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Abstract: Sparse code multiple access (SCMA) is
the most concerning scheme among non-orthogonal
multiple access (NOMA) technologies for 5G wireless
communication new interface. Another efficient tech-
nique in 5G aimed to improve spectral efficiency for
local communications is device-to-device (D2D) com-
munications. Therefore, we utilize the SCMA cellular
network coexisting with D2D communications for the
connection demand of the Internet of things (IOT), and
improve the system sum rate performance of the hy-
brid network. We first derive the information-theoretic
expression of the capacity for all users and find the
capacity bound of cellular users based on the mutual
interference between cellular users and D2D users.
Then we consider the power optimization problem for
the cellular users and D2D users jointly to maximize
the system sum rate. To tackle the non-convex opti-
mization problem, we propose a geometric program-
ming (GP) based iterative power allocation algorithm.
Simulation results demonstrate that the proposed al-
gorithm converges fast and well improves the sum rate
performance.
Keywords: SCMA; D2D; cellular capacity; geometric
programming

I. INTRODUCTION

The large connection and high data rate constitute
the core goals for the 5G wireless networks. Some
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key technologies of 5G systems include device-to-
device (D2D) communications, non-orthogonal mul-
tiple access techniques (NOMA) along with massive
multiple-input multiple-output (MIMO), ultra-dense
radio networking, all-spectrum access, and so on [1].
The conventional orthogonal multiple access (OMA)
schemes allocate orthogonal resource blocks (RBs) ei-
ther in time, frequency, or code domains to different
users [2, 3], which is underloaded as such schemes
occupy more RBs than the users. However, NOMA
can support massive user access via non-orthogonal
RB allocation [4], which is an overloaded system.
Two main approaches of the power-domain NOMA
and the code-domain NOMA are widely investigated.
When multiple users transmit at the same RB by
power-domain NOMA, users are allocated with differ-
ent power levels, while the code-domain NOMA trans-
mits at the same RB in distinguishing spreading codes
[5, 6].

Among the currently proposed code domain
NOMA, sparse code multiple access (SCMA) has
been commonly considered as a promising method.
SCMA is proposed by Nikopour and Baligh [7], in
which, coded bits are directly mapped into the multi-
dimensional complex lattice point (called codeword)
and the codewords are designed to be sparse. The
sparsity of the SCMA codewords enables massive con-
nectivity and the use of suboptimal message passing
algorithm (MPA) to detect multiple users. For gen-
eral SCMA system, the users’ SCMA codeword in
each dimension will be modulated to an Orthogonal
Frequency Division Multiple (OFDM) subcarrier be-
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fore the air interface. The number of users is larger
than the number of subcarriers, which lead to the non-
orthogonal feature. On the other side, D2D commu-
nication is a promising technology for local commu-
nications, which allows nearby devices to communi-
cate without base station (BS) or with limited BS in-
volvement, and improves the link reliability, spectral
efficiency and system capacity [8]. It is expected that
the social network structure can be further expanded
through D2D communications, which supports the de-
velopment of the Internet of things (IOT). Many recent
works have investigated D2D communications and
SCMA cellular communications hybrid network [9–
19], and often focus on optimization problem [9, 11–
20].

When D2D communications are considered in up-
link cellular network, two main modes have been uti-
lized. In simple mode, a proportion of available re-
sources are allocated to D2D users while both cel-
lular users and D2D users utilize SCMA. In another
mode, SCMA is only employed by cellular users and
some subcarriers can be reused by D2D users’ trans-
mission. Liu et al. [9] have considered the analyti-
cal model for the SCMA enhanced cellular network
coexisting with D2D. Based on the approximate sys-
tem area spectral efficiency (ASE), the performance
between two different modes has been compared and
the system design guidance along with SCMA code-
book allocation scheme have been proposed. In [10],
the distance between D2D transmitter and the base sta-
tion has been restricted by specific methods, which im-
proves the block error rate (BER) performance as well
as the convergence behavior.

