’ data streams to the nodes. After applying self-
interference cancellation, each node obtains its partner’s data
streams. Two-way relaying adopts the idea of network coding
[12], where the RS uses either analog network coding [2–4]
or digital network coding [2, 5–7].

An RS that applies analog network coding can be classi-
fied as a non-regenerative RS since the RS does not regenerate
(decode and re-encode) the data streams of the nodes. A
non-regenerative RS has three advantages: no decoding error
propagation, no delay due to decoding and deinterleaving,
and transparency to the modulation and coding schemes
being used at the nodes [8]. Non-regenerative, in general,
may be, for example, amplify-and-forward in strict sense,
that is, pure amplification of the received signal [2],
beamforming [8], or compress-and-forward [13]. In this
paper, we consider a non-regenerative relaying where the RS
performs transceive beamforming.
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It is widely known from many publications, for example,
[14, 15], that the use of multiple antennas improves the spec-
tral efficiency and/or the reliability of the communication
systems. A multi-antenna RS, which serves one bidirectional
pair using two-way relaying, is considered in [16–18] for a
regenerative RS and in [8, 19, 20] for a non-regenerative
RS. For the non-regenerative case, while [8, 19] assume
multi-antenna nodes, [20] assumes single-antenna nodes.
Their works consider optimal beamforming maximising the
sum rate as well as linear transceive beamforming based
on Zero Forcing (ZF) and Minimum Mean Square Error
(MMSE), and in [8] also Maximisation of Signal to Noise
Ratio (MSNR) criteria.

Multi-user two-way relaying, where an RS serves more
than one bidirectional pair, is treated in [21–23] for a
regenerative RS and in [24, 25] for a non-regenerative RS.
In [21], all bidirectional pairs are separated using Code
Division Multiple Access. Every two nodes in a bidirectional
pair have their own code which is different from the other
pairs’ codes. In contrast to [21], in [22, 23], the separation
of the pairs in the second phase is done spatially using
transmit beamforming employed at the RS. For the non-
regenerative case, the multi-antenna RS performs transceive
beamforming to separate the nodes [24] or the pairs [25].
In [24], ZF and MMSE transceive beamforming for multi-
user two-way relaying is designed and the bit error rate
performance is considered. Different to [24], in [25] pair-
aware transceive beamforming is performed at the RS. The
RS separates only the data streams from different pairs and,
thus, each node has to perform self-interference cancellation.
The sum rate performance is considered and it is shown
that the pair-aware transceive beamforming outperforms
the ZF one. Additionally, [25] addresses the optimum
transceive beamforming maximising the sum rate of the non-
regenerative multi-user two-way relaying.

In recent years, applications such as video conference and
multi-player gaming are becoming more popular. In such
applications, multiple nodes are communicating with each
other. An N-node multi-way channel is one in which each
node has a message and wants to decode the messages from
all other nodes [26]. Until now, there are only few works on
such a multi-way channel, for example, the work of [26, 27],
where [1] is a special case when the number N of the nodes
is equal to two.

A multi-way relay channel, where multiple nodes can
communicate with each other only through an RS, is con-
sidered in [28]. A full-duplex communication, where full-
duplex nodes communicate with each other through a full-
duplex RS, is assumed. However, full-duplex nodes and relays
are still far from practicality and half-duplex nodes and relays
are more realistic [2, 29]. Therefore, efficient communication
protocols to perform multi-way communication between
half-duplex nodes with the assistance of a half-duplex RS are
needed.

In multi-way communication, if all N nodes are half-
duplex and there are direct links between them, the required
number of communication phases in order for each node to
obtain the information from all other nodes is N , as depicted
in Figure 1(a) for the case of N = 3, namely, nodes S0,
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Figure 1: Multi-way communication: (a) with direct link; (b) with
the assistance of a relay station using the one-way relaying protocol.

S1 and S2. Assuming that there are no direct links between
the nodes, and that they communicate only through the
assistance of an RS, if the RS applies the one-way relaying
protocol, the required number of phases is 2N , as shown in
Figure 1(b) for the case of N = 3.

Recently, the authors of this paper proposed a multi-way
relaying protocol where a half-duplex regenerative RS assists
multiple half-duplex nodes to communicate with each other
in [30]. A transceive strategy which ensures that the RS is able
to transmit with the achievable MAC rate while minimising
the transmit power is proposed. The required number of
communication phases for the multi-way relaying is only N .

Different to [30], in this paper, we propose non-
regenerative multi-way relaying where the required number
of phases is also N . There is only one MAC phase, where
all nodes transmit simultaneously to the RS and there are
N−1 BC phase, where the RS transmits to the nodes. The RS
is equipped with multiple antennas to spatially separate the
signals received from and transmitted to all nodes. Our work
is a generalisation of the non-regenerative two-way relaying;
that is, if N = 2, we have the non-regenerative two-way
relaying case.

In this paper, we propose two different transmission
methods for the BC phases, namely, multiplexing trans-
mission and analog network coded transmission. Using
multiplexing transmission, in each BC phase, the RS spatially
separates the data streams received from the nodes and
transmits a different data stream to each node. On the other
hand, using analog network coded transmission, the RS
superposes two out of N data streams and simultaneously
transmits the superposed data stream to the nodes. Prior
to decoding, each node has to perform self- and known-
interference cancellation. This is a cooperation method
between the RS and the nodes to manage the interference
in the network, which improves the performance in the
network.
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It is assumed in this paper that perfect channel state
information (CSI) is available, such that the multi-antenna
RS can perform transceive beamforming. We first derive
the achievable sum rate and then address the optimum
transceive beamforming maximising the sum rate of non-
regenerative multi-way relaying. Because the optimisation
problem is nonconvex, it is too complex to find the optimum
solution. Therefore, we propose suboptimum but practical
signal processing schemes at the RS, namely, subopti-
mum Spatial Multiplexing Transceive Beamforming (SMTB)
schemes for multiplexing transmission and suboptimum
Analog Network Coding Transceive Beamforming (ANCTB)
schemes, which are specially designed for analog network
coded transmission. Three suboptimum SMTB algorithms
are designed, namely, Zero Forcing (ZF), Minimum Mean
Square Error (MMSE) and Maximisation of Signal to Noise
Ratio (MSNR). Two suboptimum ANCTB algorithms are
designed, namely, Matched Filter (MF) and semidefinite
relaxation (SDR), which is based on the semidefinite relax-
ation of maximising the minimum signal to noise ratio pro-
blem. The performances of these schemes are analysed and
compared.

This paper is organised as follows. Section 2 explains the
protocol and the transmission methods. The system model
is provided in Section 3. Section 4 explains the achievable
sum rate. Section 5 describes the transceive beamforming.
Section 6 provides the performance analysis. Section 7 con-
cludes the work.

Notations. Boldface lower- and upper-case letters denote
vectors and matrices, respectively, while normal letters
denote scalar values. The superscripts (·)T, (·)∗, and (·)H

stand for matrix or vector transpose, complex conjugate,
and complex conjugate transpose, respectively. The operators
modN (x), E{X} and tr{X} denote the modulo N of x, the
expectation and the trace of X, respectively, and CN (0, σ2)
denotes the circularly symmetric zero-mean complex normal
distribution with variance σ2.

2. Protocol and Transmission Methods

In this section, the communication protocol and the trans-
mission methods for N-phase non-regenerative multi-way
relaying are described. We first explain the protocol for
multiplexing transmission followed by the explanation of the
protocol for analog network coded transmission.

2.1. Multiplexing Transmission. InN-phase non-regenerative
multi-way relaying with multiplexing transmission, in the
first phase, the MAC phase, all N nodes transmit simulta-
neously to the RS. The following N − 1 phases are the BC
phases where the RS transmits to all nodes simultaneously.
Using multiplexing transmission, in each BC phase, the RS
transmits N data streams simultaneously to all nodes, one
data stream for each node. For that purpose, the RS separates
the received data stream spatially and in each BC phase
transmits to each node one data stream from one of the other
N −1 nodes. In each BC phase, each node receives a different
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Figure 2: Multi-way relaying: (a) multiplexing transmission; (b)
analog network coded transmission.

data stream from a different node, in such a way that after
N − 1 BC phases, each node receives the N − 1 data streams
from the other N − 1 nodes.

Figure 2(a) shows an example when three nodes com-
municate with each other with the help of an RS. In
the first phase, S0 sends x0, S1 sends x1 and S2 sends
x2 simultaneously to the RS. The RS performs transceive
beamforming to spatially separate the data streams. As
a result, x̂i is obtained as the output of the transceive
beamforming at the RS, which is the data stream from node
i plus the RS’s noise and depends on the employed transceive
beamforming. In the second phase, the RS forwards x̂0 to S2,
x̂1 to S0 and x̂2 to S1. In the third phase, the RS forwards
x̂0 to S1, x̂1 to S2 and x̂2 to S0. After completing these three
communication phases, each node receives the data streams
from all other nodes.

2.2. Analog Network Coded Transmission. As for multiplexing
transmission, N-phase non-regenerative multi-way relaying
with analog network coded transmission also consists of
one MAC phase and N − 1 BC phases. However, instead
of spatially separating each data stream received from and
transmitted to the nodes, using analog network coded
transmission, in each BC phase the RS superposes two data
streams out of theN data streams. The two data streams to be
superposed are changed in each BC phase, in such a way that
after N − 1 BC phases, each node receives N − 1 superposed
data streams which contain the N − 1 data streams from
the other N − 1 nodes. In each BC phase, the superposed
data stream is then transmitted simultaneously to the nodes.
Therefore, there is no interstream interference as in the case
of multiplexing transmission. Consequently, each node has
to perform interference cancellation.

Figure 2(b) shows an example of non-regenerative multi-
way relaying with analog network coded transmission for
the case of N = 3. In the first phase, all nodes transmit
simultaneously to the RS, S0 sends x0, S1 sends x1 and S2
sends x2. In the second phase, the RS sends x̂01 to all nodes.
The transmitted data stream x̂01 is a superposition of the data
streams from S0 and S1 plus the RS’s noise. Both S0 and



4 EURASIP Journal on Wireless Communications and Networking

S1 perform self-interference cancellation, so that S0 obtains
x1 and S1 obtains x0. Node S2 cannot yet perform self-
interference cancellation, since x̂01 does not contain its data
stream. In the third phase, the RS transmits x̂02 to all nodes.
Both nodes S0 and S2 perform self-interference cancellation
so that S0 obtains x2 and S2 obtains x0. Since S1 knows
x0 from the second phase, it performs known-interference
cancellation to obtain x2 in the third phase. For S2, since it
knows x0 from the third phase, it obtains x1 by performing
known-interference cancellation to the received data stream
x̂01 in the second phase. Thus, S2 needs to wait until it
receives the data stream containing its own data stream.
After performing self-interference cancellation, it performs
known-interference cancellation to obtain the other data
stream. After three phases, all nodes obtain the data streams
from all other nodes.

Non-regenerative multi-way relaying with analog net-
work coded transmission is a cooperation between the
RS and the nodes to manage the interference in the
network. Since the nodes can perform the self- and known-
interference cancellations, the RS does not need to suppress
interference signals which can be canceled at the nodes.
Thus, there is no unnecessary loss of degrees of freedom
at the RS to cancel those interference signals. Hence, it
can be expected that there is a performance improvement
when using analog network coded transmission compared to
multiplexing transmission.

3. System Model

In this section, the system model of non-regenerative multi-
way relaying is described. There are N single-antenna nodes
which want to communicate with each other through a
multi-antenna RS with M antenna elements. It is assumed
that perfect CSI is available so that the RS can employ
transceive beamforming. Although in this paper we only
consider single-antenna nodes, our work can be readily
extended to the case of multi-antenna nodes. We first
describe the overall system model for non-regenerative
multi-way relaying. Afterwards, we explain the specific
parameters required for each of the two transmission meth-
ods: multiplexing transmission and analog network coded
transmission.

In the following, let H ∈ CM×N = [h0, . . . , hN−1]
denote the overall channel matrix, with hi ∈ CM×1 =
(hi,1, . . . ,hi,M)T, i ∈ I, I = {0, . . . ,N − 1}, being the channel
vector between node i and the RS. The channel coefficient
hi,m,m ∈ M, M = {1, . . . ,M}, follows CN (0, σ2

h). The
vector x ∈ CN×1 denotes the vector of (x0, . . . , xN−1)T, with
xi being the signal of node i which follows CN (0, σ2

x ). The
additive white Gaussian noise (AWGN) vector at the RS is
denoted as zRS ∈ CM×1 = (zRS1, . . . , zRSM)T, where zRSm

follows CN (0, σ2
zRS

). It is assumed that all nodes have fixed
and equal transmit power.

In non-regenerative multi-way relaying, in the first phase,
the MAC phase, all nodes transmit simultaneously to the RS.
The received signal at the RS is given by

rRS = Hx + zRS. (1)

The non-regenerative RS performs transceive beamforming
to the received signals and transmits to the nodes simulta-
neously. We assume that in each BC phase the RS transmits
with power qRS. Assuming reciprocal and stationary channels
in the N phases, the downlink channel from the RS to the
nodes is simply the transpose of the uplink channel H.

Let Gn, n ∈ N , N = {2, . . . ,N}, denote the n-th phase
transceive beamforming matrix. The received signal vector of
all nodes in the n-th BC phase can be written as

ynnodes = HTGn(Hx + zRS) + znodes, (2)

where znodes = (z0, . . . , zN−1)T with zk being the AWGN at a
receiving node k which follows CN (0, σ2

zk
). Accordingly, the

received signal at node k while receiving the data stream from
node i in the n-th BC phase is given by

ynk,i = hT
kGnhixi
︸ ︷︷ ︸

useful signal

+
N−1
∑

j=0
j /= i

hT
kGnh jx j

︸ ︷︷ ︸

interference signals

+ hT
kGnzRS
︸ ︷︷ ︸

RS’s propagated noise

+ zk.
(3)

In this paper, we propose multiplexing transmission and
analog network coded transmission for non-regenerative
multi-way relaying. In the following, we define the relation-
ship of the BC phase index n,n ∈ N , the receiver index
k, k ∈ I and the transmitter index i, i ∈ I, whose data stream
shall be decoded in the n-th BC phase by the receiving node
k for both transmissions.

Multiplexing Transmission. If the RS is using multiplexing
transmission, the relationship is defined by

i = modN (k + n− 1), (4)

Figure 2(a) shows the example of multiplexing transmission
for three nodes.

Analog Network Coded Transmission. If the RS is applying
analog network coded transmission, in each BC phase, each
node needs to know which data streams from which two
nodes have been superposed by the RS. This might increase
the signaling in the network. Thus, assuming that each node
knows its own and its partners’ indices, we propose a method
for choosing data streams to be network coded by the RS
which does not need any signaling. We choose the data
stream from the lowest index node Sv, v = 0, and superpose
this data stream with one data stream from another node
Sw,w ∈ I \ {0}, which is selected successively based on
the relationship defined by w = n − 1,n ∈ N . In the n-th
phase, the RS sends x0w to all nodes simultaneously. Node
Sk, k = 0, receives the data stream from node Si, i = w, and it
simply performs self-interference cancellation to obtain xw.
The same applies to node Sk, k = w, it simply performs
self-interference cancellation to obtain x0. Node S0 needs to
perform only self-interference cancellation in each BC phase
to obtain the other nodes’ data streams. The other N − 1
nodes Sw,w ∈ I \ {0}, need to perform self-interference
cancellation once they receive the data stream containing
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their data stream to obtain x0 and, after knowing x0, they
perform known-interference cancellation by canceling x0

from each of the received data streams that are received in the
other BC phases. Therefore, the relationship can be written as

i =
⎧

⎨

⎩

0, for k = n− 1,

n− 1, otherwise.
(5)

Figure 2(b) shows the example of analog network coded
transmission for 3 nodes.

Even though x0 is transmittedN−1 times to the nodes, it
does not increase the information rate of x0 at the otherN−1
nodes. Once x0 is decoded and known by the nodes, there is
no uncertainty of x0 in the other data streams.

The general rule for the superposition of two data
streams in each BC phase is that we have to ensure that
the data stream from each node has to be superposed at
least once. For N = 3, assuming reciprocal and stationary
channel in the N phases, there are three options which fulfill
the general rule. The first one is as explained above, namely,
x̂01 and x̂02. The other two options are by superposing x̂01

and x̂12 or by superposing x̂12 and x̂02. For each of the
possible superposition options, exchanging the superposed
data streams to be transmitted in the BC phases will result
in the same performance due to the assumption of the
stationarity of the channel. The higher the N , the more
options for superposing the data streams which fulfill the
general rule.

4. Achievable Sum Rate

In this section, we explain the achievable sum rate of non-
regenerative multi-way relaying. We define the achievable
sum rate in the network as the sum of all the rates
received at all the nodes. We begin this section with the
definition of the Signal to Interference and Noise Ratio
(SINR), which is needed to determine the achievable sum
rate of non-regenerative multi-way relaying. Afterwards, the
achievable sum rate expressions for two different cases,
namely, asymmetric and symmetric traffic cases, are given.

4.1. Signal to Interference and Noise Ratio. In this section, we
derive the SINR, first for multiplexing transmission and then
for analog network coded transmission. For multiplexing
transmission, given the received signal in (3), the SINR for
the link between receive node Sk and transmit node Si is
given by

γnmuxk,i
= S

Is + Ios + ZRS + Zk
, (6)

with the useful signal power

S = E
{
∣

∣

∣hT
kGnhixi

∣

∣

∣

2
}

=
∣

∣

∣hT
kGnhi

∣

∣

∣

2
σ2
x , (7)

the self-interference power

Is = E
{
∣

∣

∣hT
kGnhkxk

∣

∣

∣

2
}

=
∣

∣

∣hT
kGnhk

∣

∣

∣

2
σ2
x , (8)

the other-stream interference power

Ios =
N−1
∑

j=0
j /={k,i}

E
{
∣

∣

∣hT
kGnh jx j

∣

∣

∣

2
}

=
N−1
∑

j=0
j /={k,i}

∣

∣

∣hT
kGnh j

∣

∣

∣

2
σ2
x , (9)

the RS’s propagated noise power

ZRS = E
{
∣

∣

∣hT
kGnzRS

∣

∣

∣

2
}

=
∣

∣

∣hT
kGn

∣

∣

∣

2
σ2
zRS

, (10)

and the receiving node k’s noise power

Zk = E
{

|zk|2
}

= σ2
zk . (11)

In the n-th BC phase, node k may perform interference
cancellation. It subtracts the a priori known self-interference
as well as other-stream interference known from the previous
BC phases. Once the nodes have decoded other nodes’ data
streams in the previous BC phases, they may use them
to perform known-interference cancellation in a similar
fashion to self-interference cancellation. With interference
cancellation, the SINR γnk,i for multiplexing transmission can
be rewritten as

γnk,i =
S

Inotcanc + ZRS + Zk
, (12)

where

Inotcanc =
N−1
∑

j=0
j /= k
j /∈B

∣

∣

∣hT
kGnh j

∣

∣

∣

2
σ2
x

(13)

is the interference power without self-interference and other-
stream interference that have been decoded in the previous
BC phases, with B = {b | b = modN (k + o − 1), ∀o, o =
{2, . . . ,n− 1}}, the set of the nodes whose data streams have
been decoded in the previous BC phases.

When the RS is using analog network coded transmis-
sion, the SINR is given by

γnANCk,i
= S

Isok + ZRS + Zk
, (14)

where Isok is the interference at a receiving node k which can
be either self-interference or known interference.

In each BC phase, the RS transmits xvw which is a
superposition of the data streams from nodes Sv and Sw.
Both nodes Sv and Sw need to perform self-interference
cancellation. In this case, the receiving node Sk, k = v,
receives from node Si, i = w, and the receiving node Sk, k =
w, receives from node Si, i = v. Other nodes which know xv
from the previous BC phase can apply known-interference
cancellation to obtain xw. In this case, the receiving node
Sk, k /= v, k /=w, receives the data stream from node Si, i = w.
Therefore, Isok is either a self-interference power from (8) or
a known-interference power given by

Ik = E
{
∣

∣

∣hT
kGnhvxv

∣

∣

∣

2
}

=
∣

∣

∣hT
kGnhv

∣

∣

∣

2
σ2
x . (15)
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Since Isok can and should be canceled at each node, the SINR
γnk,i for analog network coded transmission with self- and
known-interference cancellation is given by

γnk,i =
S

ZRS + Zk
. (16)

4.2. Sum Rate for Asymmetric Traffic. Given the SINR γnk,i as
in Section 4.1, the information rate when node k receives the
data stream from node i is given by

Rk,i = log2

(

1 + γnk,i

)

. (17)

Since all nodes transmit only once, each transmitting node i
needs to ensure that its data stream can be decoded correctly
by the other N − 1 receiving nodes k, k ∈ I \ {i}. Thus, the
information rate transmitted from node i is defined by the
weakest link between node i and all other N − 1 receiving
nodes k, k ∈ I \ {i}, which can be written as

Ri = min
k∈I\{i}

R
k,i
. (18)

Finally, the achievable sum rate of non-regenerative multi-
way relaying is given by

SRasym = 1
N

(N − 1)
N−1
∑

i=0

Ri. (19)

The factor N − 1 is due to the fact that there are N − 1
receiving nodes which receive the same data stream from a
certain transmitting node i. The scaling factor 1/N is due to
N channel uses for the overall N communication phases.

One note regarding the achievable sum rate with analog
network coded transmission is that, by having (18) for
transmitting node Si, i = v, we ensure that node Sv transmits
xv with the rate that can be decoded correctly by all other
N−1 nodes. Thus, having decoded xv correctly, all otherN−1
nodes can use it to perform known-interference cancellation
in a similar fashion to their self-interference cancellation.

4.3. Sum Rate for Symmetric Traffic. In certain scenarios,
there might be a requirement to have a symmetric traffic
between all nodes. All nodes communicate with the same
data rate defined by the minimum of Ri, i ∈ I. The
achievable sum rate becomes

SRsymm = 1
N

(N − 1)N
(

min
i∈I

Ri

)

. (20)

5. Transceive Beamforming

In this section, the transceive beamforming employed at the
RS is explained. It is assumed that the number of antennas at
the RS is higher than or equal to the number of nodes, that is,
M ≥ N , since we will derive low complexity linear transceive
beamforming algorithms to be employed at RS. In the first
subsection, we explain the optimum transceive beamforming
maximising the sum rate of non-regenerative multi-way
relaying. The following two subsections explain suboptimum
but practical transceive beamforming algorithms for both
multiplexing and analog network coded transmission.

5.1. Sum Rate Maximisation. In this subsection, the opti-
mum transceive beamforming maximising the sum rate of
non-regenerative multi-way relaying for asymmetric traffic
is addressed. It is valid for both multiplexing and analog
network coded transmissions. Asymmetric traffic is consid-
ered since it provides higher sum rate than that symmetric
traffic. The optimisation problem for finding the optimum
transceive beamforming maximising the sum rate of non-
regenerative multi-way relaying for asymmetric traffic can be
written as

max
Gn

∑

i

∑

k

Rk,i

s.t. tr
{

Gn
(

HRxHH + RzRS

)

GnH
}

= qRS,

(21)

where RzRS = E{zRSzH
RS} is the covariance matrix of the

RS’s noise, Rx = E{xxH} is the covariance matrix of the
transmitted signal and qRS is the transmit power of the RS.

In this paper, we assume that the transmit power at all
nodes is equal and fixed. In order to improve the sum rate,
we can have the transmit power at the nodes as variables
to be optimised subject to power constraint at each node.
However, since there is only one MAC phase, we have
to find the optimum transmit power at each node and,
simultaneously, the transceive beamforming for all BC phase,
Gn,∀n ∈ N . This joint optimisation problem will further
increase the computational effort.

The optimisation problem in (21) is nonconvex and it
can be awkward and too complex to solve. Thus, in the
following subsections we propose suboptimum but practical
transceive beamforming algorithms for both multiplexing
transmission and analog network coded transmission.

5.2. Suboptimum Spatial Multiplexing Transceive Beamform-
ing. In this subsection, we explain the design of subopti-
mum Spatial Multiplexing Transceive Beamforming (SMTB)
algorithms for multiplexing transmission. We decompose
the n-th BC phase transceive beamforming Gn into receive
beamforming GRc, permutation matrix Πn and transmit
beamforming GTx; that is, Gn = GTxΠ

nGRc.
The receive beamforming is only needed to be computed

once and can be used for all BC phases’ transceive beam-
forming since there is only one MAC phase. In this paper,
we assume reciprocal and stationary channels within the N
phases. Therefore, the transmit beamforming should also
be computed only once and can be used for all BC phases’
transmission. Nevertheless, the transceive beamforming in
each BC phase should be different from one BC phase to
another, since the RS has to send different data streams to an
intended node. In order to define which data stream should
be transmitted by the RS to which node in the n-th BC phase,
a permutation matrix is used.

The permutation matrix Πn defines the relationship
of receiving index k, the transmitting index i, and the
corresponding phase index n. Πn is given by the operation
colperm(IN , (n − 1)) with IN , an identity matrix of size N .
colperm(IN , (n − 1)) permutes the columns of the identity
matrix (n − 1) times circularly to the right. For example,
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for Figure 2(a), the permutation matrices Π2 =
(

0 1 0
0 0 1
1 0 0

)

and Π3 =
(

0 0 1
1 0 0
0 1 0

)

. Regarding the receive and transmit

beamforming, in this paper, we consider three different
algorithms, namely ZF, MMSE and MSNR. Receive and
transmit beamforming algorithms with those criteria have
been derived in [8, 19] for the case of two-way relaying.
The optimisation problem with those criteria for multi-way
relaying can be written as in [8, 19]. Therefore, in this paper,
we use the solution for receive and transmit beamforming
from [8, 19] and extend them to suit non-regenerative multi-
way relaying by using the permutation matrix as explained
above. In the following, we explain the receive and transmit
beamforming for the three SMTB algorithms.

5.2.1. Zero Forcing. For multi-way relaying, the minimi-
sation of mean square error subject to the zero forcing
constraint can be written as

min
Gn

E
{
∥

∥x − x̂
∥

∥
2
}

s.t. tr
{

Gn
(

HRxHH + RzRS

)

GnH
}

= qRS,

x = x̂, if zRS = 0, znodes = 0.

(22)

The same formulation as in (22) can also be found in [8, 19]
for the case of one-way and two-way relaying. In [8, 19] the
solution of such a problem is derived.

Using the result from [8, 19], the ZF receive beamforming
for multi-way relaying is given by

GRc =
(

HHR−1
zRS

H
)−1

HHR−1
zRS

(23)

and the ZF transmit beamforming is given by

GTx = 1
pZF

H∗
(

HTH∗
)−1

, (24)

with

pZF =

√

√

√

√

√

tr
{

(

HHΥ−1
Rc H

)−1(
HTH∗)−1

}

qRS

(25)

and

ΥRc = HRxHH + RzRS (26)

5.2.2. Minimum Mean Square Error. For multi-way relaying,
the minimisation of mean square error can be written as

min
Gn

E
{
∥

∥x − x̂
∥

∥
2
}

s.t. tr
{

Gn
(

HRxHH + RzRS

)

GnH
}

= qRS.

(27)

The same formulation as in (27) can also be found in [8, 19]
for the case of one-way and two-way relaying. Using the
result from [8, 19], the MMSE receive beamforming for
multi-way relaying is given by

GRc = RxHHΥ−1
Rc , (28)

and the MMSE transmit beamforming is given by

GTx = 1
pMMSE

Υ−1
Tx H∗, (29)

with

pMMSE =
√

√

√

√

tr
{

HRxHTΥ−2
Tx H∗RxHHΥ−1

Rc

}

qRS

(30)

and

ΥTx = H∗HT +
tr
{

Rznodes

}

qRS
IM (31)

where Rznodes = E{znodeszH
nodes} is the covariance matrix of the

noise vector of all nodes.

5.2.3. Maximisation of Signal to Noise Ratio. For multi-way
relaying, the maximisation of the signal to noise ratio can be
written as

min
Gn

∣

∣E
{

x − x̂
}∣

∣
2

‖E{x}‖2
2E
{

‖HTGnzRS + znodes‖2
}

s.t. tr
{

Gn
(

HRxHH + RzRS

)

GnH
}

= qRS.

(32)

The same optimisation problem for two-way relaying can be
found in [8].

Using the result from [8], the MSNR receive beamform-
ing for multi-way relaying is given by

GRc = RxHHΥ−1
Rc , (33)

and the MSNR transmit beamforming is given by

GTx = 1
pMSNR

H∗, (34)

with

pMSNR =
√

√

√

√

tr
{

H∗RxHHΥ−1
Rc HRxHT

}

qRS
. (35)

5.3. Suboptimum Analog Network Coding Transceive Beam-
forming. In this subsection, the design of Analog Net-
work Coding Transceive Beamforming (ANCTB) for non-
regenerative multi-way relaying is explained. In order to
superpose two data streams out ofN data streams, the RS has
to separate the two data streams from the other received data
streams. The superposed data stream needs to be transmitted
simultaneously to N nodes. Therefore, we specially design
ANCTB to implement analog network coding in non-
regenerative multi-way relaying. The proposed ANCTB can
be interpreted as a Physical Layer Network Coding (PLNC)
for non-regenerative multi-way relaying, where the network
coding is performed via beamforming. Thus, the RS does
not need to know the modulation constellation and coding
which are used by the nodes. This is the difference of the
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proposed beamforming-based PLNC to the PLNC proposed
for two-way relaying in [6, 31].

The n-th BC phase transceive beamforming of ANCTB
is decoupled into receive and transmit beamforming. The
receive beamforming of ANCTB is basically performing
the PLNC by separating two data streams xv and xw
from the other data streams and superposing them. The
receive beamforming is designed based on the ZF Block
Diagonalization (ZFBD), which has been proposed in [32]
for downlink spatial multiplexing transmit beamforming.
Firstly, we use ZFBD to compute the equivalent channel of
the two nodes whose data streams will be superposed by the
RS. Secondly, we compute the receive beamforming based on
the equivalent channel. The superposed data stream needs
to be transmitted simultaneously to N nodes. Therefore, we
design the transmit beamforming for ANCTB in the same
way as designing single-group multicast beamforming. Since
we consider reciprocal and stationary channel, the multicast
transmit beamforming needs only to be computed once. In
the following, we explain the equivalent channel to be used
for computing the receive beamforming. Afterwards, the two
subsections explain the ANCTB algorithms, that is, Matched
Filter and Semidefinite Relaxation, respectively.