Both simple mode and complex mode have been
considered into the research of optimization problem
[11, 12, 15, 16]. A graph-based joint mode selec-
tion and resource allocation algorithm with predefined
threshold has been proposed to maximize the sys-
tem sum rate in [11], and [12] has further consid-
ered more issues like partner assignment and admis-
sion control. Kim et al. [13] have considered joint
power and resource allocation by using heuristic and
inner approximation method, and they have proposed
a two-phase algorithm with low complexity. The Op-
portunistic SCMA codebook allocation (OSCA) [14]
and the interference-aware hyper-graph based code-
book allocation (IAHCA) [15, 16] have been proposed
to obtain the suboptimal solution and reduce the cross-

tier interference between cellular users and D2D users.
In OSCA, codebooks are opportunistically assigned
based on the channel conditions of the cellular links
and D2D links. While in IAHCA, hypergraph model
is used to characterize the interference, and each RB
is allowed to be shared by one cellular user and more
than one D2D users. Moreover, a channel gain based
mode selection criterion as well as a greedy style part-
ner assignment scheme have been proposed in [16],
while the total transmit power minimization has been
considered in [17]. Besides, the game based resource
allocation scheme has been proposed in [18], and the
block-chain-based transaction flow has been analyzed
for resource allocation in [19]. Authors in [20] have
utilized Lagrangian relaxation (LR) method and the
Dinkelbach method successively for energy-efficient
maximization problem.

Recent works for SCMA and NOMA capacity anal-
ysis are summarized as in [5, 21–26]. Le et al.

[21] have considered the low-density spreading (LDS)
channels with fading and analyzed the spectral effi-
ciency. In [22], the authors have analyzed and com-
pared several NOMA schemes in code domain and
proposed the theoretical derivations. Besides, Shen-
tal et al. [5] have analyzed the closed form expression
of low density code domain NOMA.

Moreover, Han et al. [23] have considered the
downlink SCMA systems with user grouping charac-
ter. The power allocation scheme with maximum ca-
pacity has been proposed for both intragroup and inter-
group case. Then, the Lagrange dual decomposition
based algorithm has been proposed to find the near-
optimal solution. The downlink SCMA model is also
utilized in [24], where the authors have briefly ana-
lyzed the system capacity and separated the codebook
assignment and power allocation. Chen et al. [25]
have derived the capacity region of uplink SCMA sys-
tem based on the theory of multiple access channels
and analyzed the influence between data rate, power
allocation function, and resource assignment matrix.
Further, the common and individual outage probabil-
ity regions have been proposed and optimized with La-
grangian dual method and adaptive algorithm. In [26],
the authors have compared and analyzed the channel
capacities of SCMA and low-density signature multi-
ple access (LDSMA) schemes.

In recent related work, when sum rate maximization
problems are considered, concrete analysis for the ex-

56 © China Communications Magazine Co., Ltd. · October 2022

Authorized licensed use limited to: Shanghai Jiaotong University. Downloaded on November 27,2022 at 09:11:48 UTC from IEEE Xplore.  Restrictions apply. 



pression of cellular users’ capacity is lacked [12, 20,
23]. Besides, the complex mode which brings more
mutual interference between cellular users and D2D
users is worth optimization for system sum rate. This
paper considers cellular uplink transmission simulta-
neously with D2D communications, where SCMA is
employed only for cellular users and D2D users work
in complex mode.

In this paper, our main contribution contains the
derivation of SCMA capacity bound for general
SCMA system and the sum rate maximization prob-
lem. We first try to derive the information-theoretic
expression of the capacity for all users in the hybrid
network model. Since it is hard to derive a close form
expression of cellular capacity, we find the capacity
bound for cellular users based on general SCMA code-
word structure. After the theoretic derivation and anal-
ysis, we focus on the sum rate maximization problem
by power optimization allocation for different users.
Since this is a non-convex optimization problem, we
propose an algorithm based on geometric program-
ming (GP), which transforms parts of the objective
function and rewrite the problem in standard GP form
to get the optimal solution with convex optimization
theory. By iteration, the solution of GP problem will
converge to the optimal solution of the original prob-
lem. The convergence and gain of the proposed al-
gorithm are conducted by simulation part. The per-
formance shows that this algorithm is appropriate and
significant.

The rest of the paper is organized as follows. The
network model and SCMA are described in Section II.
The theoretic analysis of system capacity for cellular
users and D2D users are presented in Section III. In
Section IV, the optimization problem with power allo-
cation is formulated and the GP based iterative algo-
rithm is proposed and introduced in detail. Section V
devotes to the numerical results, and the paper finally
concludes in Section VI.