Equivalent Channel for Receive Beamforming. In the n-th
phase, let HT

vwn ∈ C2×M and ˜HT
vwn ∈ C(N−2)×M denote the

channel matrix of two nodes Sv and Sw and the channel
matrix of the other N − 2 nodes, respectively. Given the
singular value decomposition

˜HT
vwn = ˜Un

˜Sn
[

˜V(1)n , ˜V(0)n
]

, (36)

we compute the equivalent channel matrix of the two nodes
Sv and Sw, H(eq)n ∈ C2×(N−r̃) = HT

vwn
˜V(0)n , which assures

that the interference signals from the other N − 2 nodes are
suppressed. The matrix ˜V(0)n ∈ CM×(N−r̃) contains the right
singular vectors of ˜HT

vwn , with r̃ denoting the rank of matrix
˜HT
vwn .

5.3.1. Matched Filter. Having the equivalent channel for the
two data streams to be superposed, for Matched Filter (MF),
we first perform a receive matched filtering to improve the
received signal level. Afterwards, we superpose both data
streams by simply adding both matched filtered signals which
can be expressed by multiplying the matched filtered signals
with a vector of ones. Thus, the MF receive beamforming can
be written as

mn
Rc = H(eq)n H

12 (37)

with 12 = [1, 1]T.
In order to transmit to all nodes, we need single-

group multicast beamforming. Low complexity transmit
beamforming algorithms for single-group multicast are
treated in [33]. It is shown in [33] that the MF outperforms
other linear single-group multicast transmit beamforming,

for example, ZF and MMSE. Therefore, we consider the MF
for the transmit beamforming given by

mTx = H∗1N . (38)

5.3.2. Semidefinite Relaxation. Since in multi-way relaying all
nodes want to communicate with each other, we propose a
fair transceive beamforming, Semidefinite Relaxation (SDR).
The receive beamforming of SDR tries to balance the signal
to noise ratios (SNRs) between the two nodes whose data
streams are going to be superposed. Therefore, we need to
maximise the minimum SNR between the two nodes based
on the equivalent channel. This optimisation problem can be
written as

max
mn

Rc

min
i∈{v,w}

⎧

⎪

⎨

⎪

⎩

∣

∣

∣

∣

∣

∣

mn
Rch

(eq)n

i

σ2
zRS

∣

∣

∣

∣

∣

∣

2
⎫

⎪

⎬

⎪

⎭

s.t.
∥

∥mn
Rc

∥

∥
2
2 ≤ 1,

(39)

which leads to a fair receive beamforming with h
(eq)n

i being
the equivalent channel of node Si whose data stream is
going to be superposed. Such an optimisation problem is
proved to be NP-hard in [34]. Nonetheless, such noncon-
vex quadratically constrained quadratic program can be
approximately solved using SDR techniques. Some works
have used SDR techniques for approximately solving max-
min SNR problems, for example, [34] for single-group
multicast and [35] for multigroup multicast, where [34]
is a special case of [35] when the number of groups is
one. As in [34], we rewrite the problem into a semidefinite
program and make a relaxation by dropping the rank-one
constraint. As a consequence, the solution might be higher
rank [34]. However, good approximate solutions can be
obtained using randomisation techniques as in [34]. Bounds
on the approximation error of the SDR techniques have been
developed in [36], which was motivated by the work in [34].

Having X = mn
Rc

Hmn
Rc and Qi = h

(eq)n

i h
(eq)n

i

H
/σ2

zRS
, and using

semidefinite relaxation, we can rewrite (39) into

max
X

min
i∈{v,w}

tr{(XQi)}

s.t tr{X} = 1,

X � 0.

(40)

After introducing slack variables and rewriting (40) as in
[34], we find the approximate solution of (39) using SeDuMi
[37].

For SDR transmit beamforming, we consider a fair trans-
mit beamforming which solves the optimisation problem of
maximising the minimum SNR of

max
mTx

min
k∈I

⎧

⎨

⎩

∣

∣

∣

∣

∣

mTxhT
k

σ2
zk

∣

∣

∣

∣

∣

2
⎫

⎬

⎭

s.t. ‖mTx‖2
2 ≤ 1.

(41)
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Similar to (39), (41) can be approximately solved with
semidefinite relaxation techniques using a solver such as
SeDuMi [37].

As mentioned before, the n-th BC phase ANCTB is
decoupled into receive beamforming and transmit beam-
forming. The ANCTB receive beamforming matrix in the n-
th phase is given by

Gn
Rc =

[

˜V(0)nmn
Rc

]T
, (42)

and the ANCTB transmit beamforming in the n-th phase is
given by

GTx = [mTx]Γ1/2 (43)

with the power loading matrix Γ ∈ R+ given by

Γ =
(

mean
(

|HTmTx|
))−1

, (44)

where the modulus operator | · | is assumed to be applied
element wise and the mean function returns the mean of a
vector. In order to satisfy the transmit power constraint at
the RS, a normalisation factor β ∈ R+ is needed with

β =
√

√

√

√

qRS

tr
(

GTxGn
Rc

(

HRxHH + RzRS

)

GnH

Rc GH
Tx

) . (45)

Finally, the ANCTB is given by

Gn = βGTxGn
Rc. (46)

6. Performance Analysis

In this section, we analyse the sum rate performance of non-
regenerative multi-way relaying in a scenario where N =
3 single-antenna nodes communicate to each other with
the help of a non-regenerative RS with M = 3 antenna
elements. We set qRS = 1, σ2

zRS
= σ2

zk = 1, for all k, k ∈ I
and σ2

x = 1. We use an i.i.d. Rayleigh channel and set the
SNR equal to the channel gain. We assume reciprocal and
stationary channels within N communication phases. We
start by analysing the case of multiplexing transmission with
SMTB for the symmetric and asymmetric traffic cases. We
then compare the analog network coded transmission with
multiplexing transmission for the case of asymmetric traffic.

Figure 3 shows the sum rate performance for the sym-
metric traffic case of multiplexing transmission with SMTB
as a function of SNR in dB. MMSE outperforms ZF and
MSNR as expected. However, to compute the transmit
beamforming, MMSE needs the information of the noise
variance at the nodes which increases the signaling effort
in the network. In the high-SNR region, ZF converges to
MMSE, while, in the low-SNR region, MSNR converges to
MMSE. If the RS applies ZF transceive beamforming, there
is no performance improvement even if the nodes apply
interference cancellation. This is due to the fact that the
interference has been canceled already at the RS. MMSE
is able to obtain a slight performance improvement if
interference cancellation is applied at the nodes. The highest
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Figure 3: Sum rate performance of three-way relaying for multi-
plexing transmission with SMTB and symmetric traffic.

0 5 10 15 20 25 30
0

2

4

6

8

10

12

14

Without interference cancellation
With interference cancellation

ZF

Approximate maximum sum rate

MSNR
MMSE

SNR (dB)

A
ve

ra
ge

su
m

ra
te

(b
/s

/H
z)

Figure 4: Sum rate performance of three-way relaying for multi-
plexing transmission with SMTB and asymmetric traffic.

performance improvement due to interference cancellation
at the nodes is obtained when the RS uses MSNR. MSNR
does not manage the interference, thus, if the nodes are
able to perform interference cancellation, the performance
is significantly improved.

Figure 4 shows the sum rate performance for the asym-
metric traffic case of multiplexing transmission with SMTB.
It can be seen that the sum rate performance is higher
than in the symmetric traffic case. This is due to the fact
that in the symmetric traffic we take the worst link as the
one which defines the overall rate. Once again, as expected,
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Figure 5: Sum rate performance of three-way relaying with
asymmetric traffic: SMTB versus ANCTB.

MMSE performs the best and ZF converges to MMSE in
the high-SNR region and MSNR converges to MMSE in
the low-SNR region. The performance gain for both MMSE
and MSNR when the nodes apply interference cancellation
is higher than in symmetric traffic case. Furthermore, a
curve termed approximate maximum sum rate is shown
in Figure 4. For that curve, the maximisation of the sum
rate in (21) is solved numerically using fmincon from
MATLAB to provide an approximated maximum sum rate
of multiplexing transmission. Since the problem in (21)
is nonconvex, fmincon only guarantees a locally optimum
solution. Moreover, the solution depends on the chosen
starting point. In this paper, we use the values of MMSE
transceive beamforming as the starting point. As can be seen,
there is a gap between the approximated maximum sum rate
and the suboptimum transceive beamforming algorithms.
Despite the performance gap, the suboptimum transceive
beamforming algorithms are easier to be implemented, and
thus, are practically interesting.

Figure 5 shows the sum rate performance comparison
of multiplexing transmission and analog network coded
transmission for the asymmetric traffic case. It can be seen
that the analog network coded transmission with ANCTB
outperforms multiplexing transmission with SMTB, which
shows the benefit of beamforming-based PLNC for non-
regenerative multi-way relaying. The ANCTB SDR outper-
forms ANCTB MF with the penalty of having higher compu-
tational complexity to find the solution of the optimisation
problem. Moreover, ANCTB SDR needs feedback channels
to obtain the information of the noise variance of the nodes
to compute the transmit beamforming.

In this paper, we propose a method to superpose two
data streams out of N data streams which does not need
any signaling in the network. The corresponding curves are

indicated by ANCTB: MF and ANCTB: SDR. In Section 3,
we addressed the general rule for the superposition of the
two data streams for analog network coded transmission.
We also provided the possible superposition options for
N = 3. In Figure 5, we provide the curves ANCTB: MF opt
and ANCTB: SDR opt, where the RS searches the optimum
superposition among all possible options. It can be seen that,
in the case of N = 3, the performance of the proposed
suboptimum superposition method is not far away from
the optimum one, especially in the case of fair transceive
beamforming ANCTB-SDR and/or in the low-SNR region.
Therefore, the suboptimum method offers a good trade off
between the performance and the required signaling in the
network.

In this paper, we assume that M ≥ N and an i.i.d.
channel, and, therefore, the proposed suboptimum algo-
rithms works well. If M < N and/or when there are channel
correlations, one can expect a performance degradation. We
also assume that perfect CSI is available so that the RS is able
to perform transceive beamforming. However, in order to
obtain the CSI, there are additional resources needed for the
RS and the nodes to estimate the channels. It is still an open
issue on how to obtain the CSI at the RS and at all the nodes
for non-regenerative multi-way relaying. One approach that
can be used is to extend the channel estimation methods for
non-regenerative two-way relaying in [38, 39].

7. Conclusion

In this paper, we propose non-regenerative multi-way
relaying where a multi-antenna non-regenerative RS assists
N nodes to communicate to each other. The number
of communication phases is equal to the number of
nodes, N. Two transmission methods are proposed to be
applied at the RS, namely, multiplexing transmission and
analog network coded transmission. Optimum transceive
beamforming maximising the sum rate is addressed. Due
to the nonconvexity of the optimisation problem, sub-
optimum but practical transceive beamforming are pro-
posed, namely, ZF, MMSE, and MSNR for multiplex-
ing transmission, and MF and SDR for analog network
coded transmission. It is shown that analog network
coded transmission with ANCTB outperforms multiplex-
ing transmission with SMTB, which shows the benefit of
beamforming-based PLNC for non-regenerative multi-way
relaying.
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This paper addresses the joint power allocation issue in physical-layer network coding (PLNC) of multicast systems with two
sources and two destinations communicating via a large number of distributed relays. By maximizing the achievable system rate,
a constrained optimization problem is first formulated to jointly allocate powers for the source and relay terminals. Due to the
nonconvex nature of the cost function, an iterative algorithm with guaranteed convergence is developed to solve the joint power
allocation problem. As an alternative, an upper bound of the achievable rate is also derived to modify the original cost function
in order to obtain a convex optimization solution. This approximation is shown to be asymptotically optimal in the sense of
maximizing the achievable rate. It is confirmed through Monte Carlo simulations that the proposed joint power allocation schemes
are superior to the existing schemes in terms of achievable rate and cumulative distribution function (CDF).

1. Introduction

Network coding (NC) was first proposed for wireline systems
to improve the network’s achievable rate about ten years
ago [1]. It was then shown in [2, 3] that by coding the
data stream, rather than separated symbols, the NC can
provide a higher achievable rate than the traditional Shannon
information theory does. In order to apply the network
coding in wireless communication, a lot of investigations
have been conducted to improve the network’s achievable
rate by making wireless channel coefficients similar to the
wireline channel ones [4–8]. In [4–6], the idea of network
coding is applied in the physical-layer of wireless networks,
denoted by physical-layer network coding (PLNC), in order
to enlarge the achievable rate. The PLNC is to jointly process
multiple symbols without decoding them considering that
the aim of the transmission is to tell the symbols to the
destination rather than the relay [7–9]. Here, it is the data
stream, instead of any separate symbol, that is tackled by
NC. As such, NC improves the achievable rate from the data
stream perspective.

For the physical-layer network coding, there are basically
two types of NC, namely, the amplify-and-forward (AF)
NC [10] and the decode-and-forward (DF) NC [11]. For
the AF-NC, the mixed messages received by the relay are
first amplified properly without requiring decoding, and
then forwarded to the destinations. For the DF-NC, the
relay first decodes these mixed messages to obtain all of the
individual messages, and then mixes the separated messages
in order to forward them to the destinations. In [12], the AF-
NC and DF-NC are compared by both theoretical analysis
and simulations, drawing a conclusion that the AF-NC is
superior to DF-NC in both transmission rate and link error
probability. It is interesting to note that similar results are
reported in [13].

The power allocation issue in physical-layer network
coding system attracts a lot of attention since a superior
performance could be realized by allocating the power
properly. In [14], a power allocation scheme has been
proposed to maximize the capacity of systems with only one
single relay. In [15], an optimization framework has been
formulated to allocate the powers for the DF-NC without
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consideration of AF-NC. A similar power allocation scheme
is also proposed for the XOR-based NC [16]. However, the
focus of the power allocation schemes is only on the single-
cast instead of the multi-cast transmission model. In fact, the
multi-cast system is widely used in wireless communications,
where the physical-layer network coding can be applied since
the nature of broadcast is available for PLNC in the multi-
cast model.

As mentioned earlier in this paper, the core of the
network coding is to properly combine or mix multiple
messages without decoding them separately. Although the
performances of network coding are very attractive from
the information theory perspective, implementation of these
performances incurs very high complexity [17]. In order
to decrease the complexity of network coding in practical
wireless communication systems, the lattice is introduced to
realize the network coding [18].

The lattice is intrinsically a codebook similar to the
traditional constellation modulation. There are basically five
aspects to judge whether a lattice is good or not, including the
packing feature, the covering feature, the mean squared error
due to quantization, the error probability, and the closed
property. Namely, a good lattice should be as compact as
possible, and should be large enough to cover all of the
elements; moreover, the quantization error and the error
probability of the transmission in AWGN channels should
be as small as possible; furthermore, any linear combination
of two elements in the lattice should belong to this lattice
[19, 20].

To the authors’ best knowledge, most of the existing
investigations focus on the multiple-access relay channels
or unicast model rather than the multi-cast relay channel.
There is only one published paper [21] that studies the
power allocation problem for the multi-cast model with
physical-layer network coding [21], where the system model
is composed of two sources, N relays and two destinations.
With the novel system model, an isolated precoder and a
distributed precoder are designed to achieve the full relay
diversity gain. However, power allocation is performed only
for the sources while equal power is allocated for all relays.
Considering the fact that the network’s achievable rate is
jointly determined by all of the sources and relays, the
performance of the whole system could be further improved
if source and relay powers are jointly optimized. In this
paper, the joint power allocation issue for both sources and
relays will be investigated in order to maximize the network’s
achievable rate. The difficulty lies in that the joint optimiza-
tion problem is not convex with respect to (w.r.t.) the whole
parameters, leading to a nonconvex optimization problem.
The goal of this paper is to develop an iterative algorithm to
tackle the nonconvex optimization problem for joint power
allocation in the physical-layer network coding. The rest
of the paper is organized as follows. Section 2 presents the
multi-cast system model and the joint power allocation-
based mathematical model. Section 3 first establishes an
optimization problem for the joint power allocation based
on the criterion of achievable rate maximization. Then, it
is disclosed that the proposed problem is not convex w.r.t.
the whole parameters. By neglecting the noise power of

the second-hop channel under the medium to-high-SNR
regimes, and replacing the original cost function with its
bound, a convex problem w.r.t. the whole parameter set is
obtained such that the convex optimization method can be
used to solve the joint power allocation problem. Note that
the high-SNR approximation is very accurate due to the
very small power of the noise in the second-hop channel.
As an alternative, we also design an iterative algorithm to
solve the nonconvex problem by using the convex features
of the original cost function w.r.t. part of the parameters.
In Section 4, the lattice-based network coding that uses the
joint power allocation schemes is studied. Section 5 presents
the simulation results, with comparison to the existing
power allocation schemes, in terms of achievable rate and
cumulative distribution function. Section 6 concludes the
paper.

Notations. | · | denotes the absolute value; sum(·) means
the summation of a vector; (·)T means a transpose; norm(·)
is the Frobenius norm; CN (0, 1) denotes the complex
Gaussian distribution with the zero mean and the unit
covariance.

2. System Model

Consider a multi-cast system consisting of two sources, K
distributed relays and two destinations, where the physical-
layer network coding (PLNC) is employed. Suppose that
both sources want to transmit symbols to both destinations,
while there is no direct link between S1 (or S2) and d2 (or d1)
due to the pathloss and the large-scale fading as discussed in
[21]. The system model is shown in Figure 1, where all of
the relays are half-duplex and use the amplify-and-forward
relaying protocol. Each source transmits a frame consisting
of K symbols, which utilize K time slots and two subcarriers
from both sources to both destinations. On each subcarrier,
one symbol from S1 and another from S2 are transmitted to
the relay on the first subcarrier; in the same time slot, both
symbols are mixed by the same relay and then retransmitted
to both destinations on the second subcarrier. Note that all
of the relays are working in the round-robin way proposed in
[21]; namely, only the kth relay works in the kth time slot.

The symbols of S1 and those of S2 are, respectively,
denoted as x = (x1, x2, . . . , xK )T and y = (y1, y2, . . . , yK )T .
In the kth time slot, the symbol of S1, xk, and that of S2, yk,
are transmitted to the kth relay and both destinations on the
first subcarrier. Thus, the symbol received by d1, d2 and the
kth relay can be, respectively, given by

t1,0 = h1,0,k
√
akxk + n1,0,k, (1)

t2,0 = h2,0,k

√

bk yk + n2,0,k, (2)

zk = h1,k
√
akxk + h2,k

√

bk yk + nk (k = 1, 2, . . . ,K), (3)

where h1,0,k and h2,0,k are the direct link from S1 to d1 and
that from S2 to d2 in the kth time slot; ak and bk are the
kth symbol’s power coefficients for S1 and S2, respectively;
h1,k and h2,k (k = 1, 2, . . . ,K) denote the first-hop channel
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Figure 1: The multi-cast system model.

coefficients from S1 and S2, respectively, to the kth relay
in the kth time slot; n1,0,k and n2,0,k are the additive white
Gaussian noises (AWGNs) with the distribution CN (0, 1) at
d1 and d2 in the kth time slot on the first subcarrier; nk is the
AWGN with the distribution CN (0, 1). Note that there is no
direct link between S1 (S2) and d2 (d1) due to the path loss
and large-scale fading as discussed in [21]. On the second
subcarrier in the kth time slot, both sources remain silent
[21], yet the kth relay amplifies the mixed symbols as

z̃k =
√

c̃kzk

=
√

ck

1+
∣

∣h1,k
∣

∣
2
ak+

∣

∣h2,k
∣

∣
2
bk

(

h1,k
√
akxk+h2,k

√

bk yk+nk

)

(4)

and then retransmits z̃k to both d1 and d2. Note that ck is the
power allocation coefficient of the retransmitted symbol for
the kth relay. The amplifying power gain c̃k in (4) from the
kth relay can be written as

c̃k � ck

1 +
∣

∣h1,k
∣

∣
2
ak +

∣

∣h2,k
∣

∣
2
bk
. (5)

The symbol received at d1 from the kth relay in the kth time
slot can be described as

tk,1 = gk,1z̃k = gk,1

√

c̃k

(

h1,k
√
akxk + h2,k

√

bk yk + nk

)

+ vk,1.

(6)

Similarly, that at d2 can be given by

tk,2 = gk,2z̃k = gk,2

√

c̃k

(

h1,k
√
akxk + h2,k

√

bk yk + nk

)

+ vk,2,

(7)

where gk,1 and gk,2 are the channel coefficients for the kth
relay to d1 and d2 on the second subcarrier, respectively. All
of the channel coefficients are distributed with CN (0, 1). vk,1

and vk,2 are the AWGNs at d1 and d2 on the second subcarrier
with the distribution of CN (0, 1).

By far, as shown in (1) and (2), both d1 and d2 have
received two symbols during two subcarriers on the kth time
slot. Since the direct link between S1 and d1 (or S2 and d2) is
quite good, d1 and d2 can successfully detect the symbol of
S1 and that of S2, respectively. By using the detected xk and yk
as well as the interference subtraction method, the received
symbols after the interference cancellation in (6) and (7) can
be expressed as

˜tk,1 = gk,1

√

c̃k

(

h2,k

√

bk yk + nk

)

+ vk,1, (8)

˜tk,2 = gk,2

√

c̃k
(

h1,k
√
akxk + nk

)

+ vk,2. (9)

Note that this subtraction is called as analogue network coding
(ANC) [21, 22]. In (8) and (9), the power coefficients ak
and bk are optimized in [21] with a fixed value of the power
coefficient ck. In the subsequent sections, we will jointly
optimize all of the power coefficients, ak, bk, and ck to
maximize the achievable rate of the whole network. Assume
that full channel state information (CSI) of the whole
networks is available for every node, which is considered to
be feasible in the slow-varying scenario.

3. Design of Joint Power Allocation Schemes

In this section, the optimization problem for the joint power
allocation in the multi-cast system with the physical-layer
network coding is first established using the criterion of
achievable rate maximization. As the problem is nonconvex,
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that is, difficult to solve, it is then modified to obtain a convex
power allocation problem by using the high-SNR approx-
imation. As an alternative, an iterative algorithm whose
convergence is guaranteed is also developed to optimize the
power coefficients of all sources and relays.

3.1. Problem Formulation. With (1), (5), and (8), d1 has
received the symbols from S1 and S2. Thus, the received rate
for d1 can be expressed as

R1,k = log2

(

1 +
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∣h1,0,k
∣

∣
2
ak
)

+ log2
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2
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)

.

(10)

Using (2), (5) and (9), d2 has received the symbols from S2
and S1, leading the received rate for d2 to

R2,k = log2
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(11)

Note that the factor 1/2 for the two subcarriers has been
neglected as in [23] since it has no impact on the joint power
allocation. Thus, the averaged sum rate of both d1 and d2
over all of the time slots can be calculated as

R = 1
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= 1
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(12)

By maximizing the achievable rate (12), the joint power
allocation problem can be established as

min
a,b,c

f (a, b, c)

s.t.
K
∑

k=1

ak + bk + ck ≤ P, ak ≥ 0, bk ≥ 0, ck ≥ 0,
(13)

where

f (a, b, c) � −R

= − 1
K

K
∑

k=1

{

log2

(

1 +
∣

∣h1,0,k
∣

∣
2
ak
)

+ log2

(

1+

∣

∣gk,1
∣

∣
2
ck
∣

∣h2,k
∣

∣
2
bk

∣

∣h2,k
∣

∣
2
bk+

∣

∣gk,1
∣

∣
2
ck+1

)}

− 1
K

K
∑

k=1

{

log2

(

1 +
∣

∣h2,0,k
∣

∣
2
bk
)

+ log2

(

1+

∣

∣gk,2
∣

∣
2
ck
∣

∣h1,k
∣

∣
2
ak

∣

∣h1,k
∣

∣
2
ak+

∣

∣gk,2
∣

∣
2
ck+1

)}

,

a = (a1, a2, . . . , aK )T , b = (b1, b2, . . . , bK )T ,

c = (c1, c2, . . . , cK )T ,
(14)

and P is the total power available for the whole system over
the two subcarriers and the K time slots. It is easy to verify
that (13) is not convex with respect to (w.r.t.) the whole
parameter (a; b; c). In what follows, we would like to modify
the cost function (14) by deriving an upper bound of the
network’s achievable rate to obtain a convex optimization
problem.

3.2. Joint Power Allocation Using an Asymptotically Optimal
Upper Bound. By examining the cost function (14), it is
found that the nonconvexity only comes from the second and
the fourth terms in f (a, b, c). If these two terms are modified
into convex, f (a, b, c) would become convex w.r.t. (a; b; c),
thus significantly simplifying the joint power allocation
problem.

Using the approximation of the high signal-to-noise ratio
(SNR), upper bound functions for the second term and that
for the fourth term in (14) can be, respectively, obtained
as

∣
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(15)

These upper bounds are very tight with the increase of SNR.
Using (15) into (14), a lower bound of f (a, b, c) can be
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obtained as
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(16)

Obviously, (16) is convex w.r.t. the whole optimization
parameters (a; b; c). By replacing the original cost function
in (13) with its lower bound (16), the modified joint power
allocation problem can be expressed as

min
a,b,c

flb(a, b, c)

s.t.
K
∑

k=1

ak + bk + ck ≤ P,

ak ≥ 0, bk ≥ 0, ck ≥ 0.

(17)

Here, the constrained minimization problem is convex since
the Hessian matrix of flb(a, b, c) is always semidefinite
positive and the constraint is also convex. Thus, many convex
optimization methods such as the interior method and the
Lagrangian multiplier method can be employed to solve
(17). The complexity of solving (17) is very low since the
existing convex optimization techniques are very efficient in
computing the convex solution [24].

3.3. Design of Iterative Algorithm for Joint Optimal Power
Allocation. The joint power allocation problem (13) is not
convex w.r.t. the whole parameter, yet it could be convex
w.r.t. part of the whole parameter set (a; b; c) when the
other elements are fixed. By calculating the Hessian matrix
of f (a, b, c), it can be shown that the original cost function
(13) is convex w.r.t. c with fixed (a; b) and convex w.r.t. (a; b)
with fixed c. Therefore, the nonconvex joint power allocation
problem can be solved by first optimizing the relays’ power
coefficients c with fixed (a; b), and then optimizing the
sources’ power coefficients (a; b) while c is fixed. Moreover,
each step in solving for c or (a; b) is convex [24]. Therefore,
by solving the nonconvex problem iteratively, a solution for
(a; b; c) can finally be attained. The iterative algorithm is
summarized as follows

Algorithm 1 (iterative optimization of the nonconvex prob-
lem (13)).

Step 1. Initialize (a0; b0) and c0; set the iteration index n = 0
and the termination condition ε; compute the initial value of
the cost function in (13).

Step 2. Calculate the normalized power coefficients as ãn =
an/ norm(an), ˜bn = bn/ norm(bn), and c̃n = cn/ norm(cn).
With the fixed ãn, ˜bn, and c̃n, optimize the subtotal power of
both sources, �, as

�n+1 = argmin
�

˜f (�) s.t. 0 < � < P, (18)

where ˜f is defined as
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(19)

Step 3. With the fixed (an, bn) � (�n+1ãn;�n+1˜bn), optimize
the following convex problem by using the interior method
of convex optimizations to obtain cn+1:

cn+1 = argmin
c

f (an, bn, c)

s.t. sum(an + bn + c) ≤ P, c ≥ 0.
(20)

Step 4. With the fixed cn+1, solve the following convex
problem by optimizing a and b simultaneously with the
interior method to attain (an+1; bn+1),

(an+1, bn+1) = argmin
a,b

f (a, b, cn+1)

s.t. sum(a + b + cn+1) ≤ P,

a ≥ 0, b ≥ 0.

(21)

Step 5. Calculate the cost function fn+1(an+1, bn+1, cn+1); if
| fn+1 − fn|/| fn| ≤ ε, terminate the iteration. Otherwise,
update n = n + 1 and return to Step 2.

Convergence Analysis. The proposed algorithm iteratively
solves the nonconvex problem by updating one part of
the whole parameters while the other part is fixed. The
convergence of the iterations is guaranteed. In Step 2 of the
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Figure 2: The system model for the lattice-based network coding.

nth iteration, the value of the cost function, denoted by
f 2
n , achieves the minimum by optimizing � with the fixed

(ãn; ˜bn; c̃n) since the cost function of (18), shown in (19),
is convex w.r.t. �; in Step 3 of the nth iteration, the value
of the cost function, denoted as f 3

n , is further minimized by
optimizing c, leading to a smaller value of the cost function;
that is, f 3

n ≤ f 2
n ; in Step 4 of the nth iteration, the value of

the cost function in the last iteration is further minimized by
optimizing (a; b), resulting in a smaller value as f 4

n ≤ f 3
n . In

the (n + 1)th iteration, we have f 2
n+1 ≤ f 4

n , yielding f 2
n+1 ≤

f 4
n ≤ f 3

n ≤ f 2
n . Following a similar analysis, we finally have

the following inequalities:

f 4
n+2 ≤ f 3

n+2 ≤ f 2
n+2 ≤ f 4

n+1 ≤ f 3
n+1 ≤ f 2

n+1 ≤ f 4
n ≤ f 3

n ≤ f 2
n ,
(22)

indicating that the cost function decreases with each itera-
tion. Meanwhile, the cost function is lower-bounded since
the sum rate of the whole system is upper bounded.
Consequently, the lower bounded function decreases as
iterations go on, ensuring the convergence of Algorithm 1.

Optimality Analysis. By exploiting the convex feature of
the nonconvex cost function w.r.t. only a part of the
optimization parameters, we have successfully designed an
iterative algorithm to solve the nonconvex problem by using
a convex optimization method, where the convergence of
the iterative algorithm is ensured. Moreover, the solution
obtained by Algorithm 1 for the problem (13) is guaranteed
to be optimal, yet not necessarily globally optimal due to the
nonconvexity of the joint power allocation problem. Namely,
the solution realized by Algorithm 1 is at least one local
optimum (possibly the global optimum).