Throughout this paper, the following notations will
be used [27]. The bold lowercase letter x denotes a
column vector, and a matrix is represented by a bold
uppercase letter X . I denotes the identity matrix. The
superscript (·)T denotes matrix transpose and (·)∗ de-
notes conjugate transpose matrix. diag(x) denotes a
diagonal matrix with the diagonal entries being vector
x. E[x] denotes the expectation of a random variable
x. For a set A, |A| denotes the number of elements,

Communication links

Interference links

Figure 1. The cellular and D2D hybrid network.

and A \ n denotes the set A in which the element n is
excluded.

II. SYSTEM MODEL

In this section, we introduce the hybrid network with
cellular users and D2D users. The factor graph and
mapping matrix are also introduced for SCMA, which
is essential for capacity analysis. Then, the expression
of SCMA received signal is proposed.

2.1 Hybrid Network

Figure 1 shows a hybrid network example of a cellular
coexisting with two D2D pairs [27]. In our proposed
network, we consider J cellular users and JD D2D
pairs. The ith cellular user is denoted as CUi, and
the D2D transmitter as well as the receiver of the ith
D2D pair are denoted as DTi and DRi, respectively.
Cellular users are allocated with SCMA codewords
spread over OFDM tones and transmitted to the air in-
terface. While for each D2D transmitter, one of the
same OFDM subcarriers is occupied.

2.2 SCMA Structure

The SCMA encoder can be defined as a mapping
from log2(M) coded bits to a K-dimensional complex
codebook of size M . We select N dimensions from
K for the sparse codebook design, in other words,
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Figure 2. Factor graph with J = 6, K = 4, and N = 2.

each K-dimensional complex codeword has only N -
dimensional non-zero elements. In SCMA, J cellular
users are allocated with K OFDM subcarriers. In this
model, we consider that each D2D pair will employ
one of the K resource blocks (OFDM subcarriers) so
that JD ≤ K. For each CUj , we introduce an indica-
tor vector fj = (f1j , f2j , . . . , fKj)

T of size K, which
kth elements fkj is defined as

fkj =

{
0, xjk = 0,

1, xjk ̸= 0,
(1)

for j = 1, 2, ..., J , where xjk is the data of user j

transmitting on the subcarrier k. F = (f1,f2, ...,fJ)

denotes the corresponding indicator matrix, where the
set of non-zero entries in a column corresponds to the
subcarriers that a cellular user will transmit over, and
the set of non-zero entries in a row denotes the users
who collide on the same subcarrier, The Forney fac-
tor graph can depict the structure of a indicator ma-
trix [28]. Figure 2 shows a factor graph with J = 6,
K = 4, and N = 2, and Eq. (2) is the corresponding
indicator matrix. The size of the matrix determines the
number of layer nodes and resource nodes, and when
fkj = 1, the corresponding nodes are connected in the
factor graph. Define two sets ξk = {j|fkj ̸= 0} for
k = 1, ...,K and ζj = {k|fkj ̸= 0} for j = 1, ..., J .
Besides, |ξk| ≜ dc and |ζj | ≜ df denote that each
subcarrier supports dc users and each user occupies
df subcarriers, respectively. In the proposed network
model, JD of K resource nodes are also used by D2D
communications.

F =


1 1 1 0 0 0

1 0 0 1 1 0

0 1 0 1 0 1

0 0 1 0 1 1

 . (2)

The design of SCMA codewords has been regarded

as the optimization problem for the mapping matrix
and the SCMA encoder [7, 29]. Let a non-zero SCMA
codeword xN,j be N -dimensional for CUj , and u2N,j

be the equivalent 2N -dimensional QAM constellation
[27]. The codeword can be written as

xN,j = ∆j · (Er + i ·Ei) ·M · u2N,j , (3)

where ∆j denotes the constellation operators for CUj ,
i.e. phase rotation, M denotes the 2N × 2N unitary
rotation matrix, Er and Ei are the N × 2N matrices
which can select components from vector uj that cor-
responds to the real part and imaginary part of QAM
symbols, respectively, and i =

√
−1 is the imaginary

unit.

2.3 SCMA Transmission

In the SCMA enhanced cellular uplink transmission,
the received signal y at BS contains cellular users’
data as well as D2D users’ data, expressed as

y =

J∑
j=1

diag(hcb
j )xj +

JD∑
j=1

hdb
j x

′

j + n, (4)

where hcb
j = (hcb

j1, h
cb
j2, ..., h

cb
jK)T is the channel vector

between CUj and BS, and xj = (xj1, xj2, ..., xjK)T

is the SCMA codeword vector of CUj . Besides, hdb
j is

the channel state information (CSI) from DTj to BS,
and x

′

j = (x
′

j1, x
′

j2, ..., x
′

jK)T is the D2D codeword
vector which is only non-zero in a certain row. n is the
additive white Gaussian noise vector with mean 0 and
covariance matrix N0I , denoted as n ∼ CN(0, N0I).

III. CAPACITIES OF CELLULAR USERS
AND D2D USERS

In this section, we focus on the achievable rates
for cellular users and D2D users and derive the
information-theoretic expression, respectively. Be-
sides, we provide specific analysis for the capacity
bound of cellular users and for D2D users the closed
form expression is given.

3.1 Capacity of Cellular Users

Since n is a complex Gaussian random vector, we can
get the distribution for the noise in subcarrier k, that
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is, nk ∼ CN(0, N0). Assume that subcarrier k is oc-
cupied by DTk, and define E[x

′

k(x
′

k)
∗] ≜ P

′

k. Then
according to Eq. (4), we have

x
′

k ∼ CN(0, P
′

k). (5)

For cellular users’ communications, the equivalent
noise term includes D2D interference and noise. Thus,
the equivalent noise ñk ≜ hdb

k x
′

k + nk and

ñk ∼ CN(0, N0 + |hdb
k |2P ′

k). (6)

Let Kñ be the covariance matrix of
ñ = (ñ1, . . . , ñK)T , and define Ñk ≜
N0 + |hdb

k |2P ′

k for simplicity. Then we have
Kñ = diag{Ñ1, Ñ2, ..., ÑK}. Rewrite Eq. (4)
as

y = Hx+ ñ, (7)

where H = (H1, ...,HJ), Hj = diag{hcb
j1, ..., h

cb
jK},

for j = 1, ..., J , and x = (xT
1 ,x

T
2 , ...,x

T
J )

T . Let Kx

be the covariance matrix of x. Then the covariance
Ky of y is

Ky = Kñ +HKxH
∗. (8)

By Shannon’s theorem, the capacity is calculated
based on the mutual information. The channel in
Eq. (7) is considered as random and time-invariant. By
[30], for a specific realization, we have the following
analysis process as shown in Eq. (9),

I(x;y|H = H)

= h(y|H = H)− h(ñ)

≤ log det(πeKy)− log{(πe)K
K∏
k=1

Ñk}

= log det(Ky)−
K∑
k=1

log(N0 + |hdb
k |2P ′

k),

(9)

where the equality in Eq. (9) holds when the input x
follows Gaussian input. The maximum mutual infor-
mation is not a closed form expression as the deter-
minant is not explicit. Let Kxj = E[xjx

∗
j ]. Then it

is easy to show that Kxj is a Hermitian matrix and
Kx = diag{Kx1 , · · · ,KxJ

} is a block diagonal ma-
trix.

Notice that Kxj is not a diagonal matrix in gen-
eral, it is valuable to derive the capacity bounds with
Eq. (9). We introduce two lemmas for further analysis.

Lemma 1. Let the N -dimensional square matrices
Q1, Q2 be Hermitian. The eigenvalues of Q1, Q2,
and Q1 +Q2 are defined as λn(Q1)

N
n=1, λn(Q2)

N
n=1,

and λn(Q1 +Q2)
N
n=1, which are ordered as λ1 ≤

λ2 ≤ ... ≤ λN . Then for n = 1, ..., N

λn(Q1) + λ1(Q2) ≤ λn(Q1 +Q2)

≤ λn(Q1) + λN (Q2).
(10)

Lemma 2. Let the N -dimensional square matrices Q,
S be Hermitian and nonsingular, respectively. The
eigenvalues of Q and SQS∗ are defined as λn(Q)Nn=1

and λn(SQS∗)Nn=1. The singular values of S are
defined as 0 < σ1 ≤ σ2 ≤ ... ≤ σN . For each
n = 1, ..., N , there is a real number θn ∈ [σ2

1, σ
2
N ]

such that
λn(SQS∗) = θnλn(Q). (11)

Notice that Lemma 1 is the classic Weyl’s Theorem
and Lemma 2 can be easily derived by Lemma 1 in
[31], the proof is omitted here.