4. Joint Power Allocation for the Lattice-Based
Physical-layer Network Coding

Since the lattice plays a very important role in the perfor-
mance of network coding for the wireless communication,
its construction method is of great importance to achieve the
potential performance of network coding while having quite
low complexity. The famous algorithm of Construction A
has widely been employed to design the lattice [18]. Upon
completing the design of lattice offline, the messages are
modulated to this lattice online and then transmitted to
all relays. With the mixed lattice codes at each relay, the
relay amplifies the mixed lattice codes and then retransmits
them to the destinations. Note that the mixed lattice codes
received at each relay are still in the lattice due to the closed
property of the lattice. At the destination, each message is
demodulated by using the lattices. The detailed flow chart is
presented in Figure 2.

It has been shown that the power allocation problem is
very important for the lattice-based network coding [25, 26].
In [25], the feasibility of different powers for two sources has
been studied, where two sources want to exchange messages
with the help of only one relay. It is also disclosed that the
system performances would be enhanced if the sources use
different transmit powers. However, there is no optimization
of the power allocation for the sources. In [26], the power
allocation is optimized for the underlying system in [25];
namely, the powers for the two sources are optimized by
using an upper bound of the achievable rate. Unfortunately,
the power for relay is fixed without any optimization. Thus,
the joint power allocation schemes proposed in this paper
can be used in the lattice-based network coding, where the
power for the source lattice and that for the relay lattice are
jointly optimized.
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Figure 3: Achievable rate comparison for the lattice-based physical-
layer network coding when K = 2.
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Figure 4: Achievable rate comparison at different values of subtotal
power of relays when K = 4.

5. Simulation Results

In this section, simulation results are demonstrated to
show the performances of the two proposed joint power
allocation schemes in terms of the achievable rate and
cumulative distributed function (CDF). In the simulations,
all of the channel entries are i.i.d. complex Gaussian with
zero mean and unit covariance, where all of the channel
fading coefficients are independent from each other. The
number of sources and that of destinations are set to 2, and
that of the relays is set as K = 4 in all figures except for
K = 2 in Figure 3. The existing method proposed by [21]
is also simulated in comparison with the proposed schemes.
All of the curves are realized by the Monte Carlo numerical
simulations, where the number of Monte Carlo simulations
is set to 5000.
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Figure 5: Achievable rate comparison at different values of subtotal
power of sources when K = 4.

Figure 3 presents the achievable rate as a function of the
source power with the fixed relay power Pr = 10 dB and
K = 2. From this figure, we can see that the proposed
power allocation scheme using the high-SNR approximation
achieves a better achievable rate than the existing one [21]
in the multi-cast system with the lattice-based physical-
layer. Moreover, the gain increases with the growing value of
SNR.

Figure 4 presents the achievable rate versus the subtotal
power of all relays Pr realized by the proposed two schemes
and the existing method. Note that the total power P
available for the whole system can be expressed as P =
Ps + Pr , where Ps and Pr are, respectively, the subtotal power
of the sources and that of the relays. With the same total
power for the whole system, the existing power allocation
scheme [21] fixes the powers for all relays, and only allocates
powers for sources. However, our proposed schemes jointly
optimize the source and relay powers with the same total
power available for the whole system. It is shown that the
proposed schemes outperform the existing one with a large
gain, which increases with the growing value of SNR. On the
other hand, the existing scheme only optimizes the source
power without consideration of the relay power, leading
to a loss of achievable rate with the increase of the total
power. Figure 5 gives similar curves as a function of Ps with
fixed Pr = 10 dB. Obviously, the proposed two schemes
outperform the existing scheme, especially in the high-SNR
regime.

Figure 6 presents the cumulative distribution function
for two SNR regimes, where Case I means Ps = Pr =
15 dB and Case II denotes Ps = Pr = 20 dB. It is seen
from Figure 6 that the proposed power allocation scheme-
based on the derived bound function is always better than
the existing one at any value of CDF. For example, at
5 b/s/Hz in Case I, the error rate drops from 20% to 10%.
At 10 b/s/Hz in Case II, the error rate drops from 30% to
20%.
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6. Conclusion

In this paper, we have studied the joint power allocation
problem for multi-cast systems with physical-layer network
coding-based on the maximization of the achievable rate.
To deal with the nonconvex optimization problem, a high-
SNR approximation is employed to modify the original cost
function in order to obtain a convex minimization problem,
where the approximation is shown to be asymptotically opti-
mal at the high-SNR regime. As an alternative, an iterative
algorithm has been developed by utilizing the convexity
property of the cost function w.r.t. a part of the whole power
coefficients. Considering the low complexity of the physical-
layer network coding in the multi-cast system, the lattice-
based network coding that uses the proposed joint power
allocation schemes has been suggested. The simulation
results have shown the effectiveness of the proposed schemes.
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In mobile multicast transmissions, the receiver with the worst instantaneous channel condition limits the transmission data rate
under the desired Quality-of-Service (QoS) constraints. If Automatic Repeat reQuest (ARQ) schemes are applied, the selection
of Adaptive Modulation and Coding (AMC) mode will not necessarily be limited by the worst channel anymore, and improved
spectral efficiency may be obtained in the efficiency-reliability tradeoff. In this paper, we first propose a Network-Coding-based
ARQ (NC-ARQ) scheme in its optimal form and suboptimal form (denoted as Opt-ARQ and SubOpt-ARQ, resp.) to solve the
scalability problem of applying ARQ in multicast. Then we propose two joint NC-ARQ-AMC schemes, namely, the Average PER-
based AMC (AvgPER-AMC) with Opt-ARQ and AvgPER-AMC with SubOpt-ARQ in a cross-layer design framework to maximize
the average spectral efficiency per receiver under specific QoS constraints. The performance is analyzed under Rayleigh fading
channels for different group sizes, and numerical results show that significant gains in spectral efficiency can be achieved with the
proposed joint NC-ARQ-AMC schemes compared with the existing multicast ARQ and/or AMC schemes.

1. Introduction

Radio transmission is broadcasting in nature; therefore,
wireless multicasting is more efficient than unicasting in
providing group-oriented mobile applications like multi-
player mobile gaming, mobile TV, mobile commerce, and
remote education. However, the time-varying channel seen
by each mobile receiver and the channel diversity among the
receivers in a multicast group make the design of an efficient
multicast strategy technically challenging.

We consider a wireless single-hop cellular network where
one transmitter sends a data stream carrying multimedia
content (e.g., video) to a group of receivers via a multicast
channel. The transmitter can utilize both the Physical Layer
(PHY) and the Data-Link Layer (DLL) approaches to maxi-
mize the spectral efficiency of this multicast channel under
certain Quality of Service (QoS) constraints. As previous
work [1, 2] revealed, when the error-performance constraint
is instantaneous (e.g., the instantaneous PHY layer Bit Error
Ratio (BER)), the transmitter has to adjust the transmission

parameters according to the worst channel of the group
members. If this instantaneous error-performance constraint
can be relaxed, more spectral efficiency may be exploited in
the efficiency-reliability tradeoff. For example, if a given DLL
Packet Error Ratio (PER) is demanded from upper layers for
a multicast service, such a PER constraint becomes a residual
PER constraint after retransmissions in a system with ARQ
[3]. Therefore, the instantaneous error-performance limit for
the first transmissions may be relaxed if the PHY AMC and
DLL ARQ can be jointly designed.

The main problem of applying ARQ to multicast is
scalability [4]; assume that the channel fading of each
receiver is independent and identically distributed (i.i.d).
If the expected average PER for one receiver is P, then
in a multicast channel with N receivers, the probability of
requesting retransmission for a multicast packet is 1 − (1 −
P)N , since any receiver that has lost this packet would request
a retransmission. When N is large, retransmissions would be
requested frequently, reducing the overall spectral efficiency.
For example, with the broadcast/multicast ARQ scheme in



2 EURASIP Journal on Wireless Communications and Networking

[5], the average throughput per receiver decreases when N
increases beyond 10.

Network Coding (NC) is a recent field in information
theory which has attracted a lot of research interests. The
original idea of NC is to allow the information received
from multiple senders to be combined at some intermediate
nodes for subsequent transmissions, and the combined
information can be extracted separately at different receivers
with the help of a priori knowledge. The fundamental
concept of NC was introduced for satellite communications
in [6]. The concept was fully developed in [7] with the formal
term network coding with analysis based on graph theory. NC
has been investigated and widely adopted in wired networks,
adhoc networks, and mesh networks, mainly in multihop
transmissions and/or routing issues [8–14], but not much in
single-hop cellular networks.

Larsson and Johansson had proposed in [15] to use
network-coding-based ARQ in multiuser case for multi-
ple unicast links. In [15], the transmitter puts multiple
retransmission packets requested by different receivers into
one Combined Packet (CP) using network coding and
retransmits the CP only. Then, each receiver can extract
its own expected retransmitted packet from the CP by
performing XOR between the CP and the stored correct
packets of other receivers. However, this scheme requires that
each receiver overhears the transmissions to other receivers
and stores their packets. As a result, the power consumption
of each receiver will be significantly increased.

This drawback does not exist in the multicast case. For
example, if each of the N receivers of a multicast group
has a 1/N PER for a given transmission rate, then after N
transmission bursts, each receiver will have one packet lost
on average. The network-coding-based CP for the (N + 1)th
transmission burst is given by

DN+1 = D1 ⊕D2 ⊕ · · ·Dk ⊕ · · · ⊕DN , (1)

where Dk represents the kth multicast data packet, and “⊕”
denotes the XOR operation. Consequently, each receiver will
be able to extract its lost packet by performing XOR between
DN+1 and the stored N − 1 correctly received packets.

A more systematic packet-combining method is the
packet level Reed-Solomon coding [16, 17], where K
consecutive packets are put into a packet-based encoder,
which outputs L (L > K) packets, including the K original
packets and L − K parity packets. These L packets are
sent as a Transmission Group (TG). Hybrid ARQ (HARQ)
schemes based on packet level Reed-Solomon codes were
proposed in [18] for downlink multicast in the Universal
Mobile Telecommunications Systems (UMTS). It has been
concluded in [18] that these proposed HARQ schemes are
more robust against an increasing number of multicast users
than single-packet ARQ.

A cross-layer design that combines AMC and truncated
ARQ protocol was proposed in [3] for unicast links. With
only one retransmission, this cross-layer scheme outper-
forms AMC without ARQ in spectral efficiency by about
0.25 bits/symbol, but more retransmissions provide only
diminishing gains. Sun et al. [19] considered an imperfect

channel state information and adaptive pilot symbol-assisted
modulation in cross-layer combining of ARQ and AMC
for unicast links, making the performance analysis more
practical.

In order to solve the scalability problem for applying
ARQ to mobile multicast, we develop network-coding-based
ARQ (NC-ARQ) schemes in which multiple retransmission
packets are combined together and propose an AMC scheme
being aware of the NC-ARQs. The proposed joint NC-
ARQ-AMC strategies are then compared with the existing
multicast strategies, such as AMC without ARQ and ARQ-
AMC without NC design.

The remainder of the paper is organized as follows.
We explain the cross-layer design framework in Section 2.
Our multicast NC-ARQ design and the joint NC-ARQ-
AMC schemes are proposed in Section 3. The performance
evaluation of these schemes is presented in Section 4.
Conclusions are given in Section 5.

2. System Model and Forumlation

2.1. System Model. We consider a mobile multicast system
with one base station (BS) multicasting to a group of N
mobile receivers. The system architecture between the BS and
one of the receivers is illustrated in Figure 1.

It is assumed that the BS is equipped with both AMC
and ARQ functionalities, which is common in contempo-
rary wireless systems (e.g., UMTS High-Speed Downlink
Packet Access (HSDPA), IEEE 802.11 a, b, and g). We
also assume that instantaneous and perfect Channel State
Information (CSI) is fedback from the mobile receivers
to the BS (i.e., the CSI feedback link between the PHY
layer of receiver i and the BS in Figure 1), which is a
common assumption in the radio resource allocation study
for providing broadcast/multicast Service in contemporary
cellular systems [20–25]. The work in [20–22] utilizes the
channel adaptive video-coding techniques based on the
channel quality feedback. In [23], the authors consider
sending multiresolution video streams in HSDPA systems
based on the user-reported Channel Quality Indicator (CQI)
in the uplink. The authors of [25] assumed the 3GPP Long-
Term Evolution (LTE) uplinks for Multimedia Broadcast
Multicast Service (MBMS) users to report SINR periodically,
thereby enabling the RNC to allocate power efficiently and
dynamically. Uplink for the ARQ request is also included in
our proposed architecture. Though the ARQ may cause feed-
back explosion problem in multicast, such problem can be
solved by setting a short round-trip time delay and adopting
appropriate feedback suppression algorithm. That is, ARQ
is still feasible for real-time video streaming, as suggested in
[18, 26, 27].

The system in Figure 1 works in the following process:
based on the CSI reported by all receivers, the AMC selector
at the BS determines the AMC mode. A packet from the input
buffer is sent to the PHY layer, and a copy of it is stored in
the ARQ buffer. Each transmitted data packet includes both
error detection (ED) coding and forward error correction
(FEC) coding. If an error packet cannot be recovered with
FEC decoding at a receiver, an ARQ request will be sent to
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the ARQ controller at the BS via a feedback channel. The
ARQ controller at the BS then arranges retransmission of
the requested packet, which is stored in the ARQ buffer. If
a certain packet is not requested to be resent by any of the
receivers, it will be removed from the ARQ buffer. If a packet
is requested by all the receivers, it will be pushed down from
the ARQ buffer to the PHY for retransmission immediately.

Constant transmission power is assumed to reduce the
cross-layer design complexity. The channels are assumed
to be frequency-flat block-fading channels. The Signal-
to-Interference-and-Noise-Ratio (SINR) of receiver i (for
i = 1, . . . ,N), denoted by γi, does not change during
the transmission time of a DLL Packet Data Unit (PDU).
The Probability Density Functions (PDFs) of γi (for i =
1, . . . ,N) are independent and identically distributed and are
denoted by p(γi), respectively. The random vector −→γ :=
(γ1, γ2, . . . , γN ) represents the SINRs of the whole multicast
group, with the combined PDF p∗(−→γ ) =∏N

i=1p(γi).
The available modulation and FEC code combinations

(referred to as AMC modes) are the same as in the
HIPERLAN/2 and IEEE 802.11a standards [28], as shown
in Table 1. While the exact closed-form PER expressions for
the AMC modes in Table 1 are not available, a tight PER
approximation has been provided in [3] as

PERm
(

γ
) ≈

⎧

⎨

⎩

am exp
(−gmγ

)

, if γ ≥ Γm,

1, if 0 ≤ γ < Γm,
(2)

where m is the index of the AMC modes (m ∈ {1, . . . ,M},
and M is the total number of AMC modes); γ is the SINR of
a receiver; am and gm are parameters that depend onm, which
are obtained by fitting (2) to the exact PER curves [3]; Γm is
the mth SINR threshold, that is, in a typical unicast AMC
scheme,

AMC mode m is chosen, given γ ∈ [Γm,Γm+1). (3)

The values of Γm (for m = 1, . . . ,M) may vary according
to the target packet loss ratio Ploss, and the SINR distribution
p∗(−→γ ).

2.2. Problem Formulation. The optimization target is to max-
imize the average spectral efficiency per multicast receiver,
subject to the following constraints.

(1) Constraint 1. The maximum allowed number of
retransmissions for each packet is Tmax

r .

In a practical system, the number of retransmissions
has to be limited due to the delay constraints. In this
work, Tmax

r is set to 1, since the results in [3] have
shown that the spectral efficiency gain from cross-
layer ARQ diminishes with Tmax

r > 1.

(2) Constraint 2. The residual PER after Tmax
r retransmis-

sions is no greater than Ploss.

For video transmissions, though it is hard to map the
required BER bounds directly to PER bounds for coded
transmissions, Ploss has been suggested to be between .1 and
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Figure 1: Multicast system model.

0.001 [3]. Without loss of generality, in the performance
analysis hereafter, we set Ploss = .01.

For unicast transmissions without ARQ, the AMC
thresholds can be derived from (2) as

Γm = 1
gm

ln
(

am
Ploss

)

. (4)

If ARQ is used in the unicast transmissions, set the instanta-
neous PER constraint for the AMC mode selection as P0, and
PERTmax

r +1 represent the residual packet loss ratio after one
original transmission plus Tmax

r retransmissions for a specific
packet, then Constraint 2 leads to

PERTmax
r +1 ≤ P0

Tmax
r +1 ≤ Ploss. (5)

In this case, the AMC thresholds can be rewritten as

Γ′m =
1
gm

ln
(

am
P0

)

. (6)

Since 0 < P0 < 1 and 0 < Ploss < 1 ⇒ P0 > Ploss, we have Γ′m <
Γm, which indicates that higher data rates can be allocated
under the threshold Γ′m than under Γm. To exploit this benefit,
we set

P0 := Ploss
1/(Tmax

r +1). (7)

The expected spectral efficiency on the transmitter side
is the instantaneous spectral efficiency averaged over all
possible SINR states and is given by

SETx =
M
∑

m=1

RmPr(m), (8)

where SETx is the expected spectral efficiency at the trans-
mitter; Rm is the number of bits per symbol in the mth AMC
mode; Pr(m) is the probability of −→γ staying in the mth SINR
state. At the receiver side, the expected spectral efficiency
SERx is affected by the PER of each SINR state. If Constraint
2 on Ploss is guaranteed, there should be

SERx ≥ SETx · (1− Ploss). (9)
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Table 1: Transmission AMC modes with convolutional-coded modulation [28].

Mode 1 Mode 2 Mode 3 Mode 4 Mode 5 Mode 6

Modulation BPSK QPSK QPSK 16-QAM 16-QAM 64-QAM

Coding rate 1/2 1/2 3/4 9/16 3/4 3/4

Rate (bits/symbol) 0.5 1.0 1.5 2.25 3.0 4.5

am 274.7229 90.2514 67.6181 50.1222 53.3987 35.3508

gm 7.9932 3.4998 1.6883 0.6644 0.3756 0.0900

Therefore, we take SETx as the optimization target for
simplicity and refer to it as SE hereafter. Whether the
SINR threshold relaxation in (6) will lead to higher spectral
efficiency or not depends on the comparison between

SE(1) =
M
∑

m=1

RmPr(m), (10)

SE
(

Tmax
r + 1

) = 1
E[T]

M
∑

m=1

RmP
′
r(m). (11)

where SE(1) is the spectral efficiency without retransmission;
SE(Tmax

r + 1) is the one with at most Tmax
r retransmissions;

Pr(m) is the probability of γ ∈ [Γm,Γm+1); P′r(m) is the
probability of γ ∈ [Γ′m,Γ′m+1); E[T] is the expected number of
transmissions per packet. The general form of E[T] is given
by

E[T] = 1 + P + P2 + · · · + PT
max
r . (12)

In the special case Tmax
r = 1, E[T] = 1 + P under Constraint

1. For a given SINR distribution, if SE(Tmax
r + 1) > SE(1),

then cross-layer AMC offers improved spectral efficiency at
the cost of possibly longer packet delays.

3. Joint NC-ARQ-AMC Design

3.1. Network-Coding-Based ARQ. We analyze our multicast
ARQ design in two phases which are the original data
transmission phase and the retransmission phase, namely,
the first phase and the second phase, respectively. In the first
phase, a large number of data packets are transmitted, that
are sufficient for probabilistic analysis of packet loss ratio.
The packet loss of each User Equipment (UE) in the first
phase will be reported to the BS. In the second phase, the BS
selects the most efficient way to combine multiple lost packets
into a CP using XOR operations and sends the CP. This ARQ
method is named as Network-Coding-based ARQ (NC-ARQ).

In our proposed NC-ARQ scheme, if a packet is received
correctly by all users (i.e., L = 0, where L is the number
of users who lose the packet), it is removed from the ARQ
buffer. If a packet is lost by all users (L = N), it will
be retransmitted immediately and removed from the ARQ
buffer. If a packet is lost by n users (L = n, 1 ≤ n ≤ N − 1),
then it will be kept in the ARQ buffer to be combined with
other lost packets into a CP for retransmission. Packets that
can be combined into one CP are to be match packets to
one another. As the number of packets in the ARQ buffer

increases, the BS transmitter will find match packets for
the first packet in the queue, combine them into a CP, and
remove these packets once the CP is sent. There are two
lemmas for the network-coding process:

Lemma 1. For an arbitrary packet Dk, its match packets exist
if and only if 1 ≤ L(Dk) ≤ N − 1 (assuming an infinitely large
ARQ buffer), and its match packets are not unique.

Lemma 2. A subset of lost packets {D′1, . . . ,D′k, . . . , } can form
a CP if and only if 1 ≤ L(D′k) ≤ N−1 for eachD′k and L(D′1)+
· · ·+L(D′k)+· · · ≤ N , and each multicast receiver has at most
one lost packet in this subset of packets.

Let Pr(L) denote the probability of L users losing an
arbitrary packet, and η(L) represent the expected number
of retransmissions, then the expressions of Pr(L) and η(L)
corresponding to the three packet-loss cases described above
given by the following.

Case 1. L = 0,

Pr(L = 0) = (1− P)N ,

η(L = 0) = 0.
(13)

Case 2. L = N ,

Pr(L = N) = PN ,

η(L = N) = 1.
(14)

Case 3. L = n, (1 ≤ n < N),

Pr(L = n) =
(

N
n

)

Pn(1− P)N−n,

η(L = n) = 1
(

Number of data packets per CP
) .

(15)

3.2. Opt-ARQ and SubOpt-ARQ. Since the match packets for
a lost packet are not unique, we propose the optimal NC-
ARQ scheme and one suboptimal scheme for selecting and
combining retransmission packets into CPs.

3.2.1. Optimal Network-Coding-Based ARQ (Opt-ARQ). For
the first packet in the ARQ buffer with L = n, the most
efficient approach is to select N − n lost packets from the
rest of the buffer, each of which was lost by only one user.
According to the definition of η, this approach minimizes
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Figure 2: Multicast packet-loss pattern for 2 UEs.

η and E[T], so as to maximize SE(Tmax
r + 1) in (11). This

selected subset of lost packets form an optimal combination
set, with

η(L = n) = 1
N − n + 1

,

E[T]opt = 1 +
N
∑

n=1

η(L = n)Pr(L = n)

= 1 +
N
∑

n=1

1
N − n + 1

(

N
n

)

Pn(1− P)N−n.

(16)

3.2.2. Suboptimal Network-Coding-Based ARQ (SubOpt-
ARQ). It may take long to wait until all N −n match packets
for the optimal combination set appear in the ARQ buffer.
Hence, we also propose a suboptimal combination scheme,
where a lost packet with L = n only needs to be combined
with another lost packet with L = n′, as long as n + n′ ≤
N and the two lost packets are not lost by the same user.
Consequently,

η(L = n) = 1
2

,

E[T]SubOpt = 1 + PN +
1
2

N−1
∑

n=1

(

N
n

)

Pn(1− P)N−n.
(17)

3.3. Special Case: N = 2. In this subsection, we give an
example of the proposed NC-ARQ in a special case where
the number of multicast group members is N = 2, in which
the SubOpt-ARQ is the same as the Opt-ARQ.

In a multicast group with two receivers, UE1 and UE2, a
packet-loss pattern in the first phase is illustrated in Figure 2.
For data packets D2,D4,D5, and D10, each is lost only by one
user; the BS can combine two of these lost packets into the
CPs as long as they are not lost by the same user, for example,
CP1 = D2⊕D4, CP2 = D5⊕D10. By using previously correctly
received packets, UE1 can get D4 from D2⊕CP1 = D4, and
UE2 can obtain D2 from D4⊕CP1 = D2. For D7, since
both users lost it, it cannot be combined with any other lost
data packet in the retransmission; otherwise, there will be at
least one user who cannot detect it. For an arbitrary packet,
the number of transmissions per packet when NC-ARQ is
adopted is given by

T = 1 + η(L = n), (18)

where n = 1, 2, η(L = 1) = 1/2, and T = 3/2 for packets
D2,D4,D5, and D10 while η(L = 2) = 1 and T = 2 for packet
D7.

The expected number of transmissions for an arbitrary
packet is given by

E[T] = 1 +
2
∑

n=1

η(L = n)Pr(L = n). (19)

3.4. AMC Design. With the help of ARQ, the instanta-
neous PER constraint of the worst-channel receiver can be
temporarily violated, and the lost packets of the worst-
channel receiver can be retransmitted to keep its residual PER
below Ploss. Thus, we propose an Average PER-based AMC
(AvgPER-AMC) scheme to be implemented with the NC-
ARQ.

The data rate is chosen such that the corresponding
average PER of all multicast group members is the closest to
the instantaneous PER constraint P0.

(1) for all AMC mode m ∈ {1, ...,M} do

(2) PERm = 1
N

∑N
i=1 PERm(γi)

(3) (where PERm(γi) is given in (2))

(4) end for

(5) if mopt = arg min
m
|PERm − P0| then

(6) AMC mode mopt is chosen

(7) end if

The idea behind this design is that the AMC mode chosen
should make the resulting average PER of all receivers as
close to P0 as possible. If the average PER of all receivers is
much less than P0, then the selected AMC mode does not
fully exploit the channel capacity; if the average PER is much
higher than P0, the number of receivers that lose packets
during each transmission is large, making it hard to find
match packets that satisfy Lemma 2, and the advantage of
using NC-ARQ in spectral efficiency will be lost.

The above proposed AMC scheme is combined with
our NC-ARQ schemes to form two joint NC-ARQ-AMC
algorithms, which are

(1) AvgPER-AMC with Opt-ARQ, and

(2) AvgPER-AMC with SubOpt-ARQ.

4. Performance Evaluation

In this section, the performance of the proposed two joint
NC-ARQ-AMC schemes are compared with two typical link
adaptation strategies: Minimum SINR AMC (Min-AMC)
combined with and without single-packet ARQ (Single-
packet ARQ refers to the ARQ without NC design.). In Min-
AMC, the data rate has to satisfy the instantaneous PER
constraint of the worst SINR receiver, that is,

AMC mode m is chosen if min
{

γ1, γ2, . . . , γN
} ∈ [Γm,Γm+1)

(20)
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Figure 3: Spectral efficiency of the first transmission.

For notational convenience, we label the four different
schemes included in the performance comparisons as S1 to
S4, respectively, as follows:

(i) S1: AvgPER-AMC with Opt-ARQ,

(ii) S2: AvgPER-AMC with SubOpt-ARQ,

(iii) S3: Min-AMC with single-packet ARQ,

(iv) S4: Min-AMC without ARQ.

The Monte-Carlo method is adopted to numerically
evaluate the performance of different ARQ-AMC strategies
under Rayleigh fading channels, with the average SINR set to
10dB. For the implementation of the AMC schemes, we set

P0 =
⎧

⎨

⎩

P1/2
loss, when ARQ is adopted, for S1, S2, and S3,

Ploss, otherwise, for S4.
(21)

The spectral efficiencies of the first transmission stage are
depicted in Figure 3, and the PERs of the first transmission
are presented in Figure 4.

After the retransmissions, the residual PERs are shown in
Figure 5. Figure 6 illustrates the overall spectral efficiencies.

In Figure 3, it can be observed that S1 and S2 achieve the
best spectral efficiencies in the first transmission stage, since
they are not limited by the receiver with the worst SINR. The
spectral efficiency of S3 is higher than that of S4, because
S4 has a much more stringent P0 according to (21). S1 and
S2 outperform S3 when N > 4, and the performance gain
increases as the group size gets larger, from about 0.2 bit/s/Hz
at N = 6 to 1.4 bits/s/Hz at N = 16. The reason is that, as the
group size increases for the AvgPER-AMC, there is a higher
probability that the worst PER can be averaged out by the
PERs of other group members, so that the average PER of
the whole multicast group allows a higher rate assignment.
When N ≤ 4, the spectral efficiencies of S1 and S2 before
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Figure 5: Residual packet error ratio.

ARQ are almost the same as S3. This is because the group
size is too small and the worst PER caused by the minimum
SINR receiver dominates the rate assignment.

From Figure 4, we can see that S1 and S2 exploit the
efficiency-reliability tradeoff extensively, where the PERs of
them are close to 10−1 (i.e., the value of their P0) whenN > 4.
On the other hand, PERS3 < 10−2 while PS3 = 10−1, and
PERS4 < 10−3 while PS4 = 10−2, indicating that S3 and S4
achieve much higher reliability than that required but lose
spectral efficiency.

This phenomenon can also be observed in Figure 5,
where the residual PERs of S1 and S2 are within and close
to the Ploss constraint when N > 4, while the residual PERs of
S3 and S4 are much lower than it.

Figure 6 shows that S1 is the best scheme in terms
of overall spectral efficiency after retransmissions. S1 out-
performs S2 by up to 0.44 bit/s/Hz when N = 16. This
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Figure 6: Overall spectral efficiency of ARQ-AMC schemes versus
group sizes.

performance advantage of S1 over S2 is because Opt-ARQ is
much more efficient than SubOpt-ARQ in retransmissions of
lost packets. Even the advantage of AMC with single-packet
ARQ over that without ARQ in multicast is also significant.

Comparing S3 and S4 in Figure 6, both of which adopt
Min-AMC, we can see that S3 always outperforms S4 by
0.2 to 0.24 bit/s/Hz in its overall spectral efficiency. From
Figure 3 to Figure 6, we can conclude that S1 and S2 favor
a large group size, because they exploit the user diversity in
their SINRs and corresponding PERs.

Last but not least, we have assumed that perfect and
instantaneous CSI feedbacks are available for the AMC
function in the BS. In reality, the CSI feedbacks must
be delayed and may include errors. There could also be
scalability problems with the CSI feedbacks when the group
size is large. That is, the spectral efficiencies of the proposed
joint NC-ARQ-AMC schemes are expected to decrease with
imperfect CSIs as compared to the current results with
perfect CSIs.

It has also been assumed that PDU-level feedbacks are
available for the ARQ function in the BS. Since feedbacks for
the ARQ function are simply ACK/NACK messages, which
require rather low data rates and can be transmitted with
the most robust AMC mode, it is reasonable to assume
correct PDU-level feedbacks unless the feedback channel is
in temporarily deep fading.

5. Conclusion and Future Work

In this paper, we have proposed an innovative Network-
Coding-based ARQ approach for mobile multicast in its
optimal and suboptimal forms, which are named as Opt-
ARQ and SubOpt-ARQ, respectively. This approach utilizes
the network coding of PDUs to reduce the number of
retransmissions in order to solve the scalability problem
of multicast ARQs. We adopt the proposed Opt-ARQ and

SubOpt-ARQ in a cross-layer design framework, which
allows the instantaneous PER constraint to be relaxed and
the spectral efficiency to be improved. An average-PER-based
(averaged over instantaneous PERs of all group members)
rate adaptation algorithm has also been developed within
this cross-layer framework and is then combined with the
proposed Network-Coding-based ARQ schemes. Numerical
evaluation of the algorithms has shown that the proposed
joint NC-ARQ-AMC schemes with cross-layer design can
achieve significant gains in average spectral efficiency for
multicast groups of different sizes, while keeping the residual
PER constraint inviolate.

In the downlink of a cellular network, SubOpt-ARQ
might be preferred to Opt-ARQ, since it should introduce
less delay, as explained in Section 3.2. Our results have shown
that the spectral efficiency advantage of AvgPER-AMC with
SubOpt-ARQ over Min-AMC with single-packet ARQ is still
significant. In our future work, a detailed delay analysis for
the proposed joint NC-ARQ and AMC schemes is planned.
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Centre Tecnològic de Telecomunicacions de Catalunya, 08860 Castelldefels, Spain

Correspondence should be addressed to Giuseppe Cocco, giuseppe.cocco@cttc.es

Received 31 December 2009; Revised 14 May 2010; Accepted 3 July 2010

Academic Editor: Wen Chen

Copyright © 2010 Giuseppe Cocco et al. This is an open access article distributed under the Creative Commons Attribution
License, which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly
cited.

Network coding allows to exploit spatial diversity naturally present in mobile wireless networks and can be seen as an example
of cooperative communication at the link layer and above. Such promising technique needs to rely on a suitable physical layer in
order to achieve its best performance. In this paper, we present an opportunistic packet scheduling method based on physical layer
considerations. We extend channel adaptation proposed for the broadcast phase of asymmetric two-way bidirectional relaying to
a generic number M of sinks and apply it to a network context. The method consists of adapting the information rate for each
receiving node according to its channel status and independently of the other nodes. In this way, a higher network throughput
can be achieved at the expense of a slightly higher complexity at the transmitter. This configuration allows to perform rate
adaptation while fully preserving the benefits of channel and network coding. We carry out an information theoretical analysis
of such approach and of that typically used in network coding. Numerical results based on nonbinary LDPC codes confirm the
effectiveness of our approach with respect to previously proposed opportunistic scheduling techniques.

1. Introduction

Intensive work has been devoted the field of network coding
(NC) since the new class of problems called “network
information flow” was introduced in the paper of Ahlswede
et al. [1], in which the coding rate region of a single
source multicast communication across a multihop network
was determined and it was shown how message mixing at
intermediate nodes (routers) allows to achieve such capacity.
Linear network coding consists of linearly combining packets
at intermediate nodes and, among other advantages [2],
allows to increase the overall network throughput. In [3],
NC is seen as an extension of the channel coding approach
introduced by Shannon in [4] to the higher layers of the
open systems interconnection (OSI) model of network archi-
tecture. Important theoretical results have been produced in
the context of NC such as the min-cut max-flow theorem
[5], through which an upper bound to network capacity can
be determined, or the technique of random linear network
coding [6, 7] that achieves the packet-level capacity for
both single unicast and single multicast connections in both

wired and wireless networks [3]. Practical implementations
of systems where network coding is adopted have also been
proposed, such as CodeCast in [8] and COPE in [9].

The implementation proposed in [9] is based on the idea
of “opportunistic wireless network coding”. In such scheme
at each hop, the source chooses packets to be combined
together so that each of the sinks knows all but one of the
packets. Considering the problem in a wireless multihop
scenario, each of the potential receivers will experiment
different channel conditions due to fading and different
path losses. At this point, a scheduling problem arises:
which packets must be combined and transmitted? Several
solutions to this scheduling problem have been proposed up
to now. In [10], a solution based on information theoretical
considerations is described, that consists of combining and
transmitting, with a fixed rate, packets belonging only to
nodes with highest channel capacities. The number of such
nodes is chosen so as to maximize system throughput.
In [11], the solution [10] has been adapted to a more
practical scenario with given modulations and finite packet
loss probabilities. In both cases network coding and channel
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coding are treated separately. However, as pointed out in the
paper by Effros et al. [12], such approach is not optimal
in real scenarios. In [13, 14], a joint network and channel
coding approach has been adopted to improve transmissions
in the two-way relay channel (TWRC) in which two nodes
communicate with the help of a relay. One of the main ideas
used in these works is that of applying network coding after
channel encoding. This introduces a new degree of flexibility
in channel adaptation, which leads to a decrease in the packet
error rate of both receivers.

Up to our knowledge, this approach has been applied
only to the two-way relay channel. In the present paper,
we extend the basic idea of inverting channel and network
coding to a network context. While in the TWRC the
relay broadcasts combinations of messages received by the
two nodes willing to communicate, in our setup the relay
can have stored packets during previous transmissions by
other nodes, which is typical in a multihop network, and
transmit them to a set of M sinks. As a matter of fact,
in a wireless multihop network more than just two nodes
(sinks) are likely to overhear a given transmission. Due to the
different channel conditions, a per-sink channel adaptation
is done in order to enhance link reliability and decrease
frequent retransmissions which can congest parts of the
network, especially when ARQ mechanisms are used [9]. In
particular, packet ui of length K is considered as a buffer by
the transmitting node (source node). At each transmission,
a part of the buffer, containing K ′ bits, is included in a
new packet of total length N that contains N − K ′ bits of
redundancy. Network Coding combination takes place on
such packets. The value of K ′, which determines the amount
of redundancy to be introduced in each combined packet
(i.e., the code rate), is chosen by the source node considering
the physical channel between source node and sink i. Given
a set of channel code rates {r1, . . . , rs}, we propose that the
code rate in channel i be the one that maximizes the effective
throughput on link i defined as

thi = rk
(

1− ppli(rk)
)

, (1)

where ppli(rk) is the current probability of packet loss on
channel i when using rate rk.

In present paper, we carry out an information theoretical
analysis and comparison for the proposed method and the
method in [10], which maximizes overall throughput in a
system where opportunistic network coding is used, showing
how the first one noticeably enhances system throughput.
Moreover, we evaluate the performance of the two methods
in a real system using capacity-approaching nonbinary low-
density parity-check (LDPC) codes at various rates (in [13,
14] parallel concatenated convolutional codes (PCCC) have
been adopted for channel coding). Numerical results confirm
those obtained analytically. Finally, we consider some issues
regarding how modifications at physical level affect network
coding from a network perspective.

The paper is organized as follows. In Section 2, the system
model is described. In Section 3, we propose a benchmark
system with equal rate link adaptation. Section 4 contains
the description of our proposed opportunistic adaptive

transmission for network coding. In Section 5, we carry out
the comparison between the two methods by comparing
the cumulative density functions of the throughput and the
ergodic achievable rates. Section 6 contains the description of
the simulation setup and the numerical results. In Section 7,
we consider some scheduling and implementation issues at
network level that arise from applying the proposed adaptive
transmission method, and finally in Section 8, we draw the
conclusions about the results obtained in this paper, and we
suggest possible future work to be carried out.

2. System Model

2.1. Network Level. Let us consider a mobile wireless multi-
hop network such as the one depicted in Figure 1. We denote
by Fq the finite field (Galois field) of order q = 2l. Each
packet is an element in FKq ; that is, it is a K-dimensional
vector with components in Fq. We say that a node ni is the
generator of a packet pi if the packet pi originated in ni. We
say that a node is the source node during a transmission slot
if it is the node which is transmitting. We call sink node the
receiving node during a given transmission slot and desti-
nation node the node to which a given packet is addressed.
We will refer to generators’ packets as native packets. Each
node stores overheard packets. Native and overheard packets
are transmitted to neighbor nodes. For ease of exposition
and without loss of generality we assume that a collision-free
time division multiple access is in place. The number of hops
needed to transmit a packet from generator to destination
node depends on the relative position of the two nodes in
the network. In Figure 1, two generator-destination pairs
are shown (G1–D1, G2–D2). Thin dashed lines in the figure
represent wireless connectivity between nodes and thick lines
represent packet transmissions. G1 has a packet to deliver to
D1 and G2 has a packet to deliver to node D2. In the first time
slot, generator G1 and G2 broadcast their packets p1 and p2,
respectively, (thick red dash-dotted line). In the second time
slot, node 6 acts as a source node broadcasting packet p2
(thick green dotted line) received in previous slot. Note that
in this case node 6 is a source node but not a generator node.
Finally, in the third time slot, node 5 broadcasts the linear
combination in a finite field of packets p1 and p2 (indicated
in Figure 1 with p1 + p2). Destination nodes D1 and D2 can,
respectively, obtain packets p1 and p2 from p1 + p2 using
their knowledge about packets p2 and p1 overheard during
previous transmissions.

In general, using linear network coding we proceed
as follows. Each node stores overheard packets, linearly
combines them and transmits the combination together with
the combination coefficients. As the combination is linear
and coefficients are known, a node can decode all packets
if and only if it receives a sufficient number of linearly
independent combinations of the same packets. At this point,
a scheduling solution must be found in order to decide which
packets must be combined and transmitted each time. In the
paper by Katti et al. [9], a packet scheduling based on the
concept of network group has been described. Such solution,
called opportunistic coding, consists of choosing packets so
that each neighbor node knows all but one of the encoded
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Figure 1: Mobile wireless multihop network. Two different information flows exist between two generator-destination pairs G1–D1 and
G2–D2. Thin dashed lines represent wireless connectivity among nodes while thick lines represent packet transmissions. In the first time slot
generator G1 and G2 broadcast their packets p1 and p2, respectively, (thick dash-dotted line). In the second time slot, node 6 broadcasts
packet p2 (thick dotted line) received in previous slot. In the third time slot, node 5 broadcasts the linear combination of packets p1 and p2
(p1 + p2). Destination nodes D1 and D2 can, respectively, obtain packets p1 and p2 from p1 + p2 using their knowledge about packets p2
and p1 overheard during previous transmissions.

packets. Such approach has been implemented in the COPE
protocol, and its practical feasibility has been shown in [9].
A network group is formally defined as follows.

Definition 1. A set of nodes is called a size M network group
(NG) if it satisfies the following:

(1) one of the nodes (source) has a set U = {u1, . . . , uM}
of M native packets to be delivered to the other nodes
in the set (sinks);

(2) all sink nodes are within the transmission range of
the source;

(3) each of the sink nodes has all packets in U but
one (they may have received them during previous
transmissions).

All native packets are assumed to contain the same number K
of symbols. A native packet is considered as a K-dimensional
vector with components in Fq with q = 2l, that is, a native
packet is an element in FKq .

Figure 2 shows an example of how a network group is
formed during a transmission slot.

Network groups appear in practical situations in wireless
mesh networks and other systems. A classical example is a
bidirectional link where two nodes communicate through a
relay. More examples can be found in [9]. In the following,
we will assume that all transmissions adopt the network
group approach; that is, during each transmission slot, the
source node chooses the packets to be combined so that each
of the sinks knows all but one of the packets. As a matter of
fact, if nodes are close one to each other it is highly probable
that many of them overhear the same packets. Nevertheless
this assumption is not necessary to obtain NC gain or to
apply the technique proposed in this paper. In Section 7, we
will extend the results to a more general case, in which a node
may not know more than one of the source packets.

We assume time is divided into transmission slots. Dur-
ing each transmission slot source node combines together
the M packets in U and broadcasts the resulting packet to
sink nodes of the network group. Let us indicate with ui the
packet to be delivered to node i. The packet transmitted by
the source node is

x =
M
∑

i=1

ui, (2)
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Figure 2: Network group formation. N4 is going to access the
channel. Node N4 knows which packets are stored in its neighbors’
buffers. Based on this knowledge it must choose which packets to
XOR together in order to maximize the number of packets decoded
in the transmission slot. A possible choice is, for example, P1 + P2
which allows nodes N1 and N2 to decode, but not N3. A better
choice is to encode P1 + P3 + P4, so that 3 packets can be decoded
in a single transmission. The difference in SNR for the three sinks
(γ1,γ2, and γ3) can lead to high packet loss probability on some of
the links if a single channel rate is used for all the sinks. γ is the
vector of SNRs.

where
∑

indicates the sum in FKq . Let us define packet x\ j as
follows:

x\ j =
M
∑

i=1,i /= j

ui (3)

Sink i can obtain ui by adding x and x\ j in FKq , where x\ j is
known according to our assumptions.

Note that in the network in Figure 1 many aspects deserve
in-depth study, such as end-to-end scheduling of packet
transmissions on multiple access schemes. These aspects are
however beyond the scope of this paper, where we focus on
maximizing the efficiency of transmissions within a network
group.

2.2. Physical Level. Physical links between source and sinks
are modeled as frequency-flat, slowly time-variant (block
fading) channels. The SNR of sink i during time slot t can
be expressed as

γi(t) = Ptx|hi(t)|2
dαsiσ2

, (4)

where Ptx is the power used by source node during trans-
mission, hi(t) is a Rayleigh distributed random variable that
models the fading, dsi is the distance between source and
sink i, α is the path loss exponent and σ2 is the variance
of the AWGN at sink nodes. From expression (4) it can
be seen that the SNR at a receiver with a given dsi is an

exponentially distributed random variable with probability
density function

p
(

γi(t)
) = 1

γ
e−γi(t)/γ, for γi(t) ≥ 0, (5)

where γ is the mean value of the SNR. We assume that
the quantities γi(t)dαsi at the various sinks are i.i.d. random
variables. In the model we are not taking into account
shadowing effects.

3. Constant Information Rate Opportunistic
Scheduling Solutions

Based on the propagation model in (5), the channel from
source to each sink will have a different gain. The difference
in link states experienced by the sinks gives rise to the
problem of how to choose the broadcast transmission rate.
In [10], an interesting solution has been proposed based
on information-theoretical capacity considerations. Sink
nodes are ordered from 1 to M with increasing SNR. The
solution proposed consists of combining and transmitting
only packets having as destination the M − v + 1 sinks with
highest SNR. The transmission rate R chosen by the source
node is the lowest capacity in the group of M − v + 1
channels. The instantaneous capacity obtained during each
transmission is then

C(v)
inst = (M − v + 1)log2

(

1 + γ(v)
)

, (6)

where γ(v) is the SNR experienced on the vth worse channel.
v is chosen so that (6) is maximized. Note that all sinks in
the network group receive the same amount of information
per packet. In [11], another approach is proposed in which
the source node transmits to all nodes in the NG. A practical
transmission scheme with finite bit error probability and
fixed modulations is described.

3.1. Constant Information Rate Benchmark. Based on [10,
11], we define a constant information rate (CIR) system that
will be used as a benchmark to our proposed adaptive system.
Let us now define the effective throughput as

th =
M
∑

i=1

(

1− ppli

)

ri =
(

1− ppl

)T
r, (7)

where ppl and r are twoM×1 vectors containing, respectively,
the packet loss probabilities and the coding rates for the
various links, T represents the transpose operator and 1 is
an M-dimensional vector of all ones. The quantity expressed
in (7) measures the average information flow (bits/sec/Hz)
from source to sinks. ppl is an M-dimensional function that
depends on the modulation scheme, coding rate vector r and
SNR vector γ. We assume channel state information (CSI) at
both transmitter and receiver (i.e., the source knows vector γ
containing the SNR of all sinks and node i knows γi).

In the CIR system, the source calculates first the rate
of the channel encoder which maximizes the effective
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throughput for each sink (individual effective throughput).
Formally, for each sink i, we calculate

r∗i = arg max
ri

(

1− ppli

(

γi, ri
)

)

ri, (8)

where ppli(γi, ri) is the packet loss probability on the ith link
depending on the rate ri. For each rate r∗k , we define mk as
the number of sinks for which

ri ≥ r∗k . (9)

At this point, for each k we calculate the effective throughput,
setting r = rk1k where 1k is a mk-dimensional vector of
all ones. Finally, we choose k to maximize the effective
throughput. Note that with the CIR approach only sinks
whose optimal rate is greater or equal than the rate which
maximizes the total effective throughput will receive data.

4. Opportunistic Adaptive Transmission for
Network Coding

We propose a scheme in which information rate is adapted to
each sink’s channel. This can be accomplished by inverting
the order of channel coding and network coding at the
source. In order to explain our method, let us consider again
Figure 2. In the figure, a network group is depicted, in which
node 4 accesses the channel as source node (S) and nodesN1,
N2 and N3 are the sink nodes.

As mentioned in Section 2, the source is assumed to know
the packets in each sink (this can be accomplished with a
suitable ACK mechanism such as the one described in [9]).
We propose a transmission scheme for a size M Network
Group consisting in M variable-rate channel encoders, a FKq
adder and a modulator as shown in Figure 3. We assume
CSI at both ends. The transmission scheme is as follows.
Based on the SNR to sink i, γi, the source chooses the code
rate ri = K ′i /N that maximizes the throughput to sink i,
i = 1, . . . ,M. Overall, the rate vector chosen by the source
is the one that maximizes the effective throughput, defined
as

ropt
(

γ
) = arg max

r

⎛

⎝

M
∑

i=1

[

1− ppli

(

γi, ri
)

]

ri

⎞

⎠

= arg max
r

(

[

1− ppl
(

γ, r
)

]T
r
)

.

(10)

As we are under the hypothesis of independent channel gains,
optimal rate can be found independently for each physical
link. In order to apply our method to a packet network, we fix
the size of coded packets toN symbols. Channel adaptation is
performed by varying the number of information symbols in
the coded packet. So, referring to Figure 3, once the optimal
rate r∗i = Ki/N has been chosen for link i, i = 1, . . . ,M, the
source takes Ki information symbols from native packet ui
and encodes them with a rate r∗i encoder, thus obtaining a
packet u′i of exactly N symbols. Finally, packets u′1, . . . ,u′M
are added in Fq, modulated and transmitted. On the receiver
side, sink i is assumed to know a priori the rate used by the
source for packet ui as it can be estimated using CSI.

As previously stated we will assume that a constant
energy per channel symbol is used. We will not consider
the case of constant energy per information bit as packet
combination at source node is done in FKq before channel
symbol amplification.

As we will see in Section 6, in this paper, we consider
nonbinary LDPC codes which have a word error rate
characteristic (WER) versus SNR with a high slope. Thus,
the packet loss probability is negligible (≤10−3) beyond a
given SNR threshold and rapidly rises below the threshold.
The threshold depends of the code rate considered. Under
this assumption, (10) can be approximated with

ropt
(

γ
) = arg max

r

⎛

⎝

M
∑

i=1

[

1− p′pli

(

γi, ri
)

]

ri

⎞

⎠

= arg max
r

(

[

1− p′pl

(

γ, r
)

]T
r
)

,

(11)

where p′pli(γi, ri) takes value 1 if γ ≤ γthresh and 0 otherwise,
γthresh being a threshold that depends on the rate ri. We will
refer to our approach as adaptive information rate (AIR),
indicating that the number of information bits per packet
received by a given sink is adapted to its channel status. The
same approximation regarding ppl will be used for the CIR
system.

5. Information Theoretical Analysis

Let us consider a system where opportunistic network coding
[9] is used. As described in Section 2, opportunistic Network
Coding consists in a source node combining together and
transmitting M native packets to M sinks. Each of the
sinks knows a priori all but one of the native packets (see
Figure 2). Each of the receivers can, then, remove such
known packets in order to obtain the unknown one. In
the following, we provide an outline of the achievability
for the achievable rate of the system, based on the results
in [15] for the broadcast channel with side information
[16]. In order to study the proposed adaptive transmission
method we need to introduce an equivalent theoretical
model. We model each of the M packets stored in the
source node as an information source. Thus an equivalent
model for our system is given by a scheme with a set of
M information sources IS = {IS1, . . . , ISM} all located in
the source node, and a set of M sinks D = {D1, . . . ,DM}.
Information source ISi produces a message addressed to sink
Di who has side information (perfect knowledge, specifically)
about messages produced by sources in the subset IS \
ISi. This models the situation in which each of the sinks
knows all but one of the messages transmitted by source
node (see Figure 2). Figure 4 depicts the equivalent model.
Let us consider the system we described in Section 4.
The theoretical idea behind such system is to adapt the
information rate of each information source ISi to channel
i. Each information source ISi chooses a message from a set
of 2nRi different messages. An M-dimensional channel code
book is randomly created according to a distribution p(x)
and revealed to both sender and receiver. The number of
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Figure 3: Transmission scheme at source node for the proposed adaptive transmission scheme: the number of information symbols per
packet addressed to a given sink is adapted to the sink’s channel status using channel encoders at different rates. In the picture, the packet
length at the output of the various blocks is indicated.

sequences in the channel code book is 2n
∑M
i=1 Ri . Source node

produces a set of M messages, one for each information
source in it. Given a set of messages, the corresponding
channel codeword X is selected and transmitted over the
channel. Sink Di decodes the output Yi of his channel by
fixing M − 1 dimensions in the channel code book using
its side information about the set of information sources
S\ISi and applying typical set decoding along dimension i. If
we impose that for each information source Ri < I(X ′;Y ′i ) =
log2(1 + γi) where X ′ and Y ′i are, respectively, the input
and output of a channel where only transmission to sink
Di takes place, then an achievable rate for the system is the
sum of the instantaneous achievable rates of the various
links

Rair =
M
∑

v=1

log2

(

1 + γv
)

. (12)

Let us now consider the scheduling solution proposed
in [10]. According to this solution, sinks are ordered from
1 to M with increasing channel quality. The M − v + 1
information sources aiming to transmit to the M − v + 1
sinks with best channels (i.e., sinks Dv,Dv+1, . . . ,DM) are
selected. Each information source in the source node chooses
a message from a set of 2nR elements, where R is chosen so
that R = log2(1 + γv). This means that only sinks whose
channels have instantaneous capacity greater than or equal to
node v can decode their message. Only information sources

that produce messages addressed to these nodes are selected
for transmission. An achievable rate for this system can be
obtained from (12) by setting to 0 the first v terms in the
sum, setting the others equal to log2(1 + γv) and optimizing
with respect to v

Rcir = max
v

{

(M − v + 1)log2

(

1 + γ(v)
)

}

, (13)

where γ(v) indicates the vth worst channel SNR. In order
to compare the two approaches, we will consider the
probability, or equivalently the percentage of time, during
which each of the systems achieves a rate lower than a given
value R, that is,

P{Rinst < R} = FRinst (R), (14)

where FRinst (R) is the cumulative density function of the
variable Rinst. In the constant information rate system such
probability is

P{Rcir < R} = P
{

max
v

[

(M − v + 1)log2

(

1 + γv
)

]

< R
}

.

(15)
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Figure 4: Equivalent scheme for adaptive transmission. M information sources {IS1, . . . , ISM} are located in the source node. Information
source ISi produces a message addressed to sink i which has previous knowledge of messages produced by information sources in the subset
S \ ISi. p(yi | x) represents the probability transition function of the channel between the source node and sink i.

We calculated this expression for a network with a generic
number M of nodes (see Appendix A). Such expression is
given by

FRcir (R)

=
1
∑

j1=0

M− j1
∑

jM=1

min(2− j1,M− j1− jM)
∑

j2=0

min(2− j1− j2,M− j1− j2− jM)
∑

j3=0

· · ·
min(M−2− j1−···− jM−3,M− j1− j2−···− jM−3− jM)

∑

jM−2=0

× M!
j1! · · · jM !

α
j1
1 α

j2
2 · · ·αjM−2

M−2α
M− j1− j2−···− jM−2− jM
M−1 α

jM
M ,

(16)

where

αj = αj(R) = e1/γ
(

e−2R/( j+1)/γ − e−2R/ j /γ
)

, (17)

for v /=M, and

αM = αM(R) = e1/γ
(

e−1/γ − e−2R/M/γ
)

, (18)

γ being the mean value of the SNR, assumed to be exponen-
tially distributed.

Let us now consider the cumulative density function
for our proposed system (adaptive information rate). By
definition we have

P{Rair < R} = P

⎧

⎨

⎩

M
∑

v=1

log2

(

1 + γv
)

< R

⎫

⎬

⎭

= P

⎧

⎨

⎩

M
∑

v=1

ci < R

⎫

⎬

⎭

=
∫ R

−∞
fc1 (c)⊗ · · · ⊗ fcM (c)dc,

(19)

where:

fci(c) =
e1/γ

γ
ln(2)2ce−2c/γu(c), (20)

u(c) being a function that assumes value 0 for c < 0 and 1 for
c > 0. Expression (19) is difficult to calculate in closed form
for the general case. For the low SNR regime we calculated
the following expression (see Appendix B):

P{Rair < R} = 1− e−R ln(2)/γ
M−1
∑

v=0

(

R ln(2)/γ
)v

v!
. (21)

In Figure 5, expressions (16) and (21) are compared for
a Network Group of 5 nodes and an average SNR of −10 dB.
The Montecarlo simulation of our system is also plotted for
comparison with (21). At higher SNR (see Figure 6), the CDF
of AIR system is upper bounded by (16) and loosely lower
bounded by the (21) (see Appendix B). A better lower bound
is given by (see Appendix B):

F−Rdir
(R) = eM/γ

(

e−1/γ − e−2R/M/γ
)M

. (22)
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The ergodic achievable rate of the two systems can now
be calculated. For the constant information rate system, we
have

Rcir = E{Rcir} =
∫ +∞

−∞
c
dFRcir (c)
dc

dc, (23)

where FRcir (c) is given by (16).
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Figure 7: Ergodic achievable rate for AIR and CIR systems for
a Network Coding group with M = 5 nodes. The high values of
the rates are due to NC gain. We see how AIR system gains about
2 bits/sec/Hz in all the considered SNR range.

As for the system with adaptive information rate, we have

Rair = E{Rair} = E

⎧

⎨

⎩

M
∑

v=1

ci

⎫

⎬

⎭

=ME{ci} =M
e1/γ

ln 2

[

E1

(

1
γ

)]

,

(24)

where E1(x) is the exponential integral defined as

E1(x) =
∫∞

1

e−tx

t
dt. (25)

In Figure 7, the average achievable rate of the two
systems, assuming constant transmitted power, is plotted
against the mean SNR for AIR and CIR systems with M = 5
nodes.

6. Simulation Setup and Results

In this section, we describe the implementation of the
proposed scheme using nonbinary LDPC codes and soft
decoding.

6.1. Notation. During each transmission slot the source node
combines together the packets in U′ (see Section 4) and
broadcasts the resulting packet to sink nodes of the network
group. In this paper, we used the DaVinci codes, that is, the
nonbinary LDPC codes from the DaVinci project [17]. For
such codes the order of the Galois field is q = 64 = 26,
that is, each GF symbol corresponds to 6 bits. We denote the
elements of the finite field by Fq = {0, 1, . . . , q − 1}, where 0
is the additive identity.

u′i ∈ FKiq denotes the message of user i, of length Ki
symbols, that is, 6Ki bits. ci ∈ FNq is the codeword of user
i, of length N = 480 symbols, that is, 6 · 480 = 2880 bits,
constant for all users.

6.2. L-Vectors. A codeword c containsN code symbols. At the
receiver, the demapper provides the decoder with an LLR-
vector (log-likelihood ratio) of dimension q for each code
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symbol, that is, for each codeword, the demapper has to
compute q ·N real values.

The LLR-vector corresponding to code symbol n is
defined as L = (L0,L1, . . . ,Lq−1), with

Lk � ln
P
[

cn = k | y
]

P
[

cn = 0 | y
] . (26)

For 64-QAM and a channel code defined over F64, this
simplifies to (see e.g., [18])

Lk = 1
N0

(
∣

∣yn − hnμ(0)
∣

∣
2 − ∣

∣yn − hnμ(k)
∣

∣
2
)

, (27)

where μ : Fq → X is the mapping function, which maps
a code symbol to a QAM constellation point, the noise is
CN(0,N0) distributed and hn is the channel coefficient.

6.3. Network Decoding for LLR-Vectors. We want to compute
the LLR-vector of user i, having received yn = hnμ(cn) + wn.
c =∑U

i=1 ci is the sum (defined in Fq) of all codewords.
We assume that user i knows the sum of all other

codewords

c\i �
U
∑

j=1
j /= i

c j . (28)

Then the LLR-vector of user i for code symbol n is

L(i)
k � ln

P
[

ci,n = k | yn, c\i,n
]

P
[

ci,n = 0 | yn, c\i,n
] = ln

P
[

cn − c\i,n = k | yn
]

P
[

cn − c\i,n = 0 | yn
]

= ln
P
[

cn = k + c\i,n | yn
]

P
[

cn = c\i,n | yn
]

= ln
P
[

cn = k + c\i,n | yn
]

P
[

cn = 0 | yn
]

P
[

cn = 0 | yn
]

P
[

cn = c\i,n | yn
]

= Lk+c\i,n − Lc\i,n .
(29)

The sum in the indices is defined in Fq. In Figure 8 the
block scheme of the ith receiver is illustrated.

Note that in our scheme, we have inverted the order of
network and channel coding, while doing soft decoding at
the receiver. This approach has the important advantage of
allowing rate adaptation while fully preserving the advan-
tages of channel and network coding.

The network coding stage is transparent to the channel
coding scheme; that is, the channel seen by the channel
decoder is equivalent to the channel without network coding.
This is the reason why no specific design of the channel code
is required for the proposed scheme.

6.4. Rate Adaptation. For 64-QAM with the DaVinci codes
of length N = 480 code symbols and rates Rc ∈
{1/2, 2/3, 3/4, 5/6}, we obtain the following word error rate
(WER) curves.

For a target WER of 10−3, this leads to the SNR thresholds
of Table 1.