In order to find the upper bound and the lower bound
of log det(Kñ +HKxH

∗) by Eq. (8), (9), we need
to analyze the eigenvalues. Define λk(Q)Kk=1 as the
eigenvalues of an K-dimensional square matrix Q in
nondecreasing order, then we produce the analysis in
three aspects.

3.1.1 Upper Bound

By using Lemma 1, we have

λk(Kñ +HKxH
∗)

≤ λk(Kñ) + λK(HKxH
∗)

= Ñk + λK

 J∑
j=1

HjKxjH
∗
j


≤ Ñk +

J∑
j=1

λK(HjKxjH
∗
j ).

(12)

Notice that the first equality in Eq. (12) occurs if
and only if there is non-zero vector α such that
Kñα = λk(Kñ)α, HKxH

∗α = λK(HKxH
∗)α,

and (Kñ+HKxH
∗)α = λk(Kñ+HKxH

∗)α. In

© China Communications Magazine Co., Ltd. · October 2022 59

Authorized licensed use limited to: Shanghai Jiaotong University. Downloaded on November 27,2022 at 09:11:48 UTC from IEEE Xplore.  Restrictions apply. 



general condition, Kñ and HKxH
∗ should have no

common eigenvector, then the inequalities in Eq. (12)
are strict inequalities.

Since Kxj is Hermitian, Hj is nonsingular, and
HjH

∗
j = diag{|hcb

j1|2, |hcb
j2|2..., |hcb

jK |2}, by using
Lemma 2, for CUj we have

λK(HjKxjH
∗
j ) ≤ λK(Kxj ) ·max

k
(|hcb

jk|2). (13)

According to the SCMA codebook design in Eq. (3),
we introduce a K×N matrix Vj to transform non-zero
N -dimensional codeword into K-dimensional code-
word with K −N zero elements. Then we have

xj = Vj · eiθj · (Er + i ·Ei) ·M · uj

= eiθj · Vj ·M
′ · uj ,

(14)

where eiθj denotes the phase rotation here and M
′
≜

(Er + i ·Ei) ·M denotes a N × 2N complex matrix.
Then

Kxj = E[eiθj (VjM
′
uj)(VjM

′
uj)

∗e−iθj ]

= (VjM
′
) · E[uj(uj)

T ] · (VjM
′
)∗.

(15)

Let VjM
′

≜ (Mj1,Mj2) where Mj1 and Mj2

are K × N matrices. Besides, let E[uj(uj)
T ] ≜

diag[Aj1,Aj2] where Aj1 and Aj2 are N × N di-
agonal matrices in Gaussian input. Then we have

Kxj = Mj1Aj1M
∗
j1 +Mj2Aj2M

∗
j2. (16)

By using Lemma 1 repeatedly, we have

λK(Kxj )

= λK(Mj1Aj1M
∗
j1 +Mj2Aj2M

∗
j2)

≤ λK(Mj1Aj1M
∗
j1) + λK(Mj2Aj2M

∗
j2)

≜ τK,j .

(17)

Combing Eq. (12), (13), and (17), we conclude that

λk(Kñ +HKxH
∗)

< Ñk +
J∑

j=1

τK,j ·max
k

(|hcb
jk|2).

(18)

This formula reveals the theoretic upper bound of each

eigenvalue.

3.1.2 Lower Bound

Similarly, we can analyze the lower bound for
λk(Kñ + HKxH

∗). By using Lemma 1 and
Lemma 2, we have

λk(Kñ +HKxH
∗)

≥ λk(Kñ) + λ1(HKxH
∗)

≥ Ñk +
J∑

j=1

λ1(HjKxjH
∗
j )

≥ Ñk +
J∑

j=1

[λ1(Kxj ) ·min
k

(|hcb
jk|2)].