Soft
demapper

Network
decoder

Channel
decoder

y ε CN L ε Rq×N L(i)

c\i

ûi

User i

Figure 8: Receiver scheme for node i. The demapper provides
the decoder with L vectors relative to received symbols. Network
decoder uses knowledge of symbol c\i to calculate L(i) vector, that is,
the L vector of ci.
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Figure 9: Word error rate (WER) for nonbinary LDPC codes
at various rates. The high slopes of the curves allow to define
thresholds for the various rates, such that a very low word error rate
(<10−3) is achieved beyond the threshold, while it rapidly increases
before such thresholds.

6.5. Simulation Results. In the following, the channel is block
Rayleigh fading with average SNR γ. For M = 5 users, sum
rates for the proposed system and for the benchmark system
are depicted in Figure 10.

Next, we consider two users, where the first one has
average SNR γ1 and the second one γ2 = 0.1γ1, that is, 10 dB
less. The resulting rates are depicted in Figure 11.

As before, the error rate is very low in both cases (the
adaptation is designed such that Pw < .001, and this is
fulfilled.)

7. Implementation

In this section, we discuss some issues arising by the
application of our proposed scheme. In particular we discuss
a generalization of network groups, in order to apply our
method to a real system, the effects of packet fragmentation
due to the use of different code rates and the implications our
method has on system fairness.

7.1. Generalized Network Group. In Section 2, we assumed
that, at each transmission, the source combines so that each
of the sinks knows all but one of the packets. This assumption
can be relaxed, leading to a more general case which makes
our scheme usable in most situations arising in practice.
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Table 1: In the table the information packet length K and the coding rate Rc are indicated for each SNR threshold. Note that for each
threshold we have: K/Rc = 480, that is, all encoded packets have the same length.

K 0 240 320 360 400 480

Rc 0 1/2 2/3 3/4 5/6 1

SNR (dB) −∞ 11 14.4 15.9 17.5 27
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Figure 10: Sum rate for AIR and CIR systems for a Network Coding
group with M = 5 nodes. Variable rate nonbinary LDPC codes
with 64 QAM modulation have been used. The high values of the
rates are due to NC gain. We see how AIR system gains about
2 bits/channel use in the higher SNR range. It is interesting to note
that almost the same gain has been calculated in Section 5 when
considering the average achievable rates for CIR and AIR systems
with the same number of nodes at lower SNRs.

Let us consider a generalized network group of size M. The
source has a set of packets US while sink j has a set of packets
U j lacking one or more packets in US. Let us now define the
set U∗

∩\ j as

U∗
∩\ j =U1 ∩ · · · ∩U j−1 ∩Uc

j ∩U j+1 ∩ · · · ∩UM ,
(30)

where Uc
j denotes the complement of U j . In other words,

U∗
∩\ j represents all packets which are common to all sinks

but sink j. The source transmits to node j one of the packets
in the set US ∩ U∗

∩\ j (i.e., all packets in U∗
∩\ j which are

known to the source node). Thus, if we indicate with |U| the
cardinality of set U, the sink j will need |US∩U∗

∩\ j| linearly
independent (in GF(q)) packets in order to decode all the
|US∩U∗

∩\ j| original native packets [19]. Such l.i. packets can
be obtained from the same source node or from other nodes
in the network which previously stored the packets. With
such scheme a total of max j(|Uc

i |) transmission phases are
needed for all the sinks to know all the packets. As a special
case, if |US∩U∗

∩\ j| = 1 for all j, we have the NG considered
in Section 2.
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Rate-adaptive, user 2

R
1
,R

2

10 15 20 25 30 35 40

Average SNR γ̄1 (dB)

Block fading, 2 users, γ̄2 = 0.1γ̄1

Figure 11: Comparison of the rates of two nodes belonging to
a Network Coding group with M = 2 nodes in both AIR and
CIR systems. One of the nodes suffers from a higher path loss
attenuation (10 dB) with respect to the other. Node with better
channel in AIR system achieves higher rate with respect to node
with better channel in CIR system. The gain arises from adapting
the coding rate of each node to the channel independently from the
other nodes.

In order to understand how to proceed when more than
one packet is unknown at one or more sinks, define an M-
dimensional vector space associated to the source packet
set US. A canonical basis for this space is defined as e1 =
[10 · · · 0] · · · eM = [0 · · · 01]. The transmitted packet is a
linear combination of this basis, x = a1∗ e1 + · · ·+aM ∗ eM .

The sets of missing packets in sink i, Uc
i , define a

|Uc
i |-dimensional space. In the concept of network group

described in Section 2, the transmitted packet is obtained as
x = e1 + · · · + eM , which is linearly independent from the
subspace spanned by the packets owned by sinks 1 · · ·M. As
a result, the packets contained in each sink together with x
span the whole space IS, therefore all packets can be decoded.

In a more general case, where more than one packet
is unknown by one or more sinks, we need to transmit a
number of packets that, along with the subspaces spanned
by the packets of sinks 1 · · ·M, span the whole US.
Transmitting maxi(|Uc

i |) linear combinations of packets is
sufficient to achieve this goal.
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Figure 12: In the setup the three sinks have three distinct subsets of
packets in S’s buffer and channels from S to each of the sinks have a
different SNR.
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Figure 13: Virtual representation of event A. Random variables
x1, . . . , xM are sorted in ascending order in sequence x(1), . . . , x(M).
According to the definition of event A the vth variable must assume
a value less or equal R/(M − v + 1).

In Figure 12, an example is given which clarifies the
concept just described. In the setup the three sinks have
three distinct subsets of packets and channels from S to
each of the sinks have SNRs γ1, γ2 and γ3. Table 2 gives a
possible scheduling and transmission solution for the setup
in Figure 12 by applying the method we just described
together with channel adaptation.

In particular, during the transmission the source broad-
casts a packet obtained by adding packets p

γ1
4 , p

γ2

1 , and p
γ3

6 ,
where p

γ1
4 is packet p4 after channel encoding adapted to

γ1. Once sink 1 receives p4, it needs packet p5. Next packet
transmitted by S is p

γ1
5 added with p

γ2

3 and p
γ3

2 for sinks 2 and
3, respectively. Finally packet p

γ2

2 is transmitted to sink 2.

7.2. Packet Fragmentation and Fairness. Our proposed solu-
tion implicitly assumes that native packets can be frag-
mented. Each native packet u can be considered as a length
K buffer. In order to match the optimal rate on the channel,
only a part of the buffer u is sent over the channel during a
time slot on size N coded packet. In the following, we discuss
how to handle native packet fragmentation at the network
level.

Scheduling in Packet Fragmentation. When a node requests a
packet that needs to be fragmented the first part of the packet
is always sent out first. This avoids that different nodes in
the network have nonoverlapping parts of the same native
packet, which could make the formation of network coding
groups more difficult. Let us now consider the case in which a
given node i requests a fragment fv of a given native packet ui.
In this case, nodes belonging to its NC group do not need to
know the whole native packet. It is sufficient that the portion
they know of native packet ui include fragment fv.

Capacity and NC Group Limits. The maximum rate at which
a given node in a network group can receive data is actually
limited by two factors. One is the capacity of the physical
link between source and node (capacity-limited rate). The
other factor that limits the transmission rate is the minimum
across the nodes of the NC group of the portion of packet
ui. If such portion has length K ′, then the maximum
transmission rate for packet ui during a packet slot must be
less than K ′/N , otherwise not all nodes in the NC group
will be able to correctly decode the packet addressed to
them (NC group-limited rate). The last factor must be taken
into account in the formation of the NC group. In order to
avoid such situation we can impose that a packet cannot be
transmitted before it has been completely received.

Fairness Improvement. Shadowed users in a network would
probably experience a high packet loss rate. The CIR
approach penalizes those nodes, as their channels will have
a low capacity. By adapting the rate to each of the nodes’
channel conditions we can guarantee that users which expe-
rience shadowing for a long time (e.g., because of big urban
barriers) are not totally excluded from the communication.
This is likely to increase fairness and decrease delay in the
system.

These are some side effects at network level of our pro-
posed method. The global behavior of a network in terms of
aggregated throughput, reliability, delay, and fairness where
such transmission scheme is used need to be quantified by
means of analytical/numerical methods, and is beyond the
scope of this paper.

8. Conclusion

In this paper we proposed a new approach for rate adaptation
in opportunistic scheduling. Such approach applies channel
adaptation techniques originally proposed for asymmetric
TWRC communication to a network context. After system
model definition at both packet level (network group) and
physical level (channel statistics), we described previously
proposed methods for transmission scheduling in NC. We
carried out a comparison between our method (adaptive
information rate) and the scheduling method typically
used in nc (constant information rate) from a information
theoretical point of view. We obtained expression for the cdf
of achievable rates for CIR system and a lower bound for
AIR system’s cdf. We also calculated an approximation to
AIR cdf at low SNRs and showed that cdf of CIR systems
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Table 2: Scheduling solution for the setup of Figure 12. txk indicates the transmission phase. Each phase corresponds to the complete
transmission of a native packet (or a sum of native packets).

Trx phase U1 US ∩U∗
∩\1 U2 US ∩U∗

∩\2 U3 US ∩U∗
∩\3 Transmitted

0 p1, p2, p3, p6 p4, p5 p4, p5, p6 p1, p3 p1, p3, p4, p5 p6 p
γ1
4 ⊕ p

γ2
1 ⊕ p

γ3
6

1 p1, p2, p3, p6, p4 p5 p4, p5, p6, p1 p3 p1, p3, p4, p5, p6 p2 p
γ1
5 ⊕ p

γ2
3 ⊕ p

γ3
2

2 p1, p2, p3, p4, p5, p6 p1, p3, p4, p5, p6 p2 p1, p2, p3, p4, p5, p6 p
γ2
2

3 p1, p2, p3, p4, p5, p6 p1, p2, p3, p4, p5, p6 p1, p2, p3, p4, p5, p6

is an upper bound that of AIR system. We implemented a
simulator using nonbinary LDPC codes developed in the
DaVinci project [17] and showed that our method allows
a better exploitation of good channels with respect to CIR
method. This was shown to increase throughput at each
transmission. We then discussed some issues that arise from
the modifications at physical level brought from AIR method
in a network coding scenario. Such issues will be extensively
analyzed and their impact quantified in our future works, as
well as a system-level throughput analysis gain. New coding
techniques can also be investigated in order to fully exploit
achievable throughput and fairness enhancements in AIR
systems.

Appendices

In the following, we derive the calculation for the cumulative
density function of the achievable rate for the system with
constant information rate and the approximation for the cdf
of the adaptive information rate system we proposed in this
paper. We talk about achievable rates and not capacity as we
are not optimizing with respect to power.

A. Constant Information Rate

Channel coefficients are i.i.d. exponentially distributed ran-
dom variables with mean value γ. Their marginal pdf is then

fΓ
(

γ
) = 1

γ
e−γ/γu

(

γ
)

. (A.1)

Let us sort channel coefficients of the M receivers in
ascending order, namely,

γ(1) < γ(2) < · · · < γ(M−1) < γ(M). (A.2)

We will use round brackets to indicate variables sorted
in ascending order, that is, γ(1) is the smallest among
variables γ(v). As stated in Section 5, the cdf for the constant
information rate system is given by:

FRcir (R) = P{Rcir < R}

= P

{

max
v∈{1,...,M}

[

(M − v + 1)log2

(

1 + γ(v)
)

]

< R

}

.

(A.3)

Let us introduce the following notation:

xv = log2

(

1 + γv
)

,

x(v) = log2

(

1 + γ(v)
)

,
(A.4)

and finally

z = max
v∈{1,...,M}

[

(M − v + 1)log2

(

1 + γv
)

]

= Rcir. (A.5)

Using (A.5) in (A.3) we can write

Fcir(R) = P{z < R} = FZ(R), (A.6)

where FZ(R) is the cumulative distribution function of the
variable z calculated in point R. The function FZ(R) is, by
definition

FZ(R) = P
{

Mx(1) < R, (M − 1)x(2) < R, . . . , x(M) < R
}

.
(A.7)

Note that the smaller the variable x(v), the higher the
multiplying coefficient M − v + 1.

We can rewrite the (A.7) as

FZ(R) = P
{

x(1) <
R

M
, x(2) <

R

M − 1
, . . . , x(M) < R

}

. (A.8)

Let us indicate the event inside brackets as A. Figure 13 gives
a graphical representation of event A.

We can calculate the probability of event A by using the
law of total probability

FZ(R) =
M
∑

i=1

P{A∩ Bi}, (A.9)

where Bi are disjoint events partitioning the area of the
sample space to which A belongs. Let us choose as Bi the
event “ jn out of M variables fall in the interval [R/(n +
1),R/n]” for all n ∈ {1, 2, . . . ,M} and putting R/(M + 1) = 0
and

∑M
n=1 jn =M. The intersection with A imposes on Bi the

further constraint

jn ≤ n, ∀n ∈ {1, 2, . . . ,M}. (A.10)

Let us give an example to clarify the definitions given
up to now for the case with M = 2 nodes. We have two
i.i.d. random variables x1 and x2. We sort them and call
the smallest one x(1) and the biggest one x(2). Event A is,
by definition: A = {x(1) < R/2, x(2) < R}. Events Bi, with
i ∈ {1, 2, 3} are the following:

(i) B1 = “2 variables fall in the interval [R/2,R] and 0
variables fall in the interval [0,R/2]”;

(ii) B2 = “2 variables fall in the interval [0,R/2] and 0
variables fall in the interval [R/2,R]”;
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(iii) B3 = “1 variable falls in the interval [R/2,R] and 1
variable falls in the interval [0,R/2]”.

It is easy to see that these are disjoint events which partition
the sample space, that is, they take into account all the
possible ways in which the two variables can be distributed
in the two intervals. In order to calculate the (A.9), we need
to find the intersection between event A and each of the Bi.
It can be easily verified that such intersection can be found
by adding to each Bi the constraint (A.10), which, for M = 2,
can be expressed as “the number of variables that fall in the
interval [R/2,R] must be less than or equal to 1 and the
number of variables that fall in the interval [0,R/2] must be
less than or equal to 2”. This implies that the (A.9) is given
by the sum of the probabilities of events B2 and B3. Note that
events Bi do not consider sorted variables, as the sorting is
implicitly defined in the definition of such events. This allows
to consider the variables as i.i.d, which makes calculation of
events Bi easier.

A similar calculation can be done for a generic numberM
of nodes. As seen in the example, the calculation reduces to
defining events Bi, choose those which describe event A and
sum their probabilities. Such probabilities can be calculated
as follows. The probability that a generic variable xv =
log2(1 + γv) (unsorted) falls in the interval [R/(n+ 1),R/n] is
equal to FX(R/n)−FX(R/(n+1)), FX(x) being the cumulative
density function of x. FX(x) can be obtained transforming
the exponential r.v. γ

FX(x) = e1/γ
(

e−1/γ − e−2x/γ
)

u(x), (A.11)

where u(x) is a function that assumes value 0 for x <
0, 1 for x > 0 and 1/2 in 0. Because of independency
among the variables, we can calculate the probability that
jn variables fall in the interval [R/(n + 1),R/n], which is
[FX(R/n)− FX(R/(n + 1))] jn . From now on, we will indicate
with αn the difference FX(R/n) − FX(R/n + 1). We can now
express the probability of the union of events Bi with the
formula (A.12)

M
∑

i=1

P{Bi}

=
M
∑

j1=0

M− j1
∑

j2=0

M− j1− j2
∑

j3=0

· · ·
M− j1− j2−···− jM−3− jM−2

∑

jM−1=0

× M!
j1! · · · jM !

α
j1
1 α

j2
2 · · ·αjM−2

M−2α
jM−1

M−1α
jM− j1− j2−···− jM−2− jM−1
M ,

(A.12)

where the coefficient M!/ j1! · · · jM ! is the number of parti-
tions of M elements in M bins putting jn elements in bin

number n. Finally, including constraint (A.10) we obtain
expression (A.13)

FZ(R)

=
M
∑

i=1

P{A∩ Bi}

=
1
∑

j1=0

M− j1
∑

jM=1

min(2− j1,M− j1− jM)
∑

j2=0

min(2− j1− j2,M− j1− j2− jM)
∑

j3=0

· · ·
min(M−2− j1−···− jM−3,M− j1− j2−···− jM−3− jM)

∑

jM−2=0

× M!
j1! · · · jM !

α
j1
1 α

j2
2 · · ·αjM−2

M−2α
M− j1− j2−···− jM−2− jM
M−1 α

jM
M .

(A.13)

B. Adaptive Transmission

B.1. CDF in the Low SNR Regime. Let us indicate with ci the
(unsorted) instantaneous capacity of the link between source
and receiver i. Let us recall from Section 5 that an achievable
rate for such system is

Radapt =
M
∑

i=1

ci. (B.14)

We wish to calculate an approximation for the cdf of Cair

in the low SNR regime. By definition the cdf of Rair is

FRair (c) = P

⎧

⎨

⎩

M
∑

i=1

ci < c

⎫

⎬

⎭

, (B.15)

where

ci = log2

(

1 + γi
)

, (B.16)

γi being an exponentially distributed random variable with
mean value E{γi} = γi = γ.

When γi  1 (which is the case most of the time in
the SNR regime), we can approximate the logarithm with its
Taylor expansion at the second term, that is

ci = log2

(

1 + γi
) � γi

ln(2)
. (B.17)

Thus, we have

Rair =
M
∑

i=1

ci �
M
∑

i=1

γi
ln(2)

=
M
∑

i=1

γ′i . (B.18)

Using expression (B.18) we can calculate the pdf of Rair as

fRair (c) = fγ′1 (c)⊗ fγ′2 (c)⊗ · · · ⊗ fγ′M (c). (B.19)

By substituting the expression of fγ′1 (c) in (B.19) we find

fRair (c) =
cM−1e−c/γ

(M − 1)!γM
u(c), (B.20)
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and finally:

F low
Rair

(c) =
∫ c

0

xM−1e−x/γ

(M − 1)!γM
dx = 1− e−c ln(2)/γ

M−1
∑

v=0

(

c ln(2)/γ
)v

v!
.

(B.21)

At higher SNR the (B.24) is a loose lower bound for the cdf
of Cair, in fact we have the following inequalities:

γ′i =
γi

ln(2)
> log2

(

1 + γi
) = ci, (B.22)

M
∑

i=1

γ′i >
M
∑

i=1

ci, (B.23)

F low
Rair

(c) = P

⎧

⎨

⎩

M
∑

i=1

γ′i < c

⎫

⎬

⎭

< P

⎧

⎨

⎩

M
∑

i=1

ci < c

⎫

⎬

⎭

= FRair (c). (B.24)

B.2. Upper Bound of cdf. We now show that the (16) upper
bounds the cdf of the achievable rate for the AIR system.
Let us start by modifying the condition in brackets in the
(B.15) that we will call condition β. We relax such condition
so that it be verified with higher probability for each R. Such
condition says that the sum of capacities in all links must not
exceed R. We want to find a condition δ so that if β is true
also δ is true, but there must exist a set of events with non
zero probability for which if δ is verified β is not. For this
purpose, let us put δ = A, where A is the event that defines
the cdf of cir system (see Appendix A), that is

δ =
{

c1 <
R

M
, . . . , ci <

R

M − i + 1
, . . . , cM < R

}

. (B.25)

Now it is sufficient to prove that the following two proposi-
tions are true

β ⊂ δ, (B.26)

∃s ⊂ δ | s /⊆ β, P{s} > 0. (B.27)

Let us start with the (B.26). For β to be verified, at least one
of the ci must be <R/M because if not the sum in β would
be greater than R. Moreover, if we impose that cj < R/M
for a given j, there must be at least another ci such that
ci < (R/(M − 1)). If this is not verified there will be M − 1 ci
for which ci > (R/(M− 1)) plus cj , so the total sum would be
greater than R. Iterating this M times we will obtain exactly
the condition δ which, as just shown, must be verified for the
β to be true. Now let us consider the (B.27). We can take as
condition s the following:

s =
{

R

M + 1
< c1 <

R

M
,
R

M
< c2 <

R

M − 1
,

. . . ,
R

M
< cM−1 <

R

M − 1
,
MR

M + 1
< cM < R

}

.

(B.28)

It can be easily seen that s ⊂ δ. The minimum value for the
sum of all ci under condition s is R(2− 2/M) which is greater
than R for M � 2. This means that s /⊆ β. We have left to

show that P{s} > 0. The probability of s is a finite quantity
given by

P{s}

= FC

(

R

M

)

− FC
(

R

M + 1

)

+
[

FC

(

R

M − 1

)

FC

(

R

M

)]M−2

+FC

(

MR

M

)

−FC
(

MR

M + 1

)

,

(B.29)

the FC(c) being the cdf of the random variable c = log2(1+γ).
We recall the expression for the FC(c)

FC(c) = e1/γ
(

e−1/γ − e−2c/γ
)

u(c). (B.30)

B.3. Lower Bound. In order to find a lower bound for the cdf
of AIR system, we introduce the following constraint to the
condition inside brackets in the (B.15)

ci <
R

M
,∀i ∈ {1, 2 . . . ,M}. (B.31)

Adding (B.31) in (B.15) we obtain the following expression:

F−adapt(R) = P

⎧

⎨

⎩

M
∑

i=1

ci < R, ci <
R

M
,∀i ∈ {1, 2, . . . ,M}

⎫

⎬

⎭

= P
{

ci <
R

M
,∀i ∈ {1, 2, . . . ,M}

}

= FMci

(

R

M

)

= eM/γ
(

e−1/γ − e−2R/M/γ
)M

.

(B.32)
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Transmit diversity is necessary in harsh environments to reduce the required transmit power for achieving a given error
performance at a certain transmission rate. In networks, cooperative communication is a well-known technique to yield transmit
diversity and network coding can increase the spectral efficiency. These two techniques can be combined to achieve a double
diversity order for a maximum coding rate Rc = 2/3 on the Multiple-Access Relay Channel (MARC), where two sources share
a common relay in their transmission to the destination. However, codes have to be carefully designed to obtain the intrinsic
diversity offered by the MARC. This paper presents the principles to design a family of full-diversity LDPC codes with maximum
rate. Simulation of the word error rate performance of the new proposed family of LDPC codes for the MARC confirms the full
diversity.

1. Introduction

Multipath propagation (small-scale fading) is an important
salient effect of wireless channels, causing possible destruc-
tive adding of signals at the receiver. When the fading
varies very slowly, error-correcting codes cannot combat
the detrimental effect of the fading on a point-to-point
channel. Space diversity, that is, transmitting information
over independent paths in space, is a means to mitigate the
effects of slowly varying fading. Cooperative communication
[1–4] is a well-known technique to yield transmit diversity.
The most elementary example of a cooperative network is the
relay channel, consisting of a source, a relay, and a destination
[3, 5]. The task of the relay is specified by the strategy or
protocol. In the case of coded cooperation [4], the relay
decodes the message received from the source, and then
transmits to the destination additional parity bits related to
the message; this results in a higher information theoretic
spectral efficiency than simply repeating the message received
from the source [6]. The resulting outage probability [7]
exhibits twice the diversity, as compared to point-to-point
transmission. However, the overall error-correcting code

should be carefully designed in order to guarantee full
diversity [8].

We focus on capacity achieving codes, more precisely,
low-density parity-check (LDPC) codes [9], because their
word error rate (WER) performance is quasi-independent of
the block length [10] when the block length is becoming very
large.

Considering two users, S1 and S2, and a common
destination D, a double diversity order can be obtained by
cooperating. When no common relay R is used, the maximum
achievable coding rate that allows to achieve full diversity
is Rc = 0.5 (according to the blockwise Singleton bound
[7, 11]). However, when one common relay R for two users
is used (a Multiple Access Relay Channel—MARC), it can
be proven that the maximum achievable coding rate yielding
full diversity is Rc = 2/3 [12]. The increase of the maximum
coding rate yielding full diversity from Rc = 0.5 to Rc =
2/3 is achieved through network coding [13] at the physical
layer, that is, R sends a transformation of its incoming bit
packets to D (only linear transformations over GF(5) are
considered here). From a decoding point of view, this linear
transformation can be interpreted as additional parity bits of
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a linear block code. Hence, the destination will decode a joint
network-channel code. Therefore, the problem formulation
is how to design a full-diversity joint network-channel code
construction for a rate Rc = 2/3.

Up till now, no family of full-diversity LDPC codes with
Rc = 2/3 for coded cooperation on the MARC has been
published. Chebli, Hausl, and Dupraz obtained interesting
results on joint network-channel coding for the MARC with
turbo codes [14] and LDPC codes [15, 16], but these authors
do not elaborate on a structure to guarantee full diversity at
maximum rate, which is the most important criterion for a
good performance on fading channels. A full-diversity code
structure describes a family of LDPC codes or an ensemble of
LDPC codes, permitting to generate many specific instances
of LDPC codes.

In this paper, we present a strategy to produce excel-
lent LDPC codes for the MARC. First, we outline the
physical layer network coding framework. Then, we derive
the conditions on the MARC model and the coding rate
necessary to achieve a double diversity order. In the second
part of the paper, we elaborate on the code construction.
A joint network-channel code construction is derived that
guarantees full diversity, irrespective of the parameters of the
LDPC code (the degree distributions). Finally, the coding
gain can be improved by selecting the appropriate degree
distributions of the LDPC code [17] or using the doping
technique [18] as shown in Section 7.2. Simulation results
for finite and infinite length (through density evolution) are
provided. To the best of authors’ knowledge, this is the first
time that a joint full-diversity network-channel LDPC code
construction for maximum rate is proposed.

Channel-State Information is assumed to be available
only at the decoder. In order to simplify the analysis, we
consider orthogonal half-duplex devices that transmit in
separate timeslots.

2. System Model and Notation

2.1. Multiple Access Relay Channel. We consider a Multiple
Access Relay Channel (MARC) with two users S1 and S2,
a common relay R, and a common destination D. Each
of the three transmitting devices transmits in a different
timeslot: S1 in timeslot 1, S2 in timeslot 2, and R in timeslot
3 (Figure 1). In this paper, we limit the scheme to two
sources, but any extension to a larger number of sources is
possible by applying the principles explained in the paper.
We consider a joint network-channel code over this network,
that is, an overall codeword c = [c1, . . . , cN ]T is received at
the destination during timeslot 1, timeslot 2, and timeslot
3, which form together one coding block. The codeword
is partitioned into three parts: cT = [c(1)Tc(2)Tc(3)T],
where c(1) = [c1, . . . , cNs]

T , c(2) = [cNs+1, . . . , c2Ns]
T , and

c(3) = [c2Ns+1, . . . , cN ]T , and where S1 and S2 transmitNs bits
(note that each user is given an equal slot length because of
fairness), and R transmits Nr bits, so that N = 2Ns + Nr . We
define the level of cooperation, β, as the ratio Nr/N . Because
the users do not communicate between each other, the bits

S1

S2

R

D

Timeslot 1

Timeslot 3

Timeslot 2

Figure 1: The multiple access relay channel model. The solid arrows
correspond to timeslot 1, the dotted arrows to timeslot 2, and the
dashed arrow to timeslot 3.

c(1), transmitted by S1, and the bits c(2), transmitted by S2,
are independent.

Since the focus in this paper is on coding, BPSK signaling
is used for simplicity, so that the transmitters send symbols
x(b)n ∈ {±1}, where b stands for the timeslot number
and n is the symbol time index in timeslot b. The channel
is memoryless with real additive white Gaussian noise and
multiplicative real fading. The fading coefficients are only
known at the decoder side where the received signal vector
at the destination D is

y(b) = αbx(b) + w(b), b = 1, . . . , 3, (1)

where y(1) = [y(1)1, . . . , y(1)Ns
]T , y(2) = [y(2)1, . . . ,

y(2)Ns
]T , and y(3) = [y(3)1, . . . , y(3)Nr

]T are the received
complex signal vectors in timeslots 1, 2, and 3, respectively.
The noise vector w(b) consists of independent noise samples
which are real Gaussian distributed, that is, w(b)n ∼
N (0, σ2), where 1/2σ2 is the average signal-to-noise ratio
γ = Es/N0. The Rayleigh distributed fading coefficients α1,
α2 and α3 are independent and identically distributed. (The
average signal-to-noise ratios on the S1-D, S2-D; and R-D
channels are the same.) The channel model is illustrated in
Figure 2. In some parts of the paper, a block binary erasure
channel (block BEC) [19, 20] will be assumed, which is a
special case of block fading. In a block BEC, the fading gains
belong to the set {0,∞}, where α = 0 means the link is a
complete erasure, while α = ∞means the link is perfect.

We assume that no errors occur on the S1-R and S2-R
channels. This simplifies the analysis and does not change the
criteria for the code to attain full-diversity, as will be shown
in Section 3.2.

2.2. LDPC Coding. We focus on binary LDPC codes
C[N , 2K]2 with block length N and dimension 2K , and
coding rate Rc = 2K/N . (We consider two sources each with
K information bits and an overall error-correcting code with
N codebits.) The code C is defined by a parity-check matrix
H , or equivalently, by the corresponding Tanner graph [7, 9].
Regular (db,dc) LDPC codes have a parity-check matrix with
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c1 c2 · · ·

α1 α2 α3

cNs cNs+1 cNs+2 · · ·

N

c2Ns c2Ns+1 c2Ns+2 · · · cN

Figure 2: Codeword representation for a multiple access relay channel. The fading gains α1, α2, and α3 are independent.

db ones in each column and dc ones in each row. For irregular
(λ(x), ρ(x)) LDPC codes, these numbers are replaced by the
so-called degree distributions [9]. These distributions are the
standard polynomials λ(x) and ρ(x) [21]:

λ(x) =
db
∑

i=2

λix
i−1, ρ(x) =

dc
∑

i=2

ρix
i−1, (2)

where λi (resp., ρi) is the fraction of all edges in the Tanner
graph, connected to a bit node (resp., check node) of degree
i. Therefore, λ(x) and ρ(x) are sometimes referred to as left
and right degree distributions from an edge perspective. In

Section 6, the polynomials
◦
λ(x) and

◦
ρ(x), which are the left

and right distributions from a node perspective, will also be
adopted:

◦
λ(x) =

db
∑

i=2

◦
λix

i−1,
◦
ρ(x) =

dc
∑

i=2

◦
ρix

i−1, (3)

where
◦
λi (resp.,

◦
ρi) is the fraction of all bit nodes (resp.,

check nodes) in the Tanner graph of degree i, hence
◦
λi =

(λi/i)/(
∑

j λ j / j) and likewise with
◦
ρi.

The goal of this research is to design a full-diversity
ensemble of LDPC codes for the MARC. An ensemble of
LDPC codes is the set of all LDPC codes that satisfy the left
degree distribution λ(x) and right degree distribution ρ(x).

In this paper, not all bit nodes and check nodes in
the Tanner graph will be treated equally. To elucidate the
different classes of bit nodes and check nodes, a compact
representation of the Tanner graph, adopted from [22] and
also known as protograph representation [9, 23, 24] (and
the references therein), will be used. In this compact Tanner
graph, bit nodes and check nodes of the same class are
merged into one node.

2.3. Physical Layer Network Coding. The coded bits transmit-
ted by R are a linear transformation of the information bits
from S1 and S2, denoted as i(1) and i(2), where both vectors
are of length K . (In some papers, the coded bits transmitted
by R are a linear transformation of the transmitted bits from
S1 and S2, which boils down to the same as the information
bits, since the transmitted bits (parity bits and information
bits) are a linear transformation of the information bits.) Let
∗ stand for a matrix multiplication in GF(5);

c(3) = T ∗
[

i(1)
i(2)

]

. (4)

The matrix T represents the network code, which has to
be designed. Let us split T into two matrices HN and V such
that T = H−1

N ∗ V , where HN is an Nr × Nr matrix and V is
an Nr × 2K matrix. Now we have the following relation:

HN ∗ c(3) = V ∗
[

i(1)
i(2)

]

. (5)

Equation (5) can be inserted into the parity-check matrix
defining the overall error-correcting code. Instead of design-
ing T , we can design HN and V using principles from coding
theory.

3. Diversity and Outage Probability of MARC

3.1. Achievable Diversity Order. The formal definition of
diversity order on a block fading channel is well known [25].

Definition 1. The diversity order attained by a code C is
defined as

d = − lim
γ→∞

logPe
log γ

, (6)

where Pe is the word error rate after decoding.

However, in this document, as far as the diversity order
is concerned, we mostly use a block BEC. It has been proved
that a coding scheme is of full diversity on the block fading
channel if and only if it is of full diversity on a block BEC
[22]. The channel model is the same as for block fading,
except that the fading gains belong to the set {0,∞}. Suppose
that on the S1-D, S2-D, and R-D links, the probability of a
complete erasure, that is, α = 0, is ε.

Definition 2. A code C achieves a diversity order d on a block
BEC if and only if [26]

Pe ∝ εd, (7)

where Pe is the word error rate after decoding and ∝ means
proportional to.

Therefore, it is sufficient to show that two erased channels
cause an error event to prove that d < 3, because the
probability of this event is proportional to ε2. Consider, for
example, that the R-D channel has been erased, as well as the
S1-D channel. Then, the information from S1 can never reach
D, because S2 does not communicate with S1. Therefore, the
diversity order d < 3.
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A diversity order of two is achieved if the destination
is capable of retrieving the information bits from S1 and
S2, when exactly one of the S1-D, S2-D, or R-D channels is
erased. The maximum coding rate allowing the destination
to do so will be derived in Section 3.4.

3.2. Perfect Source-Relay Channels. Here, we will show that
the achieved diversity at D does not depend on the quality of
the source-relay (S-R) channel. Therefore, in the remainder
of the paper, we will assume errorless S-R channels to
simplify the analysis.

Let us consider a simple block fading relay channel
with one source S, one relay R, and one destination D. All
considered point-to-point channels (S-R, S-D, R-D) have an
intrinsic diversity order of one. In a cooperative protocol,
where R has to decode the transmission from S in the first
slot, two cases can be distinguished: (1) R is able to decode
the transmission from S and cooperates with S in the second
slot, hence D receives two messages carrying information
from S; (2) R is not able to decode the transmission from
S and therefore does not transmit in the second slot, hence
D receives only one message carrying information from
S, namely, on the S-D channel. Now, the decoding error
probability, that is, the WER Pe, at D can be written as
follows:

Pe = P(case 1)P(e | case 1) + P(case 2)P(e | case 2).
(8)

The probability P(case 2) is equal to the probability of
erroneous decoding at R. For large γ, we have P(case 2) ∝
1/γ and P(case 1) = (1 − c/γ) [25], where c is a constant.
The probability P(e | case 2) is equal to the probability of
erroneous decoding on the S-D channel; hence for large γ,
P(e | case 2) ∝ 1/γ. Now, the error probability Pe at large γ
is proportional to

Pe ∝ P(e | case 1) +
c′

γ2
, (9)

where c′ is a positive constant. According to Definition 1,
full-diversity requires that at large γ, Pe ∝ 1/γ2. We see
that this only depends on the behavior of P(e | case 1)
at large γ, because the second case where the relay cannot
decode the transmission from the source in the first slot
does automatically give rise to a double diversity order
without the need for any code structure. This means that
as far as the diversity order is concerned, it is sufficient
to assume errorless S-R channels (yielding Pe = P(e |
case 1)). Furthermore, techniques [8] are known to extend
the proposed code construction to nonperfect source-relay
channels, so that, for the clarity of the presentation, perfect
source-relay channels are assumed in the remainder of the
paper.

3.3. Outage Probability of the MARC. We denote an outage
event of the MARC by Eo. An outage event is the event that
the destination cannot retrieve the information from S1 or
S2, that is, the transmitted rate is larger than or equal to the

instantaneous mutual information. The transmitted rate ru
is the average spectral efficiency of user u whereas r is the
overall spectral efficiency, so that r = r1 + r2. (The average
spectral efficiency denotes the average number of bits per
overall channel uses, including the channel uses of the other
devices, that is, transmitted over the MARC channel.) We can
interprete r as the total spectral efficiency, that is, transmitted
over the network. The MARC block fading channel has a
Shannon capacity, that is, essentially zero since the fading
gains make the mutual information a random variable which
does not allow to achieve an arbitrarily small word error
probability under a certain spectral efficiency. This word
error probability is called information outage probability in
the limit of large block length, denoted by

Pout = P(Eo). (10)

The outage probability is a lower bound on the average word
error rate of coded systems [27].

The mutual information from user 1 to the destination
is the weighted sum of the mutual informations from the
channels from S1-D and R-D. (The transmission of R
corresponds to redundancy for S1 and S2 at the same time.
From the point of view of S1, the transmission of R contains
interference from S2. By using the observations from S2, the
decoder at the destination can at most cancel the interference
from S2 in the transmission from R.) Hence the spectral
efficiency r1 is upper bounded as

r1 <

(

1− β
2

)

I(S1;D) + βI(R;D), (11)

where (1 − β)/2 and β are the fractions of the time during
which S1 and R are active [25, Section 5.4.4]. The same holds
for user 2:

r2 <

(

1− β
2

)

I(S2;D) + βI(R;D). (12)

Combining (11) and (12) yields

r <

(

1− β
2

)

I(S2;D) +

(

1− β
2

)

I(S1;D) + 2βI(R;D).

(13)

However, there is a tighter bound for r. Indeed, (11) and
(12) both rely on the fact that the destination can cancel the
interference from the other user on the relay-to-destination
channel, but therefore, the destination must be able to
decode one of the users’ information from their respective
transmission. Hence, there exist two scenarios: (1) in the
first scenario, D decodes the information of S2 from the
transmission of S2 (r2 < ((1 − β)/2)I(S2;D)), so that it can
cancel the interference from S2 in the transmission from R
((11) holds); (2) the second scenario is the symmetric case
(r1 < ((1−β)/2)I(S1;D) and (12) holds). Both scenarios lead
to a tighter bound for r:

r <

(

1− β
2

)

I(S2;D) +

(

1− β
2

)

I(S1;D) + βI(R;D).

(14)
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Figure 3: In these three cases, where each time one link is erased, a full-diversity code construction allows the destination to retrieve the
information bits from both S1 and S2.

Bound (14) can be verified when considering the instan-
taneous mutual information between the sources and the
sinks in the network. We denote the instantaneous mutual
information of the MARC as I(α, γ), which is a function of
the set of fading gains α = [α1,α2,α3] and average SNR γ.
The overall mutual information is

I
(

α, γ
) =

(

1− β)
2

I(S1;D) +

(

1− β)
2

I(S2;D) + βI(R;D),

(15)

because the three timeslots behave as parallel Gaussian chan-
nels whose mutual informations add together. Of course, the
timeslots timeshare a time-interval, which gives a weight to
each mutual information term [25, Section 5.4.4]. The total
transmitted rate must be smaller than I(α, γ), which yields
(14).

From the above analysis, we can now write the expression
of an outage event:

Eo =
{[

r1 ≥
(

1− β
2

)

I(S1;D) + βI(R;D)

]

∪
[

r2 ≥
(

1− β
2

)

I(S2;D) + βI(R;D)

]

∪
[

r ≥
(

1− β
2

)

(I(S2;D) + I(S1;D)) + βI(R;D)

]}

.

(16)

The three terms I(S1;D), I(S2;D), and I(R;D) are each the
average mutual information of a point-to-point channel with
input x ∈ {−1, 1}, received signal y = αx + w with w ∼
N (0, σ2), conditioned on the channel realization α, which is
determined by the following well-known formula [28]:

I(X ;Y | α) = 1− EY |{x=1,α}
{

log2

(

1 + exp
[−2yα

σ2

])}

,

(17)

where EY |{x=1,α} is the mathematical expectation over Y
given x = 1 and α. Therefore, three terms I(S1;D), I(S2;D),
and I(R;D) are

I(S1;D) = EY(1)|{x(1)=1,α1}
{

log2

(

1 + e−2y(1)α1/σ2
)}

,

I(S2;D) = EY(2)|{x(2)=1,α2}
{

log2

(

1 + e−2y(2)α2/σ2
)}

,

I(R;D) = EY(3)|{x(3)=1,α3}
{

log2

(

1 + e−2y(3)α3/σ2
)}

.

(18)

Now, the outage probability can be easily determined
through Monte-Carlo simulations to average over the fading
gains and to average over the noise. (Averaging over the
noise can be done more efficiently using Gauss-Hermite
quadrature rules [29].)

3.4. Maximum Achievable Coding Rate for Full Diversity. In
Section 3.1, we established that the maximum achievable
diversity order is two. Here, we will derive an upper bound
on the coding rate yielding full diversity, valid for all discrete
constellations (assume a discrete constellation with M bits
per symbol).

It has been proved that a coding scheme is of full diversity
on the block fading channel if and only if it is of full diversity
on a block BEC [22]. So let us assume a block BEC, hence
αi ∈ {0,∞}, i = 1, 2, 3. The strategy to derive the maximum
achievable coding rate is as follows: erase one of the three
channels (see Figure 3), and derive the maximum spectral
efficiency that allows successful decoding at the destination.
(Another approach from a coding point of view has been
made in [30].)

The criteria for successful decoding at the destination
are given in the previous subsection see (11), (12), and
(14). Because one of the three channels has been erased
(see Figure 3), one of the mutual informations is zero. The
channels that are not erased have a maximum mutual infor-
mation M (discrete signaling). A user’s spectral efficiency
allows successful decoding if and only if

ri ≤Mmin
β

((

1− β
2

)

,β

)

, i = 1, 2, (19)

r ≤Mmin
β

(

(

1− β),
1 + β

2

)

, (20)

It can be easily seen that (20) is a looser bound than (19)
(r = r1 + r2), so that finally

r ≤ 2Mmin
β

((

1− β
2

)

,β

)

, (21)

which is maximized if β = 1/3, such that r < 2M/3. The
destination decodes all the information bits on one graph
that represents an overall code with coding rate Rc. Hence the
maximum achievable overall coding rate is Rc = r/M = 2/3.
It is clear that to maximize r = r1 +r2, the spectral efficiencies
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r1 and r2 should be equal, that is, all users in the network
transmit at the same rate. In this case, (21) and (19) are
equivalent and it is sufficient to bound the sum-rate only. In
our design, we will take r1 = r2 = 1/3, so that the maximum
achievable coding rate can be achieved.

4. Full-Diversity Coding for Channels with
Multiple Fading States

In the first part of the paper, we established the channel
model, the physical layer network coding framework, the
maximum achievable diversity order, and the maximum
achievable coding rate yielding full diversity. In a nutshell,
if the relay transmits a linear transformation of the infor-
mation bits from both sources during 1/3 of the time, a
double diversity order can be achieved with one overall error-
correcting code with a maximum coding rate Rc = 2/3.
Now, in the second part of the paper, this overall LDPC
code construction that achieves full diversity for maximum
rate will be designed. First, in this section, rootchecks
will be introduced, a basic tool to achieve diversity on
fading channels under iterative decoding [22]. Then, in the
following section, application of these rootchecks to the
MARC will define the network code, that is, HN and V , such
that a double-diversity order is achieved. Finally, these claims
will be verified by means of simulations for finite length and
infinite length codes.

4.1. Diversity Rule. In order to perform close to the outage
probability, an error-correcting code must fulfil two criteria:

(1) full-diversity, that is, the slope of the WER is the same
as the slope of the outage probability at γ → ∞;

(2) coding gain, that is, minimizing the gap between the
outage probability and the WER performance at high
SNR.

The criteria are given in order of importance. The first
criterion is independent of the degree distributions of the
code [22], hence serves to construct the skeleton of the code.
It guarantees that the gap between the outage probability and
the WER performance is not increasing at high SNR. The
second criterion can be achieved selecting the appropriate
degree distributions or applying the doping techniques (see
Section 7.2). In this paper, the most attention goes to the first
criterion.

In the belief propagation (BP) algorithm, probabilistic
messages (log-likelihood ratios) are propagating on the
Tanner graph. The behavior of the messages for γ → ∞
determines whether the diversity order can be achieved
[17]. However, the BP algorithm is numerical and messages
propagating on the graph are analytically intractable. For-
tunately, there is another much simpler approach to prove
full diversity. Diversity is defined at γ → ∞. In this region
the fading can be modeled by a block BEC, an extremal case
of block-Rayleigh fading. Full diversity on the block BEC is
a necessary and sufficient condition for full diversity on the
block-Rayleigh fading channel [22]. The analysis on a block
BEC channel is a very simple (bits are erased or perfectly

known) but very powerful means to check the diversity order
of a system.

Proposition 1. One obtains a diversity order d = 2 on the
MARC, provided that all information bits can be recovered,
when any single timeslot is erased.

This rule will be used in the remainder of the paper to
derive the skeleton of the code.

4.2. Rootcheck. Applying Proposition 1 to the MARC leads to
three possibilities (Figure 3).

Case 1. The S1-D channel is erased: α1 = 0, α2 = ∞, α3 = ∞

Case 2. The S2-D channel is erased: α1 = ∞, α2 = 0, α3 = ∞

Case 3. The R-D channel is erased: α1 = ∞, α2 = ∞, α3 = 0.

Let us zoom on the decoding algorithm to see what is
happening. We illustrate the decoding procedure on a
decoding tree, which represents the local neighborhood of
a bit node in the Tanner graph (the incoming messages
are assumed to be independent). When decoding, bit nodes
called leaves pass extrinsic information through a check
node to another bit node called root (Figure 4). Because we
consider a block BEC channel, the check node operation
becomes very simple. If all leaf bits are known, the root bit
becomes the modulo-2 sum of the leaf bits, otherwise, the
root bit is undetermined (P(bit=1)=P(bit=0)=0.5). Dealing
with Case 3 is simple: let every source send its information
uncoded and R sends extra parity bits. If D receives the
transmissions of S1 and S2 perfectly, it has all the information
bits. So the challenging cases are the first two possibilities.
Let us assume that the nodes corresponding to the bits
transmitted by S1, S2, and R are filled red, blue, and white,
respectively. Assume that all red (blue) bits are erased at D. A
very simple way to guarantee full diversity is to connect a red
(blue) information bit node to a rootcheck (Figures 4(a) and
4(b)).

Definition 3. A rootcheck is a special type of check node,
where all the leaves have colors that are different from the
color of its root.

Assigning rootchecks to all the information bits is the
key to achieve full diversity. This solution has already been
applied in some applications, for example, the cooperative
multiple access channel (without external relay) [8]. Note
that a check node can be a rootcheck for more than one bit
node, for example, the second rootcheck in Figure 4.

4.3. An Example for the MARC. The sources S1 and S2

transmit information bits and parity bits that are related to
their own information, and R transmits information bits and
parity bits related to the information from S1 and S2. The
previous description naturally leads to 8 different classes of
bit nodes. Information bits of S1 are split into two classes:
one class of bits is transmitted on fading gain α1 (red)
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Red

+

Root

White

Leaves

White Blue White Blue

(a)

Blue

+

Root

White

Leaves

White Red White White

(b)

Figure 4: Two examples of a decoding tree, where we distinguish
a root and the leaves. While decoding, the leaves pass extrinsic
information to the root. Both examples are rootchecks; the root can
be recovered if bits corresponding to other colors are not erased. (a)
recovers the red root bit if all red bits are erased. (b) recovers the
blue root bit if all blue bits are erased.

and is denoted as 1i1, the other class is transmitted on α3

(white) and denoted as 2i1; similarly, red and white parity
bits derived from the message of S1 are of the classes 1p1 and
2p1, respectively. Likewise, bits related to S2 are split into four
classes: blue bits 1i2 and 1p2 (transmitted on α2), and white
bits 2i2 and 2p2 (transmitted on α3). The subscripts of a class
refer to the associated user. In the remainder of the paper, the
vectors 1i1, 2i1, 1p1, and 2p1 collect the bits of the classes 1i1,
2i1, 1p1, and 2p1, respectively. A similar notation holds for
S2. This notation is illustrated in Figure 5.

Above, we concluded that all information bits should
be the root of a rootcheck. The class of rootchecks for
1i1 is denoted as 1c. Translating Figure 4 to its matrix
representation renders

1i1 1p1
{

1i2, 1p2, 2i1, 2p1, 2i2, 2p2
}

[I 0 Hrest ] 1c. (22)

The identity matrix concatenated with a matrix of zeros
assures that bits of the class 1i1 are the only red bits connected

S1

S2

R

D

[1i1 1p1]

[2i1 2p1 2i2 2p2]

[1i2 1p2]

Figure 5: The multiple access relay channel model with the 8
introduced classes of bit nodes.

to check nodes of the class 1c. (Note that the identity matrix
can be replaced by a permutation matrix. For the simplicity
of the notation, in the rest of the paper I will be used.)
As the bits from S1 and S2 are independent, the matrix
representation can be further detailed:

1i1 1p1 1i2 1p2
{

2i1, 2p1
}

2i2 2p2

[I 0 0 0 H′
rest 0 0] 1c. (23)

Hence, a full-diversity code construction for the MARC can
be formed by assigning this type of rootchecks (introducing
new classes 2c, 3c, and 4c) to all information bits:

1i1 1p1 1i2 1p2 2i1 2p1 2i2 2p2
⎡

⎢

⎢

⎢

⎣

I
H1i1

0
0

0
H1p1

0
0

0
0
I

H1i2

0
0
0

H1p2

H2i1
I
0
0

H2p1

0
0
0

0
0

H2i2
I

0
0

H2p2

0

⎤

⎥

⎥

⎥

⎦

1c
2c
3c
4c.
(24)

(The reader can verify that this is a straightforward extension
of full-diversity codes for the block fading channel [22].)
S1 transmits 1i1 and 1p1, S2 transmits 1i2 and 1p2, and
the common relay first transmits 2i1 and 2p1 and then
transmits 2i2 and 2p2, hence the level of cooperation is
β = 0.5. The reader can easily verify that if only one color
is erased, all information bits can be retrieved after one
decoding iteration. Note that both sources do not transmit
all information bits, but the relay transmits a part of the
information bits. This is possible because if R receives 1i1

and 1p1 perfectly it can derive 2i1 (because of the rootchecks
2c) and consequently 2p1 (after reencoding). (This code
construction can be easily extended to nonperfect relay
channels using techniques described in [8].) The same holds
for S2. It turns out that splitting information bits in two parts
and letting one part to be transmitted on the first fading
gain and the other part on the second fading gain is the
only way to guarantee full diversity for maximum coding rate
[22]. This code construction is semirandom, because only
parts of the parity-check matrix are randomly generated.
However, every set of rows and set of columns contains
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a randomly generated matrix and, therefore, can conform
to any degree distribution. It has been shown that despite
the semirandomness (due to the presence of deterministic
blocks), these LDPC codes are still very powerful in terms
of decoding threshold [22]. No network coding has been
used to obtain the code construction discussed above. The
aim of this subsection was to show that through rootchecks,
it is easy to construct a full-diversity code construction.
However, when applying network coding, as will be discussed
in Section 5, the spectral efficiency can be increased.

4.4. Rootchecks for Punctured Bits. In the previous sub-
section, we have illustrated that, through rootchecks, full-
diversity can be achieved. Another feature of rootchecks is to
retrieve bits that have not been transmitted, which are called
punctured bits. Punctured bits are very similar to erased bits,
because both are not received by the destination. However,
the transmitter knows the exact position of the punctured
bits inside the codeword which is not the case for erased
bits. Formally, we can state that from an algebraic decoding
or a probabilistic decoding point of view, puncturing and
erasing are identical, an erased/punctured bit is equivalent to
an error with known location but unknown amplitude. From
a transmitter point of view, punctured bits have always fixed
position in the codeword whereas channel erased bits have
random locations.

When punctured bits are information bits, the destina-
tion must be able to retrieve them. There are two ways to
protect punctured bits.

(i) The punctured bit nodes are connected to one or
more rootchecks. If the leaves are erased or punc-
tured, the punctured root bit cannot be retrieved after
the first decoding iteration. The erased or punctured
leaves on their turn must be connected to rootchecks,
such that they can be retrieved after the first iteration.
Then, in the second iteration the punctured root
bit can be retrieved. These rootchecks are denoted
as second-order rootchecks (see Figure 6). Similarly,
higher-order rootchecks can be used.

(ii) The punctured bit nodes are connected to at least two
rootchecks where both rootchecks have leaves with
different colors (see Figure 6). If one color is erased,
there will always be a rootcheck without erased leaves
to retrieve the punctured bit node.

Combinations of both types of rootchecks are also possible.

5. Full-Diversity Joint Network-Channel Code

In this section, we join the principles of the previous section
with the physical layer network coding framework. We will
use the same bit node classes as in the previous section, hence
S1 transmits 1i1 and 1p1, and S2 transmits 1i2 and 1p2. The
bits transmitted by the relay are determined by (5) and are of

the class c(3). Adapting (5) to the classes of bit nodes gives

HNc(3) =
[

V1 V2 V3 V4

]

∗

⎡

⎢

⎢

⎢

⎣

1i1

1i2

2i1

2i2

⎤

⎥

⎥

⎥

⎦

, (25)

where the dimensions ofVi areNr×K/2. Please note that 2i1,
2p1, 2i2, and 2p2 are not transmitted anymore (these bits are
punctured). The number of transmitted bits c(3) by the relay
is determined by the coding rate. There are 2K information
bits. The sources S1 and S2 each transmit K bits, hence to
obtain a coding rate Rc = 2/3, the relay can transmit Nr = K
bits. We will include the punctured information bits 2i1 and
2i2 in the parity-check matrix for two reasons:

(i) without 2i1 and 2i2, we cannot insert (25) in the
parity-check matrix;

(ii) the destination wants to recover all information bits,
that is, 1i1, 1i2, 2i1, and 2i2, so 2i1 and 2i2 must be
included in the decoding graph.

(The matrices in the following of the paper correspond to
codewords that must be punctured to obtain the bits actually
transmitted.) The parity-check matrix now has the following
form:

1i1 1p1 1i2 1p2 2i1 2i2 c(3)
⎡

⎢

⎢

⎢

⎣

H1i1
0

V1

H1p1

0
0
0

0
H1i2

V2

0
H1p2

0
0

I
0

V3

0
I

V4

0
0

HN

⎤

⎥

⎥

⎥

⎦

1c
2c
3c
4c

(26)

Because the nodes 2i1 and 2i2 have been added, we have now
4K columns and 2K rows. K rows are used to implement
(25), while the other K rows define 1p1 in terms of the
information bits 1i1 and 2i1 (used for encoding at S1), and
1p2 in terms of the information bits 1i2 and 2i2 (used for
encoding at S2). The first two set of rows 1c and 2c are
rootchecks for 2i1 and 2i2; see Section 4. Now it boils down
to design the matrices V1, V2, V3, V4, and HN , such that
the set of rows 3c and 4c represent rootchecks of the first or
second order for all information bits. There exist 8 possible
parity-check matrices that conform to this requirement; see
Appendix A. With the exception of matrix (A.7), all matrices
have one or both of the following disadvantages.

(i) There is no random matrix in each set of columns,
such that H cannot conform to any degree distribu-
tion.

(ii) There is an asymmetry wrt. 2i1 and 2i2 and/or wrt.
1i1 and 1i2 and/or 3c and 4c which results in a loss of
coding gain.

Therefore, we select the matrix (A.7). The parity-check
matrix (A.7) of the overall decoder at D shows that the
bits transmitted by R are a linear transformation of all the
information bits 1i1, 2i1, 1i2, and 2i2. Furthermore, the
checks [3c 4c] represent rootchecks for all the information
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(a)

Red
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Red
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Figure 6: Two special rootchecks for punctured bits (shaded bit nodes). (a) is a second-order rootcheck. Imagine that all blue bits are erased,
than the shaded bit node will be retrieved in the second iteration. (b) represents two rootchecks where both rootchecks have leaves with
other colors. Imagine that one color has been erased, than the shaded bit node will still be recovered after the first iteration.

bits, guaranteeing full diversity. The checks [1c 2c] are
necessary because the bits [2i1 2i2] are not transmitted.
Note that the punctured bits [2i1 2i2] have two rootchecks
that have leaves with different colors. One of the rootchecks
is a second-order rootcheck. For example, the punctured bits
of the class 2i1 have two rootchecks, one of the class 1c and
one of the class 4c. The rootcheck of the class 1c has only red
leaves, while the rootcheck of the class 4c has white and blue
leaves. All but one blue leaves are punctured such that the
rootcheck of the class 4c is a second-order rootcheck.

6. Density Evolution for the MARC

In this section, we develop the density evolution (DE)
framework, to simulate the performance of infinite length
LDPC codes. In classical LDPC coding, density evolution

[9, 24, 31] is used to simulate the threshold of an ensemble
of LDPC codes. (Richardson and Urbanke [9, 31] established
that, if the block length is large enough, (almost) all codes in
an ensemble of codes behave alike, so the determination of
the average behavior is sufficient to characterize a particular
code behavior. This average behavior converges to the cycle-
free case if the block length augments and it can be found
in a deterministic way through density evolution (DE).) The
threshold of an ensemble of codes is the minimum SNR at
which the bit error rate converges to zero [31].

This technique can also be used to predict the word error
rate of an ensemble of LDPC codes [22]. We refer to the
event where the bit error probability does not converge to
0 by Density Evolution Outage (DEO). By averaging over
a sufficient number of fading instances, we can determine
the probability of a Density Evolution Outage PDEO. Now,
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Figure 7: A compact representation of the Tanner graph of the
proposed code construction (matrix (A.7)), adopted from [22] and
also known as protograph representation [23]. Nodes of the same
class are merged into one node for the purpose of presentation.
Punctured bits are represented by a shaded node.

it is possible to write the word error probability Pe of the
ensemble as

Pe = Pe|DEO × PDEO + Pe|CONV × (1− PDEO), (27)

where Pe|DEO is the word error rate given a DEO event and
Pe|CONV is the word error rate when DE converges. If the bit
error rate does not converge to zero, then the word error
rate equals one, so that Pe|DEO = 1. On the other hand,
Pe|CONV depends on the speed of convergence of density
evolution and the population expansion of the ensemble with
the number of decoding iterations [32, 33], but in any case
Pe ≥ PDEO, so that the performance simulated via DE is a
lower bound on the word error rate. Finite length simulations
confirm the tightness of this lower bound.

In summary, a tight lower bound on the word error
rate of infinite length LDPC codes can be obtained by
determining the probability of a Density Evolution Outage
PDEO. Given a triplet (α1,α2,α3), one needs to track the
evolution of message densities under iterative decoding to
check whether there is DEO. (Messages are under the form
of log-likelihood ratios (LLRs).) The evolution of message
densities under iterative decoding is described through
the density evolution equations, which are derived directly
through the evolution trees. The evolution trees represent the
local neighborhood of a bit node in an infinite length code
whose graph has no cycles, hence incoming messages to every
node are independent.

6.1. Tanner Graph and Notation. The proposed code con-
struction has 7 variable node types and 4 check node types.
Consequently, the evolution of message densities under
iterative decoding has to be described through multiple
evolution trees, which can be derived from the Tanner
graph. A Tanner graph is a representation of the parity-check
matrices of an error-correcting code. In a Tanner graph, the
focus is more on its degree distributions. In Figure 7, the
Tanner graph of matrix (A.7) is shown. The new polynomials

˜λ(x) and ˜

˜λ(x) are derived in Proposition 2.

Proposition 2. In a Tanner graph with a left degree distribu-
tion λ(x), isolating one edge per bit node yields a new left degree

distribution described by the polynomial ˜λ(x):

˜λ(x) =
∑

i

˜λix
i−1, ˜λi−1 = λi(i− 1)/i

∑

j λ j
(

j − 1
)

/ j
. (28)

Proof. Let us define Tbit,i as the number of edges connected
to a bit node of degree i. Similarly, the number of all
edges is denoted Tbit. From Section 2, we know that λ(x) =
∑dbmax

i=2 λixi−1 expresses the left degree distribution, where λi
is the fraction of all edges in the Tanner graph, connected
to a bit node of degree i. So finally λi = Tbit,i/Tbit. A similar

reasoning can be followed to determine ˜λi:

˜λi−1
(a)= Tbit,i − (λi/i)Tbit

Tbit −
∑

j

(

λj/ j
)

Tbit

(b)= λiTbit − (λi/i)Tbit

Tbit −
∑

j

(

λj/ j
)

Tbit

= λi − λi/i
∑

j

(

λj/ j
)

j −∑

j

(

λj/ j
)

= (λi/i)(i− 1)
∑

j

(

λj/ j
)

(

j − 1
)
.