(19)

By Lemma 1 and Eq. (16), we have

λ1(Kxj )

= λ1(Mj1Aj1M
∗
j1 +Mj2Aj2M

∗
j2)

≥ λ1(Mj1Aj1M
∗
j1) + λ1(Mj2Aj2M

∗
j2)

≜ τ1,j .

(20)

Thus, we conclude in general condition that

λk(Kñ +HKxH
∗)

> Ñk +

J∑
j=1

τ1,j ·min
k

(|hcb
jk|2).

(21)

3.1.3 Capacity Bound

We have

Cc = max
Kx

I(x;y|H = H)

= log det(Ky)−
K∑
k=1

log(Ñk)

=

K∑
k=1

log λk(Ky)−
K∑
k=1

log(Ñk),

(22)

where the derivation is based on x ∼ CN(0,Kx).
According to Eq. (14), the arbitrariness of Vj and

M
′

makes the Kxj non-diagonal, however, with
Gaussian input we can define uj ∼ CN(0,Kuj )
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where Kuj = diag{P u
j,1, P

u
j,2, ..., P

u
j,2N}. Then ac-

cording to Eq. (17) we further analyze that

τK,j

= λK(Mj1Aj1M
∗
j1) + λK(Mj2Aj2M

∗
j2)

= λK(Mj1diag{P u
j,1, ..., P

u
j,N}M ∗

j1)

+ λK(Mj2diag{P u
j,N+1, ..., P

u
j,2N}M ∗

j2).

(23)

To maximize the rate of cellular network, the upper
bound of SCMA capacity should be figured out based
on Eq. (18), (22), and (23), which is summarized in
follows

Cc <
K∑
k=1

log

1 +

∑J
j=1 τK,j ·max

k
(|hcb

jk|2)

N0 + |hdb
k |2P ′

k

 ,

(24)
where we should notice that, the bound for proposed
network with general SCMA system is also deter-
mined by SCMA codebook design and factor graph
structure. For more practical situation, SCMA code-
book is designed based on optimal rotation matrix
[32]. Thus, the analysis of optimization problem for-
mulation in section IV needs some simplification.

3.2 Capacity of D2D Users

For D2D users, each D2D pair is allocated with one
of the K OFDM tones. For example, we assume that
the ℓth D2D pair selects the ℓth OFDM tone for ℓ =

1, 2, ..., JD. The received signal of DRℓ is disturbed
by some cellular users’ data, which is shown as

yℓ = hdd
ℓ x

′

ℓ +
∑
j∈ξℓ

hcd
jℓxjℓ + nℓ, (25)

where hdd
ℓ is the CSI between ℓth D2D pair, hcd

jℓ is the
CSI between CUj and DRℓ, and the noise is still de-
fined as nℓ ∼ CN(0, N0). Assume that

xjℓ ∼ CN(0, Pjℓ), (26)

where Pjℓ ≜ E[xjℓx
∗
jℓ]. Let the equivalent noise term

n
′′

ℓ ≜
∑

j∈ξℓ h
cd
jℓxjℓ + nℓ with the interference term.

Then we have

n
′′

ℓ ∼ CN(0, N0 +
∑
j∈ξℓ

|hcd
jℓ |2Pjℓ). (27)

We can rewrite the received signal at DRℓ as

yℓ = hdd
ℓ x

′

ℓ + n
′′

ℓ . (28)

Similarly, we can calculate the mutual information for
D2D pair ℓ as

I(x
′

ℓ; yℓ|hdd
ℓ ) = h(yℓ|hdd

ℓ )− h(n
′′

ℓ )

≤ log

πe

|hdd
ℓ |2P ′

ℓ +N0 +
∑
j∈ξℓ

|hcd
jℓ |2Pjℓ


− log

πe

N0 +
∑
j∈ξℓ

|hcd
jℓ |2Pjℓ


= log

{
1 +

|hdd
ℓ |2P ′

ℓ

N0 +
∑

j∈ξℓ |h
cd
jℓ |2Pjℓ

}
.

(29)
Thus, when the ℓth OFDM tone is chosen for the ℓth
D2D pair, according to Eq. (29), we have

Cd =

JD∑
ℓ=1

log

{
1 +

|hdd
ℓ |2P ′

ℓ

N0 +
∑

j∈ξℓ |h
cd
jℓ |2Pjℓ

}

=

JD∑
ℓ=1

log
(
1 + γd

ℓ

)
,

(30)

where γd
ℓ denotes the signal-to-interference-plus-noise

ratio (SINR) for the ℓth D2D receiver.

IV. SUM RATE MAXIMIZATION

In this section, we focus on the sum rate maximization
issue. We formulate the optimization problem as the
power allocation of cellular users and D2D users. The
GP based iterative algorithm is introduced to find the
numerical solution.

4.1 Problem Formulation

In section III, the analysis is based on general SCMA
codebook. However, according to the sparsity of
SCMA codeword, most non-diagonal entries of Kxj

are zero. Actually, most SCMA system models utilize
optimal codebook design principles to obtain the diag-
onal covariance matrix [28, 29, 33]. In this section, we
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consider the general situation as

Kxj = E[xjx
∗
j ]

= diag{E[xj1x
∗
j1], . . . , E[xjKx∗

jK ]}
≜ diag{Pj1, Pj2, ..., PjK}.

(31)

Notice that the maximum mutual information in
Eq. (9) can get closed form expression, we have the
simplified derivation as

λk(Ky) = Ñk+
∑
j∈ξk

|hcb
jk|2Pjk, k = 1, 2, ...,K, (32)

where we should notice that Pjk = 0 for j /∈ ξk with
the corresponding factor graph. Then we have

log det(Ky)

=

K∑
k=1

log

N0 + |hdb
k |2P ′

k +
∑
j∈ξk

|hcb
jk|2Pjk

 .

(33)
Finally, the capacity of cellular users is

Cc =

K∑
k=1

log

{
1 +

∑
j∈ξk |h

cb
jk|2Pjk

N0 + |hdb
k |2P ′

k

}
. (34)

Besides, for decoding the codewords of the CUj at the
BS, we define the SINR in subcarrier k ∈ ζj as

γc
jk =

|hcb
jk|2Pjk

N0 + |hdb
k |2P ′

k

. (35)

Accordingly, the sum rate maximization problem is
formulated as

P1 : max
P ,P

′
(Cc + Cd)

s.t. C1 : γc
jk ≥ γc

0, j = 1, . . . , J, k ∈ ζj ,

C2 : γd
ℓ ≥ γd

0 , ℓ = 1, . . . , JD,

C3 : 0 ≤ Pj =
∑
k∈ζj

Pjk ≤ P0, j = 1, . . . , J,

C4 : 0 ≤ P
′

ℓ ≤ P
′

0, ℓ = 1, . . . , JD,
(36)

where the constraints C1 and C2 denote the minimum
QoS requirements of cellular users and D2D users, de-
termined by the SINR threshold γc

0 and γd
0 , respec-

tively, C3 and C4 mean the transmitted power limi-
tation. Since the objective function is nonlinear and
non-convex, P1 is a non-convex optimization problem.
We decide to rely on the tractable Geometric Program-
ming problem to find the appropriate algorithm.

4.2 Geometric Programming

Geometric Programing (GP) is a special optimization
problem with useful properties [34]. The standard
form of GP is nonlinear and non-convex, while the
convex form of GP can make use of the standard con-
vex optimization theory. Define a monomial g as

g(x) = cxa1
1 xa2

2 ...xan
n , (37)

where c ≥ 0 is the multiplicative constant, aℓ ∈ R for
ℓ = 1, 2, ..., n is the exponents, and the argument xℓ >

0 for ℓ = 1, 2, ..., n. Then a posynomial is defined as
a summation of monomials shown as

G(x) =

M∑
m=1

cmx
am1
1 x

am2
2 ...xamn

n , (38)

where amℓ ∈ R and cm ≥ 0 for ℓ = 1, 2, . . . , n and
m = 1, 2, . . . ,M . The standard form for a GP is as
follows.

min
x

G0(x)

s.t. Gs(x) ≤ 1, s = 1, . . . , S,

ht(x) = 1, t = 1, . . . , T,

(39)

where the posynomial Gs(·) and the monomial ht(·)
for s = 0, 1, . . . , S and t = 1, . . . , T are defined as

Gs(x) =

Ms∑
m=1

csmx
asm1
1 x

asm2
2 ...xasmn

n , (40)

and
ht(x) = ctx

at1
1 x

at2
2 ...xatn

n . (41)

In Eq. (40) and Eq. (41), we have csm > 0 and
ct > 0 for m = 1, 2, ...,Ms, s = 0, 1, ..., S, and
t = 1, 2, ..., T .