(29)

(a)
∑

j(λj/ j)Tbit is equal to the number of edges that are
removed which is equal to the number of bits.

(b) λiTbit is equal to the number of edges connected to a
bit of degree i.

Similarly, we can determine ˜

˜λ(x) = ∑

i
˜

˜λi xi−1, where
˜

˜λi−2 = (λi(i − 2)/i)/(
∑

j λ j( j − 2)/ j). It can be shown that
˜

˜λ(x) is the same as applying the transformation ˜() two times

consecutively, hence first on λ(x), and then on ˜λ(x).

6.2. DE Trees and DE Equations. The proposed code con-
struction has 7 variable node types and 4 check node types.
But not all variable node types are connected to all check
node types. Therefore, there are 14 evolution trees. But it is
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sufficient to draw only 7 of them because of symmetry. To
write down the equations we adopt the following notation.

Let X1 ∼ p1(x) and X2 ∼ p2(x) be two independent real
random variables. The density function of X1 +X2 is obtained
by convolving the two original densities, written as p1(x) ⊗
p2(x). The notation p(x)⊗n denotes the convolution of p(x)
with itself n times.

The density function p(y) of the variable Y =
2th−1(th(X1/2)th(X2/2)), obtained through a check node
with X1 and X2 at the input, is obtained through the R-
convolution [9], written as p1(x)� p2(x). The notation th(·)
denotes the tangent hyperbolic function and p(x)�n denotes
the R-convolution of p(x) with itself n times.

To simplify the notations, we use the following defini-
tions:

λ
(

p(x)
) =

∑

i

λi p(x)⊗i−1, ρ
(

p(x)
) =

∑

i

ρi p(x)�i−1.

(30)

Next, we will use the following definitions:

ρ
(

p(x), t(x)
) =

∑

i

(

ρi p(x)�i−1 � t(x)
)

,

λ∗
(

p(x)
) =

∑

i

λi p(x)⊗i−2,

ρ∗
(

p(x)
) =

∑

i

ρi p(x)�i−2.

(31)

The first definition is necessary because of the nonlinearity of
the R-convolution. Therefore, the first equation is not equal
to t(x)� ρ(p(x)).

The following message densities at the mth iteration are
distinguished:

am1 (x)(x) = density of message from 1i1 to 1c,

f m1 (x) = density of message from 1i1 to 3c,

km1 (x) = density of message from 1p1 to 1c,

lm1 (x) = density of message from 2i1 to 1c,

qm1 (x) = density of message from 2i1 to 3c,

gm2 (x) = density of message from 2i2 to 3c,

bm1 (x) = density of message from c(3) to 3c,

μ1(x) = density of the likelihood of the channel in the

1st timeslot.
(32)

Proposition 3. The DE equations in the neighborhood of 1i1,
1p1, 2i1, and c(3) for all m are listed in (33)–(34),

am+1
1 (x) = μ1(x)⊗ ˜λ

(

ρ̃
(

f1i1ca
m
1 (x) + f1p1ck

m
1 (x), lm1 (x)

))

⊗ ◦
ρ
∗(
f2i3cq

m
1 (x) + fc(3)3cb

m
1 (x), gm2 (x)

)

,

f m+1
1 (x) = μ1(x)⊗

◦
λ
(

ρ̃
(

f1i1ca
m
1 (x) + f1p1ck

m
1 (x), lm1 (x)

))

,

km+1
1 (x) = μ1(x)⊗ λ

(

ρ̃
(

f1i1ca
m
1 (x) + f1p1ck

m
1 (x), lm1 (x)

))

,

lm+1
1 (x) =

◦
λ
∗(

˜ρ̃
(

f2i3cq
m
1 (x) + fc(3)3cb

m
1 (x), f m1 (x), gm2 (x)

)

)

⊗ ◦
ρ
∗(
f2i4cq

m
2 (x) + fc(3)4cb

m
2 (x), f m2 (x)

)

,

qm+1
1 (x) = ˜

˜λ
(

˜ρ̃
(

f2i3cq
m
1 (x) + fc(3)3cb

m
1 (x), f m1 (x), gm2 (x)

)

)

⊗ ◦
ρ
(

f1i1ca
m
1 (x) + f1p1ck

m
1 (x)

)

⊗ ρ∗( f2i4cqm2 (x) + fc(3)4cb
m
2 (x), f m2 (x)

)

,

gm+1
1 (x) =

◦
λ
∗(

˜ρ̃
(

f2i3cq
m
1 (x) + fc(3)3cb

m
1 (x), f m1 (x), gm2 (x)

)

)

⊗ ◦
ρ
(

f1i1ca
m
1 (x) + f1p1ck

m
1 (x)

)

,

(33)

bm+1
1 (x)=μ3(x)⊗ λ

(

f3cc(3) · ˜ρ̃
(

f2i3cq
m
1 (x) + fc(3)3c

·bm1 (x), f m1 (x), gm2 (x)
)

+ f4cc(3)

× ˜ρ̃
(

f2i4cq
m
2 (x) + fc(3)4cb

m
2 (x),

f m2 (x), gm1 (x)
))

,
(34)

where

f1i1c =
∑

i

◦
λi(i− 1)

∑

i
◦
ρi(i− 1)

, (35)

f1p1c = 1− f1i1c =
∑

i

◦
λii

∑

i
◦
ρi(i− 1)

, (36)

f2i3c =
∑

i

◦
λi(i− 2)

∑

i
◦
ρi(i− 2)

, (37)

fc(3)3c = 1− f2i3c =
∑

i

◦
λii

∑

i
◦
ρi(i− 2)

, (38)

f2i4c = f2i3c, (39)

fc(3)4c = fc(3)3c, (40)

f3cc(3) = 1− f4cc(3), (41)

f3cc(3) = 0.5∗ fc(3)3c
∑

i
◦
ρi(i− 2)

∑

i

◦
λi(i)

, (42)

f4cc(3) = 0.5∗ fc(3)4c
∑

i
◦
ρi(i− 2)

∑

i

◦
λi(i)

, (43)
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Figure 8: Density evolution of full-diversity LDPC ensembles with
maximum coding rate Rc = 2/3 with iterative decoding on a MARC.
Eb/N0 is the average information bit energy-to-noise ratio on the S1-
D, S2-D, and R-D links.

Note that the message densities propagating from bits of the
class 2i1 do not contain a channel observation μ1(x) because
these information bits are punctured.

Proof. See Appendix B.

7. Numerical Results

7.1. Full-Diversity LDPC Ensembles. We evaluated the finite
length performance of full-diversity LDPC codes and the
asymptotic performance by applying DE on the proposed
code construction. The parity-check matrix (A.7) is used by
the destination to decode the information bits. This paper
focuses on full diversity, rather than coding gain. Therefore,
one of the codes is a simple regular (3, 6) LDPC code. This
means that all the random matrices in (A.7) are randomly
generated satisfying an overall row weight of 6 and an overall
column weight of 3. This matrix corresponds to a coding
rate of 0.5, but because [2i1 2i2] are punctured, the actual
coding rate is Rc = 2/3. The other code, that is, simulated
and is denoted as code 2 is an irregular (λ(x), ρ(x)) LDPC
ensemble [22] with left and right degree distributions given
by the polynomials

λ(x) = 0.285486x + 0.31385x2 + 0.199606x7 + 0.201058x14,

ρ(x) = x8.
(44)

We studied the following scenario.

(i) The S1-D, S2-D, and R-D links have the same average
SNR.

(ii) The S1-R and S2-R links are perfect.

(iii) The coding rate is Rc = 2/3 and the cooperation level
is β = 2/3.

Figure 8 shows the main results: the word error rate
(WER) of a regular (3, 6) LDPC ensemble and of an irregular
(λ(x), ρ(x)) LDPC ensemble, which are both of full diversity.

It is clear that the DE results are a lower bound on the
actual word error rates (a tight lower bound for the regular
code and a less tight lower bound for the irregular code). The
word error rate of a regular (3, 6) LDPC code is only about
1.5 dB worse than the outage probability. The irregular LDPC
code is only slightly better than the regular (3, 6) LDPC code
in terms of word error rate.

7.2. Full-Diversity RA Codes with Improved Coding Gain.
Another technique, suggested in [17], that improves the
coding gain is called doping. For all the Rootcheck based
LDPC codes the reliability of the messages exchanged by the
belief propagation algorithm can be improved by increasing
the reliability of parity bits (which are not protected
by rootchecks). In fact the LLR values of the messages
exchanged by the belief propagation algorithm are in the
form [17]:

Λm
l ∝

B
∑

i=1

aiα
2
i + η, (45)

where αi are the fading coefficients, ai are positive constants,
and η represents the noise. The higher the coefficients ai,
the more reliable are the LLR messages. Since the output
messages of the check node are limited by the lowest LLR
values of the incoming messages, that is, the messages
coming from parity bits, the doping technique aims to
increase those values. The least reliable variable nodes are the
parity bits sent on a channel in a deep fade.

In case of block BEC, consider the parity bits sent on a
channel with fading coefficient α1 = 0 and suppose that all
the other fading coefficients are αi = ∞ with i /= 1. Consider
the parity-check matrix (A.7). The doping technique consists
in fixing the random matrix H1p1 such that, under BP, all
the variable nodes can be recovered after a certain number
of iterations. This is equivalent to having reliable parity bits,
that is, connected to rootchecks of a certain order, and it
guarantees to increase the coefficients ai.

While the aforementioned doping technique has been
proposed and investigated for infinite length LDPC codes,
finite length rootcheck based LDPC codes that get advan-
tage of the doping technique have not been published
yet. Ongoing studies have revealed construction problems
with doped finite length Root-LDPC codes, so that their
performance cannot be included here. An important issue,
that is often not considered, is the encoding complexity. This
suggests to embed the well-known repeat-accumulate (RA)
structure in the parity-check matrix, which results in linear-
time encoding. Hence, regardless the degree distribution, we
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Figure 9: Comparison of proposed code construction with results
from literature. Eb/N0 is the average information bit energy-to-noise
ratio on the S1-D, S2-D, and R-D links.

substitute the matrices H1p1 , H1p2 , and HN with staircase
matrices (46)

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎣

1 0 0 · · · 0
1 1 0 · · · 0
0 1 1 · · · 0
...

. . .
. . .

...
0 0 · · · 1 1

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎦

. (46)

Figure 9 reports the simulation results for a regular RA code
that show a 0.5 dB improvement compared to the proposed
regular (3,6) code. Together with the fact that this simple
code is now linear-time encoding, this result is impressive
because we have lowered the complexity and improved the
performance at the same time. As a benchmark the outage
probability has been plotted. We have also included the best
known LDPC code for the MARC in literature: the rate 2/3
network code proposed in [16]; it reports a loss of almost
2.5 dB wrt. the proposed full-diversity RA code.

8. Conclusions and Remarks

We have studied LDPC codes for the multiple access relay
channel in a slowly varying fading environment under
iterative decoding. LDPC codes must be carefully designed
to achieve full diversity on this channel and network coding
must be applied to increase the achievable coding rate to
a maximum rate Rcmax = 2/3. Combining network coding
with of full diversity channel coding gave rise to a new family
of semirandom full-diversity joint network-channel LDPC
codes for all rates not exceeding Rcmax = 2/3. A code that is
only 1.5 dB away from the outage probability limit has been
presented.

For a block fading channel with several fading states per
codeword, it has been pointed out that the poor reliability of
the parity bits in full-diversity LDPC codes (where especially
the information bits are well protected) causes the actual gap
with the outage probability limit. We increased the reliability
of the parity bits by using a repeat-accumulate structure
and have improved the coding gain of the presented code
construction for the MARC.

Appendices

A. Full-Diversity Parity-Check Matrices

The reader can find here a list of full-diversity parity-check
matrices H , that is, matrices where all information bits are
assigned to a rootcheck in the last two set of rows 3c and 4c.
Matrix (A.7) performs the best for reasons of symmetry and
randomness,

1i1 1p1 1i2 1p2 2i1 2i2 c(3)
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B. Proof of Proposition 3

Equations (33)–(40) are directly derived from the local
neighborhood trees (see e.g., Figures 11 and 12). The
proportionality factors (35)–(40) can easily be determined by
analyzing the Tanner graph. Let T denote the total number
of edges between the variable nodes (1i1 − 1p1) and the check
nodes 1c. Figure 10 illustrates how f1p1c and f1i1c are obtained:

T
(a)= N

8

∑

i

◦
ρi(i− 1), (B.1)

T1p
(a)= N

8

∑

i

◦
λii,

T1i
(a)= N

8

∑

i

◦
λi(i− 1),

(B.2)

f1p1c
(b)= T1p

T
,

f1i1c
(b)= T1i

T
.

(B.3)

(a) The fraction of check nodes connected to (i−1) edges
of T is

◦
ρi(N/8). A similar reasoning proves (B.2).

(b) The fraction of edges T connecting 1p1 to 1c is f1p1c

and the fraction of edges T connecting 1i1 to 1c is f1i4c.

Note that in the first iteration, a1
1(x), f 1

1 (x), k1
1(x), and

b1
1(x) are equal to μ1(x), because the received messages come

from check nodes where one of the leaves corresponds to a
punctured information bit (so that their message density is a
Dirac function on LLR = 0). Therefore, the message densities
coming from the check nodes are also Dirac functions on
LLR = 0. (The output of a check node y is determined
through its inputs xi, i = 1 · · ·dc−1 via the following formula:
th(y/2) = ∏dc−1

i=1 th(xi/2). If one of the inputs xi is always zero
because its distribution is a Dirac function on LLR = 0, then
the output y will always be zero, so that its distribution will
also be a Dirac function on LLR = 0.) But q1(x) and g1(x)
are different from a Dirac function on LLR = 0 after the
first iteration, so that the next iteration also l1(x) becomes
different from a Dirac function on LLR = 0.
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Figure 10: Part of the compact graph representation of the
Tanner graph of proposed code construction. The number of edges
connecting (1i1 − 1p1) to 1c is T . The number of edges connecting
1p1 to 1c is T1p. The number of edges connecting 1i1 to 1c is T1i.
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The factor 0.5 in (42) and (43) takes into account that
c(3) counts N/4 variable nodes while 3c and 4c count only
N/8 parity check equations. Solving together (40)–(43), it is
possible to prove that for any degree distribution

f3cc(3) = f4cc(3) = 1
2
. (B.4)
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Large-scale distributed systems such as sensor networks usually experience dynamic topology changes, data losses, and node
failures in various catastrophic or emergent environments. As such, maintaining data persistence in a scalable fashion has become
critical and essential for such systems. The existing major efforts such as coding, routing, and traditional modulation all have
their own limitations. In this work, we propose a novel network modulation (NeMo) approach to significantly improve the data
persistence. Built on algebraic number theory, NeMo operates at the level of modulated symbols (so-called “modulation over
modulation”). Its core notion is to mix data at intermediate network nodes and meanwhile guarantee the symbol recovery at
the sink(s) without prestoring or waiting for other symbols. In contrast to the traditional thought that n linearly independent
equations are needed to solve for n unknowns, NeMo opens a new regime to boost the convergence speed of achieving persistence.
Different performance criteria (e.g., modulation and demodulation complexity, convergence speed, finite-bit representation, and
noise robustness) have been evaluated in the comprehensive simulations and real experiments to show that the proposed approach
is efficient to enhance the network data persistence.

1. Introduction

Today large-scale distributed systems are routinely deployed
for many computing, detection, communication, and mon-
itoring tasks. These systems are comprised of a large
number of spatially distributed autonomous devices. Sensor
networks, cellular networks, Wi-Fi, computational grids,
data center, and peer-to-peer networks are among the typical
examples of this type of systems with broad practical appli-
cations in both civilian and military areas. It is very common
for these systems to incur data losses and node outages. For
instance, sensor nodes may be short-lived due to limited
energy resources or the failure in catastrophic/emergent
environments. Also because of nodes’ random placement,
network topology is unknown and the sink location(s) may
be unknown. Owing to all of these network uncertainties,
how to safely and soundly deliver the data to the sink(s)—
data persistence—becomes challenging and critical.

There are two major issues which have to be considered
and resolved for enhancing data persistence in a large-scale

distributed system. One is how to deliver the existing data to
the sink(s) as soon as possible. This is an important metric
to evaluate the performance of an algorithm targeting data
persistence. Routing data to the sink(s) with the minimal
transmission overhead (e.g., delay) is a straightforward solu-
tion to this issue. However, existing routing protocols such
as [1–7] do not work appropriately due to lack of topology
information, or they have to pay high communication and
storage overhead when nodes are required to initiate data
reading and transmission immediately without learning the
network topology. The dynamics of network topology and
unexpected node failures make things even worse.

The other issue is concerned with how to “back-up” data
in the network so that if one node suddenly fails, its data
can still survive in other places of the network. One natural
approach is to adopt coding techniques. Recently, different
coding techniques have been proposed (e.g., [8–13]) to
increase data persistence. They show great improvement rel-
ative to the no coding case. However, there still exist several
unsolved problems. For example, some coding techniques
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require the sink to collect enough packets to decode the
next coded packet (see, e.g., [14]). This causes extra delay
and decoding complexity at the sink and may be impractical
for some applications with strict timeliness requirement
such as sensor networks for catastrophe monitoring. Also
the existing coding techniques are not flexible enough to
incorporate new node joins and/or asynchronous nodes.

In this work, we view these two issues from a new angle:
fast delivery can be interpreted as high transmission rate,
while robustness to node failure or noise can be viewed as
low error probability. This novel view makes enhancing data
persistence analogous to achieving Shannon’s capacity—
the maximum error-free data rate over a channel [15]. In
general, it is well known that there are two ways to achieve
Shannon’s capacity—coding and modulation. Recognizing
this, it is not surprising to see that coding techniques can
enhance data persistence. In addition, it becomes natural to
introduce our approach—modulation.

Traditionally, there are two major categories of mod-
ulation schemes—analog and digital modulations. Analog
modulation is applied continuously in response to the analog
information signal, for example, frequency modulation (FM)
for radio broadcasting. Clearly these modulation methods
are not capable of incorporating the distributed digital
data from sensors or other distributed autonomous devices.
Digital modulation is a way to generate waveforms or
symbols from a digital bit stream, for example, phase shift
keying (PSK), quadrature amplitude modulation (QAM).
However, these traditional digital modulation schemes are
hard to “grow” when one node wants to combine two
symbols (not bits) to a new symbol in a higher constellation.
The symbols have to be demodulated back to bits and then
the union of two sets of bits is modulated to a new symbol.
Given the limited resources of a network node, this process
may cost infeasibly high energy and memory consumption.

In this paper, we propose a novel approach that is
referred to as network modulation (NeMo). NeMo is based
on algebraic number theory to enhance data persistence. This
approach adopts an algebraic way to “combine” symbols,
which increases the information in a symbol while still
guaranteeing the decodability at the sink. The core notion of
NeMo is to mix the data at intermediate network nodes while
allowing the sink to decode without prestored symbols.

Two different ways are proposed to modulate the
symbols—nonregenerative NeMo and regenerative NeMo.
They differ in the way that the newly received packet is
processed. In the nonregenerative version, a node simply
combines the incoming symbol with the local data. But the
regenerative version demodulates the arrived symbol before
combining it with the local data. Note that the modulation
and demodulation of NeMo operate at the level of modulated
symbols (called “modulation over modulation”) and thus
it can be independent from network layer. We formally
prove that for both of these methods the symbol recovery is
guaranteed at the sink and also carefully study all kinds of
performance tradeoffs of them. Furthermore, we derive the
upper bounds of the persistence curves with NeMo, which
illustrate that our approach is more efficient than the existing
Growth Codes (GCs) [13]. In addition, we propose solutions

to several practical concerns such as packet header design and
asynchronous node joins and failure.

The rest of this paper is organized as follows. We
summarize the related works in Section 2 and formulate
the problem and describe the network setting in Section 3.
Section 4 introduces the basics of NeMo and the modulation
and demodulation steps. Section 5 evaluates the perfor-
mance of NeMo. Implementation issues are addressed and
evaluated in Section 6. Section 7 presents the experiment
results. Section 8 concludes the paper and proposes some
future research directions.

2. Related Work

Distributed coding has been established as an effective
paradigm to deliver high data persistence in networked
systems. Like channel coding, its basic idea is to introduce
data redundancy to the network. The redundancy spread
over the network can help to recover the lost data in the
presence of noise and node failure. Some distributed coding
schemes have been developed for distributed storage systems
to provide the reliable access to the data [8, 9, 11, 12], and
for wireless sensor networks and peer-to-peer networks to
deliver significant improvement in throughput [16–21] and
reliability [13, 22–25]. Also, algebraic approach to network
coding was introduced in [26] and this frame was extended
to incorporate vector communication in linear deterministic
networks [27].

However, most of the techniques in this area require
accumulating a large number of codewords before decoding
by using the traditional coding techniques such as Reed-
Solomon [28], LT [29], Digital Fountain [14], LDPC [30],
and turbo codes [31]. This is not desirable in a number
of scenarios where resources are limited, nodes are subject
to failure at anytime, or a smooth data persistence curve is
required to provide low latency. In contrast, our NeMo can
perform decoding instantaneously after receiving the data.
Superposition coding is proposed to enhance the network
throughput in MAC layer [32] by taking into account
physical layer link information. However, symbol recovery
is needed at each node and the data persistence is not
considered.

Growth Codes (GCs) [13] is a recent major effort to
maximize data persistence in a zero-configuration sensor
network. Nodes exchange codewords with their neighbors
while gradually increasing the codeword degree by combin-
ing received codewords with their own information. Liu et
al. [23] generalized the GC scenario to include multisnap-
shots and general coding schemes. By associating a utility
function with the recovered data, they design a joint coding
and scheduling scheme to maximize the expected utility
gain. Karande et al. [25] found that the random network
coding outperforms GC in periphery monitoring topologies.
Additionally, some other codes have been developed to
provide unequal protection for prioritized data. For example,
priority random linear codes [24] are proposed to partially
recover more important subset of data when the whole
recovery is impossible. Dimakis et al. [10] generalizes the GC
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analysis and investigates the design of fountain codes which
provide good intermediate performance and unequal error
protection for video streaming.

3. Problem Statement

In this section, for simplicity of illustration, we first present
a description of a simple network model we will use to
describe the design of NeMo. The model will be extended
for a number of practical issues later in this paper. Then we
define data persistence formally and formulate the problem
we attack in this work.

3.1. Network Description. Our network model is similar to
that considered in related works. It consists of a large sensor
network with N sensors/nodes and 1 sink. The network
is zero-configuration such that nodes only sense their
neighbors with whom they can communicate directly and do
not know where the sink is. The network topology is random
and can be altered. Typically the majority of the nodes cannot
communicate with the sink directly. In addition, our initial
study also makes the following assumptions:

(i) every node has infinite processing power and mem-
ory;

(ii) there is no node failure and data transmission error
(e.g., channel fading or additive noise);

(iii) each node takes only a single reading;

(iv) all data packets have the same importance;

(v) all nodes have the same transmission range;

(vi) every node employs the same modulation technique
and runs the same protocol;

(vii) all nodes have half-duplex capability, that is, trans-
mitting and receiving at different time slots (The
work in [13] assumes full-duplex capacity. However,
we believe half-duplex is more practical in the con-
text. Our scheme also works for full-duplex scenario.)

The above assumptions construct a simple network
model which is most appropriate to show the design
principles and facilitate the analysis. Most of the assumptions
are also adopted in the literature (see, e.g., [6, 13, 21, 25]). We
will consider more practical network settings to address most
of the above unrealistic assumptions in Section 6.

3.2. Problem Formulation. Data persistence is defined as the
fraction of data generated within the system that eventually
reaches the sink [13]. Now let us use a simple example to
illustrate what makes NeMo unique to enhance the data
persistence.

Example 1. Suppose that there are two nodes (Node 1 and
Node 2) with two readings/symbols, s1 and s2 for each.
The network is two-hop from Node 1 to Node 2 and then
to Sink (see Figure 1). The goal is to deliver both s1 and
s2 to the sink. Without combining s1 and s2 at Node 2,
3 hops are needed. We can do it in two hops if Node 2

Node 1 Node 2

SinkNode 1 Node 2

Sink
NeMo

s1

s1

s1

s2

x = f (s1, s2)

Traditional

Figure 1: A two-node example.

can transmit a combination of s1 and s2, x = f (s1, s2),
in one slot. One question is: given two symbols, can we
find an efficient approach to combine them as one symbol
by guaranteeing identifiability at the sink side? For example,
for BPSK modulated symbols s1 and s2, that is, s1, s2 ∈
{±1}, when simple “adding” x = s1 + s2 is applied, the
possible values of x (known as constellation) are shown in
the right subfigure of Figure 2. The (s1, s2) pair to generate
x is depicted under the corresponding point of x. From the
figure, it is ready to see that the unique recovery of original
readings is not guaranteed. For example, if x = 0, the sink
does not know which pair among (0, 0), (−1, 1), and (1,−1)
was sent from Node 1 and Node 2. However, if we “smartly”
combine s1 and s2 as x = s1 + e jπ/4s2, the constellation of x
is shown in the left subfigure of Figure 2. From the figure,
we can see that one unique x is designated to every pair of
s1 and s2. That means when the sink receives x, it can easily
recover the original two symbols s1 and s2. This shows that
if we combine two symbols “smartly,” symbol recovery is
guaranteed.

Mathematically, we formulate the problem as follows.
Suppose that s2 is the local symbol at Node 2 and s1 is a
symbol newly received at Node 2. After linear combination,
the symbol transmitted from this node to another node or
sink is

x = λ(θ1s1 + θ2s2), (1)

where λ is the power normalizer, and θ1 and θ2 are two
coefficients which are specified by modulation schemes. In
general, we have

x = λ
D
∑

n=1

θnsn = λθsT , (2)

where θ = [θ1 · · · θD] and s = [s1 · · · sD]. The remaining
question is how to choose {θn} so that {sn} can be uniquely
recovered from x. This may look like an ill-posed problem—
given one equation, how can one solve two or more
unknowns? The key is that {sn} are not real or complex
numbers, but belong to some lattice (e.g., all QAM symbols
belong to complex Gaussian integer lattice). By appropriately
choosing {θn}, it can be guaranteed that {sn}will be uniquely
identified from x. We give the detailed design in the following
sections.

4. Design of NeMo

In this section, we briefly introduce algebraic number theory
and describe our NeMo design based on it.
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Figure 2: Constellation at the sink in a two-node example.

4.1. Terminology and Notation. In the following, we summa-
rize some terminologies and corresponding notations which
will be used in the rest of the paper.

Symbol. We adopt sk’s to denote the originally modulated
symbols (before nodes exchange information), for example,
M-ary QAM. We call them OM symbols. Multiple OM
symbols can be modulated by NeMo into another symbol xk
called an NM symbol.

Degree of an NM Symbol. The degree of an NM symbol x
is the number of OM symbols employed to generate this
symbol and is denoted as d.

Maximum Degree of an NM Symbol. Due to computational
power and memory size constraints, the degree of NM
symbols is usually upper bounded. The maximum degree
allowed is denoted as dmax.

Neighbor. The nodes within the transmission range of a node
are called neighbors of this node.

Node ID. Node ID is a unique identity of a certain node in
the network. It can be an IP address, or a geographic location.

Symbol Overlap. If two NM symbols contain some common
OM symbols, we say these two symbols have some overlap.

Degree of a Modulator. It is defined as the length of the vector
as in (2) from which the coefficients θn’s are drawn. We will
see that the degree of a modulator is NOT always equal to the
degree of the corresponding NM symbol.

4.2. Algebraic Number Theory for NeMo. Before we pursue
the detailed modulation scheme, we need to introduce some
basics of algebraic number theory which will be used to
design NeMo.

Euler Numbers. Given an integer P, the Euler number φ(P)
of P is the cardinality of the set {q : gcd(q,P) = 1, q ∈
[1,P)}, where gcd stands for the greatest common divisor.

As we mentioned, the key point of designing θ in (2) is to
make sure that when the OM symbols are linearly combined
as an NM symbol, they can still be uniquely demodulated.
There are different ways to design θ. Here we are providing

Table 1: Design of α = e j2πq/P .

D 2 3 4 5 6 7 8 9 10

P 8 9 16 25 36 49 32 18 50

a systematic and general way based on algebraic number
theory. For a given number of OM symbols D, the design
of has the following special structure

θ =
[

1α · · ·αD−1
]

, (3)

where α is a scalar which will be designed as follows. The
general design of α only depends on the modulator’s degree.
It does not depend on the original modulation size (say 4-
QAM or 16-QAM).

For a given modulator degreeD, select an integer P which
is a multiple of D and φ(P) = 2mD, where m is a positive
integer. The generator α (and thus θ in (3)) can be designed
as

α = e j2πq/P , (4)

where q is selected from [1,P/D) such that gcd(q,P) = 1, and
j = √−1.

In the following, we provide one example to illustrate the
design of α.

Example 2. If D = 2k, k ∈ N ∪ {0}, then we can select P =
2k+2 = 4D, and the Euler number φ(P) = 2D. We can choose
q = 1 such that gcd(q,P) = 1. Hence, α = e j2π/P .

Note that the choice of α is not unique. Different α
choices for the same size D may provide different perfor-
mance in physical layer (see, e.g., [33]), but all of them
achieve the same symbol identifiability. In Table 1, we list the
design of α with some commonly used values of D. Although
the choice of q is nonunique, in the following, we adopt the
universal choice for all D, that is, q = 1.

4.3. The Basics of NeMo. Now we are ready to go into the
design of NeMo. Note that, for simplicity we assume (i) each
packet sent by a node consists of a packet header which
includes the necessary information for network modulation
(see Section 6 for its design) and one NM/OM symbol as the
payload (the algorithm can be easily extended to multiple
symbols), and (ii) time is divided into rounds as in [13]. In
each round, a pair of nodes completes a packet exchange if no
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collision happens. The basic procedure is divided into three
stages and works as follows.

Initialization. Every node has one packet ready if any.

Exchange. In each round, each node transmits its packet
with probability p.

(a) If a node decides to transmit the packet, it will
randomly select a neighbor to forward the packet.
The selected neighbor will receive the packet if it
does not transmit in the meanwhile (recall that we
assume half-duplex channel.). Otherwise the packet
is dropped and the rest of the round becomes idle.
Collision may also happen if a node is chosen for
exchange by more than one neighboring nodes at
the beginning of a round. Therefore, to summarize,
for one node to successfully receive a packet from
another node, three conditions must be met: (i)
this node decides not to transmit; (ii) it is selected
by another node to forward packets; and (iii) it is
not selected by more than one node (if collision is
considered).

(b) Those nodes which successfully received packets will
forward their stored packets back to the correspond-
ing nodes to complete an exchange round.

Packet Processing. When a node receives a packet from its
neighbor, it will first check the packet header. If the packet
is completely new, that is, there is no overlap with the
node’s currently stored packet, the node will combine it into
the stored packet (i.e., network modulation). If the newly
received packet has some overlap with the stored one (judged
from the packet header), then the newly received packet will
be stored to replace the old one. In this case, the transmission
pair of two nodes just exchanges their packets.

It is not hard to see that exchanging may bring some
information loss if an old packet is replaced by the new one
even when the old one has new OM symbols. However, here
we consider a resource constrained environment (e.g., sensor
networks) so that intermediate nodes may not be able to afford
demodulating every NM symbol. We will discuss the variation
in Section 4.6 when nodes can afford up to a certain level
of demodulation cost. If the node is the sink, then it will
demodulate the packet and save the data.

The aforementioned procedure works iteratively and
after some rounds the full data persistence will be achieved at
the sink. Next, we will describe how to process and modulate
incoming packets in detail.

4.4. Network Modulation. Suppose that a node has an NM
symbol x1 of degree d1 in the memory and receives a new
NM symbol x2 of degree d2. The node will check the packet
header first for symbol overlap. If they have overlap, the
node’s old packet will be replaced by the new one. If they
have no overlap, the node will perform NeMo as follows.

Case 1. If d1 = d2 = 1 (i.e., both are OM symbols), then the
modulation step is the same as the one in (2) with D = 2.

Case 2. If d1 or d2 is greater than 1, we need to check the
degrees of modulator for x1 and x2. Suppose that the degree
of the modulator of x1 is D1 and that of x2 is D2 ≥ D1, the
new NM symbol is then generated as

x = λ
(

α1/2
2 x1 + x2

)

, (5)

where α2 is the generator of x2. After modulation, x becomes
an NM symbol with the degree of the modulator D = 2D2,
but it only contains d1 + d2 nonzero OM symbols.

The proof for the symbol recovery of nonregenerative
NeMo is given as follows. First, based on Cases 1 and 2, one
can verify that all NM symbols have θ’s size D = 2k, k ∈
N∪ {0}, recursively.

Second, based on Example 2 in Section 4.2, the generator
α for θ is e j2π/P and P = 2k+2 provided D = 2k. Given two
degrees D1 = 2m and D2 = 2n, where m ≤ n, x1 and x2 can
be represented as

x1 =
d1
∑

k=1

αk−1
1 s1,k,

x2 =
d2
∑

k=1

αk−1
2 s2,k =

d2
∑

k=1

(

α1/2
2

)2(k−1)
s2,k,

(6)

where α1 = e j2π/2
m+2

and α2 = e j2π/2
n+2

. Because we have
α1/2

2 = e j2π/2
n+3

,

α1/2
2 x1 =

d1
∑

k=1

e j2π(2n−m+1(k−1)+1)/2n+3
s1,k

=
d1
∑

k=1

(

α1/2
2

)2n−m+1(k−1)+1
s1,k.

(7)

Combining (7) and (6), by defining a new generator as α =
e j2π/2

n+3
, we obtain that x actually is a linear combination

of x1 and x2 with modulator degree 2D2. According to
Example 2 in Section 4.2, this new α guarantees identifiabil-
ity. Note that the degree of the modulator is greater than the
degree of the NM symbol here.

Next, we will illustrate how the sink demodulates the
received packets to recover original OM symbols.

4.5. Network Demodulation. After explaining the modula-
tion schemes of NeMo, we now define the demodulation of
NeMo, that is, how to recover OM symbols from the received
NM symbols at the sink.

Let us define an important concept—the effective degree
of an NM symbol first. The set of demodulated OM symbols
stored at the sink is denoted as X. A newly received NM
symbol x has degree d. The effective degree of x, denoted
by de, is defined as the number of OM symbols that are
contained in x but not present in X. The node IDs of
associated OM symbols in x are contained in the packet
header of x (see Section 6), we can compute the effective
degree de by simply comparing with the set X. Note that the
packet header stores all the necessary information so that the
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modulation coefficients θk’s can be derived and the adopted
coefficients are known (see Section 6.1 for details).

The demodulation proceeds as follows.

(i) If de = 0, the sink simply discards the packet with
NM symbol x since all the OM symbols contained in
x are known.

(ii) If de = 1, the only unknown OM symbol can
be obtained by subtracting other demodulated OM
symbols from x.

(iii) If de > 1, we first cancel the known OM symbols
from x and obtain an NM symbol modulated by
de unknown symbols finally. Then, by exhaustively
searching over all possible de × 1 OM symbol vectors
which have been saved in a look-up table, we can
determine the rest unknown OM symbols. Due to
the design of θ in Section 4.2, a de × 1 OM symbol
vector can be uniquely determined given only one
NM symbol.

Note here, the demodulation of NeMo is different from
the decoder of the GC in [13]. Instead of discarding the
packets which contain more than one unknown symbol as in
GC, NeMo is able to demodulate any number of unknown
OM symbols through a look-up table. The demodulation
complexity of NeMo is mainly determined by searching the
look-up table. Suppose that the size of the constellation of
OM symbol is M. Then, the complexity of the exhaustive
search is O(Mde). The constellation size for OM symbols is
typically small, for example, constellation size 2 (BPSK) and
4 (QPSK) are usually adopted. Therefore, the demodulation
complexity is mainly determined by the distribution of
the effective degree of received NM symbol. Later we will
use simulation to illustrate the distribution of the effective
degrees at the sink.

4.6. Regenerative NeMo. So far NeMo requires no demod-
ulation at each node. Thus, in the following, we name it
nonregenerative NeMo. However, this may be too pessimistic
in some scenarios and cannot increase persistence “efficiently
and aggressively” since it discards overlapping NM symbols
even when they contain new OM symbols. In the following,
we propose a variation of NeMo, namely regenerative NeMo,
which is able to exploit the tradeoff between computational
resources and performance.

In contrast to nonregenerative NeMo, in regenerative
NeMo nodes will demodulate the NM symbol in each incom-
ing packet into OM symbols (the demodulation procedure is
the same as the one described in Section 4.5) and only keep
the ones which have not been stored at the node. Note that
here the nodes only store OM symbols. When a node decides
to exchange packets, it will modulate all the OM symbols it
stores into an NM symbol and send it to the randomly picked
neighbor as

x = λ

⎛

⎝

d
∑

k=1

θksk

⎞

⎠, (8)

where θk is the kth entry of a vector with length d, λ is the
power normalizer, and sk’s are the selected OM symbols.

Note that the demodulation complexity is determined
by the degree of the NM symbols d. Therefore, a nonsink
node may not be able to afford demodulating NM symbols
with unbounded degrees and have to set a constraint on the
maximal degree (denoted by dmax) of an NM symbol. With a
dmax setting, the procedure of regenerative NeMo is modified
as follows.

Suppose that a node receives an NM symbol x with
effective degree de and it has m (1 ≤ m ≤ dmax) OM symbols
stored (including the local reading).

(i) If de > dmax, the node will discard the arrival
since it does not have enough resource to afford
demodulation of x.

(ii) If de = dmax, the node demodulates x into de new
OM symbols and then randomly replaces one OM
symbol among the de OM symbols received with its
local reading. These dmax OM symbols will be saved
in the memory and other symbols in the memory will
be discarded.

(iii) If de < dmax and de + m > dmax, after demodulation,
the node will randomly pick dmax − de − 1 symbols
from the m− 1 nonlocal OM symbols, and save them
with the local reading and de newly received OM
symbols. The other OM symbols in the memory are
discarded.

(iv) Otherwise (de +m ≤ dmax), the node just saves de +m
OM symbols in the memory.

In any case, the node only stores up to dmax OM symbols
in its memory. Whenever there is a chance for transmission,
the node just modulates the OM symbols in its memory into
one NM symbol as in (8) and sends it out.

In summary, the general rules for regenerative NeMo
are: (i) giving the newly received OM symbols and local
reading higher priority to be stored and transmitted in the
next round so that the new data have more chances to be
circulated as soon as possible; and (ii) discarding the old OM
symbols in the memory in order to limit storage space usage
and search complexity.

We can further demodulate a subset of the incoming
NM symbols selectively (e.g., random selection or thresh-
olding on the degree of NM symbol) in order to achieve
different tradeoffs between computational complexity and
performance in different environments. In this sense, the
nonregenerative version can be viewed as a special case of
regenerative NeMo.

5. Performance Evaluations

We have introduced the proposed NeMo design with some
assumptions described in Section 3.1. In this section, we
adopt computer simulations to evaluate the performance of
NeMo. For the sake of comparison, the performance of the
GC in [13] is also provided.
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Figure 3: Optimal performance of NeMo with different dmax.

5.1. Optimal Case. Let us first evaluate the optimal cases
for NeMo, that is, the upper bound of the persistence
performance. As shown in (5) and (8), NeMo combines two
NM symbols with degrees d1 and d2 to generate a new NM
symbol of degree d1 + d2. Each node aggressively increases
the degree of its NM symbol no matter nonregenerative
or regenerative NeMo is adopted. Suppose at the current
exchange round, all NM symbols at the nodes of the network
have degree d (or d OM symbols). Then after one exchange
round, the degree of all NM symbols will be increased to as
high as 2d when the new arrival contains completely new
symbols (denoted by optimal case). Assume at the beginning
(round 0), all nodes only have one OM symbol (or can
be seen as NM symbol of degree 1), the degree of all the
NM symbols will become 2k after k exchanges under the
optimal case. Therefore the maximal number of OM symbols
recovered at the sink after K exchange rounds is

∑K−1
k=0 2k =

2K − 1. Considering at most N OM symbols exist in an N-
node network, the upper bound of the persistence after K
rounds is thus min((2K − 1)/N , 1).

If we bound the degree of NM symbols at each node by
dmax, the upper bound on the persistence after K exchanges
becomes

min

⎛

⎝

2�log2dmax�+1 − 1 +
(

K − 1−
⌊

log2dmax

⌋)

dmax

N
, 1

⎞

⎠.

(9)

In Figure 3, we plot the optimal persistence curves with
different dmax for a network of N = 500 nodes. Different
from GC, the optimal persistence curves with dmax can
increase faster than linear with slope 1/N . For example, when
dmax = 2, the persistence rate is (2K − 1)/N which increases
with slope 2/N .
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Figure 4: The effects of synchronousness.

The numerical evaluation setup for our NeMo tech-
nique is described as follows. The network is generated by
randomly distributing N = 500 nodes in a 1 × 1 square
area. One sink node is also randomly placed in the network
to collect the information but does not generate its own
reading. Differing from the related works [13, 22, 25], we
consider the sink as a normal node which does not send
out any packets. Since no node knows where the sink is, the
sink will not send out requests to its neighbors but simply
wait for random deliveries. The radius of the neighborhood
for each of these 501 nodes is R = 0.3. BPSK modulation
is employed for OM symbols generated at each node. Also,
symmetric link is assumed between each pair of nodes
within the transmission range. On MAC layer, we adopt
slotted transmissions (i.e., the time is divided into exchange
rounds), and collisions are possible at each node but the
sink can resolve collisions. The probability that each node
transmits its packet at the beginning of each exchange round
is fixed as p = 0.5.

Based on this network setup, we compare the data
persistence obtained by simulating our NeMo, GC, and
no coding on the network. No coding is a scheme in
which nodes exchange an OM symbol or a codeword
without any further modulation or coding. Because the
network is random and the packet forwarding is random,
the persistence actually is a random number. Therefore, we
illustrate the persistence in both average (as in all other
references) and outage performance which are important
to quantify the statistical property of persistence. More
than 100 realizations of the random network are simulated
to obtain the average persistence performance, while over
1500 realizations are simulated to depict outage persistence
curves.
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5.2. Average Persistence

Synchronization Issue. When the sensor nodes are deployed
in emergent scenarios, such as fires, floods, or earthquakes,
they must start collecting and transmitting data quickly,
having little chance to synchronize among themselves. Also
different sensors may get their readings at different times.
Thus, here we study the effects of synchronousness. For the
same simulation setup as Section 5.1, we set the starting
time of every node to be randomly selected from 1 to ts.
Figure 4 shows the persistence as a function of exchange
rounds for nonregenerative NeMo, regenerative NeMo (no
dmax and dmax = 6), and GC (with a scheduled sink) when
the nodes are not synchronized (ts = 500 and ts = 150).
We can see the performance of GC degrades dramatically
though we adopted “scheduled sink” as in [13]. Again, this is
because the optimal degree distribution, which is hard-coded
into the nodes before their deployment, cannot maximize
the decoding probability at the sink while the degree of a
codeword is increased. However, NeMo does not have any
requirement on synchronization and is much less affected by
the asynchronism.

Collision Effects. As in most related works such as [13, 22,
25], a full-duplex network with perfect collision resolution
is considered, for example, one node can exchange with
multiple nodes at the same time. Here, we use this full-duplex
scenario as a benchmark on the performance study. We plot
the data persistence of nonregenerative NeMo, regenerative
NeMo (no dmax and dmax = 6, 10), and the GC in Figure 5(a).
From the figure, we observe that the data persistence of GC
cannot reach one if the sink follows the same protocol as
a normal node (“GC, normal sink”). This is because the
sink is not always chosen by the neighbors to exchange
packets and thus the optimal degree distribution proposed
in [13] is violated. However, NeMo still reaches persistence
1 fast even with this normal sink. Even when GC performs
scheduling at the sink (“GC, scheduled sink”) as in [13],
NeMo outperforms GC with much faster convergence speed.
Regenerative NeMo converges faster than nonregenerative
NeMo because it more aggressively collects new symbols at
the expense of higher complexity. Regenerative NeMo with a
degree constraint dmax = 6, 10 (with a normal sink), which
is more practical given resource constrained networks, also
performs much better than GC (with a normal sink) and no
coding scheme.

Now, we come back to the more practical setup—half-
duplex transmission with collision. Figure 5(b) compares
different schemes where collisions may happen in every
node (including sink). Compared with collision resolution
case, the persistence curves converge slower than the case in
Figure 5(a). NeMo is quite robust to collision. Usually, the
“perfect no collision” case in Figure 5(a) is too optimistic,
while the “collision at every node” case in Figure 5(b) is too
pessimistic. In Figure 5(c), we consider that only the sink is
capable to resolve collisions while other nodes cannot. Here,
we can see that NeMo performs similarly to the other two
cases and outperforms GC. In the following, we just adopt
this network setup unless otherwise mentioned.

5.3. Outage Analysis. To show the bandwidth efficiency of
our designs, we now investigate the outage performance.
The outage probability is defined as the probability that the
network persistence is less than a certain threshold. We consider
nonregenerative and regenerative NeMo, and plot the outage
probability versus exchange rounds in Figure 6 by fixing the
threshold persistence as 90%. We do not plot the outage
curve for GC because it cannot reach 90% persistence as we
can see in Figure 5(c). For the fixed threshold persistence,
the design represented by the curve on the left has better
outage performance than the one associated with the curve
on the right, since the left curve achieves zero outage
probability with fewer exchanges. From Figure 6, we find that
regenerative NeMo with dmax = 10 has the worst outage
performance. This is because the NM symbol degrees are
limited by dmax, and thus introduce a large “tail” in the pdf
of persistence. It is clear that regenerative NeMo (no dmax)
achieves the best outage performance (i.e., decay fastest)
since the nodes decode received NM symbols and retain the
new information, while in nonregenerative NeMo some new
information will be dropped.

5.4. Complexity Analysis. Usually, network nodes (e.g., sen-
sors) have limited computing power. In NeMo, nodes need
to perform modulations and/or demodulations described
in Section 4. If the modulation/demodulation complexity is
high, the node may lack timely response and be drained fast.
In this subsection, we analyze the complexity of modulation
and demodulation schemes at the sink and the other nodes.
The complexity is evaluated by counting the number of arith-
metic operations required for modulation/demodulation.

5.4.1. At the Sink. Effective degree is an important indicator
on the complexity of demodulation. We first plot the cdf of
the effective degrees of received NM symbols at the sink in
Figure 7(a). The X-axis represents the effective degree and
Y-axis denotes the corresponding percentage of the received
symbols which have effective degrees less than or equal to
this degree. From the figure, we can see that the probability
to demodulate a symbol with high effective degree is really
low, since for most packets (>90% for nonregenerative NeMo
and >85% for regenerative NeMo) received at the sink the
degree is less than or equal to 5. The reason that regenerative
NeMo has higher effective degree than nonregenerative
NeMo is that regenerative NeMo increases the degree more
aggressively. Furthermore, we find that upper bounding the
degree of NM symbols by dmax = 6 can further reduce
the percentage of high degrees. Therefore, we claim that the
complexity of demodulation scheme of NeMo is fairly low.

The sink node demodulates incoming packets and stores
the demodulated OM symbols in the memory. These OM
symbols are used to cancel the effect of known symbols
on the received NM symbol x of degree d to get a new
NM symbol xe of effective degree de. This requires d − de
adding and multiplying operations. Then, we compare all
possible Mde vectors with xe to find a unique symbol vector,
where M is a constellation size. For each comparison, the
sink performs de adding and multiplying operations. Thus,
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Figure 5: (a) Collisions are resolved at every node; (b) collisions happen at every node; (c) collisions happen at nodes except sink.

de × Mde + (d − de) operations are needed to demodulate
one NM symbol at the sink. The demodulation complexity at
the sink for different dmax when BPSK is employed is plotted
in Figure 7(b). As dmax becomes large, the sink receives
NM symbols with higher degree and hence the complexity
becomes higher due to exhaustive search for demodulation.

5.4.2. At the Other Nodes. Non-regenerative NeMo does not
require to demodulate at each node. The demodulation
complexity of regenerative NeMo is the same as that at
the sink. Typically, the normal nodes have less computing

resource than the sink so that they will have more limited
degree constraint.

Next we compare the modulation complexity for regen-
erative and nonregenerative NeMo. For regenerative NeMo,
the modulation complexity depends on the number of OM
symbols in the memory of the node. As shown in (8), d
multiplications and d− 1 additions are required to modulate
d OM symbols. For nonregenerative NeMo, suppose that
we want to modulate two NM symbols each of which is
of degree d1 and d2, respectively. According to (5), the
node only needs 1 adding and multiplying operation no
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Figure 6: Outage performance.

matter what d1 and d2 are. The node performs 1 additional
adding and multiplying operation when it adds its own
information. Figure 7(c) plots the complexity curves for both
regenerative and nonregenerative versions. We find they are
close to each other and climb up slowly with the increase
of dmax. Figure 7(c) also includes a demodulation curve for
comparison. We can see that the complexity of modulation is
orders of magnitude smaller than that of demodulation. This
confirms the intuition that regenerative NeMo consumes
more computing resource and the NM degree needs to be
limited.

6. Implementation Issues

To this point, we have presented the NeMo under the ideal
case with the assumptions in Section 3.1. To implement
NeMo in a real network, we have to deal with a number
of limitations and requirements arisen from a resource-
constrained environment. In this section, we carefully inves-
tigate and evaluate the major implementation issues includ-
ing limited communication and storage usage, and node
failure, making NeMo feasible for real world applications.

6.1. Packet Overhead. As stated in Section 4, nodes exchange
packets with each other, and a packet includes a packet
header and an NM symbol as the payload. Since the
processing of received packets are different for regenerative
and nonregenerative NeMo, the corresponding design of the
packet header is also different.

For nonregenerative NeMo, to determine the coefficients
that are adopted to modulate the NM symbol, the packet
header must include the information to design the vector θ
in (3) and the positions of coefficients adopted, since not
all the elements of θ are used to modulate OM symbols.

Table 2: Average packet overhead (in bits).

N = 500 N = 1000

nonreg NeMo 704 1168

Reg NeMo 394 751

Reg NeMo (dmax = 6) 64 71

GC (persistence 35%) 428 667

Because θ is uniquely determined by the modulator degree
D as shown in Section 4.2 and D is always selected as 2k

for nonregenerative NeMo, we only need log2(log2D) bits in
the header to determine D (and thus θ). To indicate which
elements of θ are used, we can put the indices of all the
adopted coefficients into the header, requiring dlog2D bits.
Notice that in this way we record the ordering information
of the used elements, which is important for demodulation
at the sink. Alternatively, we can have a D-bit bit-map to
indicate whether an element of θ is adopted (e.g., “1” at the
nth bit means the nth element is adopted). But this way loses
the ordering information. The node ID overhead is the same
as the one in GC [13].

In general, the header design is not unique [13], we use
the first two bits of the header to signify which format is used
in this packet. Besides, we use the following 4 bits to represent
D, which can support a maximum D as 216 − 1. The next
log2N bits (or log2dmax bits if dmax is set) are dedicated to
signify the degree of the packet.

For regenerative NeMo, we do not need to provide the
information of modulation coefficients, since the coefficients
are uniquely determined by the degree of the packet.
Therefore, only the node IDs are needed. So we only need
to record the sequence of the related source node IDs in the
packet header.

We simulate random networks in a 1 × 1 square area
with the radius of the neighborhood of a node R = 0.3 and
compare the average length of packet headers for GC and
NeMo. The average in bits is provided in Table 2. For all the
schemes, the sink works as a normal node (not scheduled
sink) as we described before. The average packet overhead
for NeMo is obtained when persistence 1 is achieved, while
GC only achieves around 35% during the same time period.

From Table 2, we can see that for all the schemes, the
larger the network size, the longer the packet header. This
is due to the increase of symbols in the modulation/coding.
Among them the nonregenerative NeMo requires the longest
header because both the source node IDs and the coefficients
information need to be recorded. Furthermore, for the
regenerative NeMo, the dmax setting suppresses the increase
of the packet overhead a lot since the number of both source
nodes and coefficients is upper bounded. We also find that
with dmax = 6 the header does not increase much (from
64 to 71) when the network size is doubled. This is because
the length becomes same for every transmission after the
degree of an NM symbol reaches dmax. Compared to GC,
our nonregenerative NeMo has longer packet header in the
time period of the simulation. However, considering the low
persistence rate and much longer time GC requires to achieve
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Figure 7: (a) Distribution of the effective degrees; (b) complexity at the sink; (c) complexity at each node.

the persistence 1, the nonregenerative NeMo actually has the
less total overhead.

6.2. Waveform Storage and Noise Effect. To make NeMo work
well in a resource-constrained system, memory usage is
an important issue. Usually the distributed devices (e.g., a
sensor) only have very limited memory space such that not
all the received information can be stored. In other words,
for practical implementation in a real network, we want the
memory usage to be as few as possible. In the following,
we discuss how the node stores its packet to maximize the
efficiency of memory usage.

For nonregenerative NeMo, besides the coefficient and
node ID information for constructing the packet header
(discussed in Section 4.1) when transmitting, we need to
store the NM symbol to be transmitted (as the payload).
As shown in (5), NM symbols are complex numbers so
that we need to apply finite bits with either floating-point
arithmetic or fixed-point arithmetic to represent them.
Although the precision is low, the fixed-point representation
is usually preferred because of its simplicity on hardware
implementation. Note that, no matter which representation
is adopted, quantization noise is introduced. Furthermore,
packet errors may be introduced and propagate in the
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Figure 8: Effect of finite-bit storage on NeMo.

network. We will show that only with a small number of bits,
the NeMo works very well numerically.

The network setup is the same as that in Section 5.
We adopt fixed-point arithmetics with G integer bits and
F fractional bits to store NM symbols in the memory.
Figure 8 depicts the error rate of recovered OM symbols at
the sink as a function of exchange rounds when dmax =
6 for nonregenerative NeMo. Three curves are plotted for
(G,F) combinations (4, 4), (5, 5), and (6, 6), respectively. We
find that for (4, 4) and (5, 5) combinations, the error rate
increases quickly in the first a few rounds and keeps the same
level after that. This means the quantization error does not
deteriorate over time. We also find that with the increase of
memory usage, the error rate decreases dramatically. When
the fixed-point representation with (6, 6) combination is
adopted, the performance is the same as that of the ideal case,
that is, no error happens at the sink. Similar claims hold for
regenerative NeMo.

Here, we reveal tradeoffs of NeMo on persistence rate,
memory usage, and complexity. If more bits are adopted,
the memory usage and complexity are higher, but persistence
rate is also higher. The trigger of these tradeoffs is dmax. These
also show that NeMo is independent from physical layer
modulation once the waveforms are stored and operated as
bits. Therefore, the selection of dmax should depend on the
network resources (e.g., complexity, delay constraint), but
not on the physical layer noise and link quality.

6.3. Node Failure. We want to make our scheme effective
and robust in a resource-constrained and disaster-prone
environment. Here we evaluate our NeMo in two types of
scenarios: (i) random failure, where every node randomly
dies due to the limited resource (e.g., battery power); and
(ii) regional failure, where the network or its parts may be
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Figure 9: (a) Random failure when tr = 20 and 100; (b) Regional
failure when td = 10 and 100.

destroyed or affected in some way. For example, in the event
of fire, flood, or earthquake, the nodes in a certain region
may stop functioning simultaneously.

6.3.1. Random Failure. Since transmissions consume much
more power than receptions we assume the battery energy
will be used up after a certain number of transmissions
(denoted by tr). The simulation setup is the same as that in
Section 5. tr is set to 20 and 100, respectively. The persistence
under this scenario is plotted in Figure 9(a). From the
figure, we can see that when tr = 100, the NeMo (both
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Table 3: CPU time (in seconds).

Persistence 95% 35% 10%

Nonreg NeMo 55.07 3.55 0.84

Reg NeMo 38.77 4.76 1.65

GC N/A 1.5 0.25

nonregenerative and regenerative) is not impacted much
since they converge very fast (close to persistence 1 before 100
rounds). When tr = 20, the achieved persistence decreases
since a portion of symbols have not obtained the opportunity
to propagate to the active areas. The dmax constraint worsens
the performance.

6.3.2. Regional Failure. We simulate this scenario by dis-
abling part of the network at the time of disaster. Suppose
that td is the exchange round when the disaster happens, and
the nodes within distance r from a randomly located disaster
center will stop functioning and all the links connecting
them fail together. In Figure 9(b), we plot data persistence
as a function of the disaster radius r for td = 10 and 100,
respectively. Similar to the observed in the random case,
when td = 100, both regenerative and nonregenerative NeMo
(their curves are overlapped in the figure.) achieve the perfect
persistence regardless of the disaster radius due to the fast
convergence speed of NeMo. But if there is dmax constraint,
the achieved persistence decreases when the disaster radius
increases. Again, we observe that more symbols are recovered
at the sink for a disaster that happened at td = 100 than that
at td = 10.

7. Experiment Results

We carry out an experiment with the software-defined
radio (SDR) to demonstrate the feasibility of NeMo in

practice. Both the transmitter and the receiver of SDR
are implemented by RFX2400 daughterboards as in [34],
which is a Universal Software Radio Peripheral (USRP) [35].
Channel coding is not applied in this experiment. Signal
processing modules such as modulation and demodulation
are implemented in Matlab. The square-root raised cosine
pulse shaping filter is adopted, and the symbol duration
is Tc = 5Te, where Te = 1μs is the sampling period.
Complex samples are passed to the transmitter, where they
are converted to an analog signal by the digital to analog
converter, upconverted to the carrier frequency 2422 MHz,
and then transmitted through a wireless channel. This
process is inverted at the receiver.

For the network setup, 500 sensors/nodes and one sink
node are placed randomly in a 1 × 1 square area as in
Section 5. The radius of the neighborhood of each node
is R = 0.3. The OM symbols generated at each node is
BPSK modulated as 1 or −1. The slotted transmissions with
collisions are considered. The probability that each node
transmits its packet at the beginning of each exchange round
is fixed as 0.5. We set dmax = 6 for both nonregenerative
and regenerative NeMo and assume that the sink operates
as a normal node. Here we also give nonregenerative NeMo
an upper bound on the modulation degree due to the
unavoidable noise effect in the real environment.

The communications among the 500 nodes are simulated
in Matlab, while the transmission from one neighbor
(transmitter) to the sink (receiver) is implemented using
two RFX2400 daughterboards. The average persistence of
nonregenerative NeMo and regenerative NeMo is depicted in
Figure 10. The performance of GC is also given as a reference.
From the figure, we can see that both regenerative and non-
regenerative NeMo approach persistence 1 (even with dmax =
6) in a practical environment quickly, while GC only collects
around 35% information. This confirms our observation
in simulation. We also compare the complexity of NeMo
and GC in Table 3 by measuring the CPU time required to
achieve persistence 95%, 35%, and 10%, respectively. Note
that the computational time to generate the network and
the neighbor list is not included. From the table we can
see that regenerative NeMo in general consumes more time
than nonregenerative NeMo because of the demodulation
complexity at each node. GC requires less time to achieve
low persistence thanks to its binary operations. As persistence
increases, GC becomes comparable with NeMo since NeMo
reaches higher persistence faster. In addition, GC never
reaches persistence higher than 35%.

8. Conclusion

In this paper, we have proposed a new approach—network
modulation (NeMo) to significantly enhance data persis-
tence for large-scale distributed systems. Based on algebraic
number theory, NeMo mixes data at intermediate network
nodes and meanwhile guarantees the symbol recovery at
the sink(s). In contrast to other existing methods, NeMo
works for asynchronous nodes in heterogeneous networks,
and also boosts data persistence over linear convergence
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speed. We have evaluated NeMo with different performance
criteria (such as modulation and demodulation complexity,
convergence speed, and memory usage). Both simulation
and experiment results show effectiveness of NeMo. NeMo
reveals a new regime for random network transmissions.
Some future research directions include enhancing network
lifetime by taking into account nodes with finite energy,
designing NeMo for nodes with unequal importance and/or
mobility, and investigating NeMo over wireless fading envi-
ronments.
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