For the standard form of GP, the posynomials are not
convex functions. In order to simplify the problem, the
logarithmic conversion as yℓ = log xℓ, bsm = log csm,
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and bt = log ct are utilized. Then the equivalent prob-
lem in term of y is

min
y

G
′

0(y) = log
M0∑
m=1

exp(aT
0my + b0m)

s.t. G
′

i(y) = log
Ms∑
m=1

exp(aT
smy + bsm) ≤ 0,

s = 1, 2, . . . , S,

h
′

t(y) = aT
t y + bt = 0, t = 1, 2, . . . , T,

(42)

where asm = (asm1 , · · · , asmn )T and at =

(at1, · · · , atn)T . The problem in (42) is the convex form
of GP.

4.3 The Proposed GP Based Iterative Algo-
rithm

The objective function in P1 is obviously neither a
posynomial nor a convex function. We consider the
deformation of the objective function to construct the
GP problem. For the transmitted power of cellular
users, we further improve the constraint C3 as Pjk ≤
P0

df
,∀k ∈ ζj , ∀j. According to Eq. (30), (34), we have

Cc + Cd

=

K∑
k=1

log(1 +
∑
j∈ξk

γc
jk) +

JD∑
ℓ=1

log
{
1 + γd

ℓ

}
= log

{
K∏
k=1

gk(p,p
′
)

fk(p
′
)

·
JD∏
ℓ=1

g
′

ℓ(p,p
′
)

f
′
ℓ(p)

}
,

(43)

where

fk(p
′
) ≜ N0 + |hdb

k |2P ′

k,

f
′

ℓ(p) ≜ N0 +
∑
j∈ξℓ

|hcd
jℓ |2Pjℓ,

gk(p,p
′
) ≜ N0 + |hdb

k |2P ′

k +
∑
j∈ξk

|hcb
jk|2Pjk,

g
′

ℓ(p,p
′
) ≜ N0 +

∑
j∈ξℓ

|hcd
jℓ |2Pjℓ + |hdd

ℓ |2P ′

ℓ .

(44)

Note that the logarithmic function is a monotonic
function, we can change the maximization of the ob-
jective function to the minimization of its reciprocal.

Then problem P1 can be transformed into

P2 : min
p,p

′

K∏
k=1

JD∏
ℓ=1

fk(p
′
)f

′

ℓ(p)

gk(p,p
′
)g

′
ℓ(p,p

′
)
,

s.t. C1 : (γc
jk)

−1γc
0 ≤ 1, j = 1, . . . , J, k ∈ ζj ,

C2 : (γd
ℓ )

−1γd
0 ≤ 1, ℓ = 1, . . . , JD,

C3 : Pjk(
P0

df
)−1 ≤ 1, j = 1, . . . , J, k ∈ ζj ,

C4 : P
′

ℓ (P
′

0)
−1 ≤ 1, ℓ = 1, . . . , JD,

(45)
where all the constraints are rewritten as posynomials
with upper bounds.

The transformed objective function is a ratio be-
tween two posynomials, which belongs to Comple-
mentary GP and is an intractable NP-hard problem
[34]. However, the denominator posynomial can be
approximated by a monomial such that the ratio is a
posynomial as shown in Lemma 3.

Lemma 3. Let the g(x) =
∑

ℓ uℓ(x) is a posynomial
where uℓ(x) is a monomial. The argument x is with
all positive elements. There must have a monomial
g̃(x) as

g(x) ≥ g̃(x) ≜
∏
ℓ

(
uℓ(x)

βℓ

)βℓ

, (46)

where βℓ > 0 and
∑

ℓ βℓ = 1, and that becomes an
equality when βℓ =

uℓ(x)
g(x) for ∀ℓ.

Proof. See Appendix.

By using Lemma 3, we can rely on GP to find the
globally optimal solution. p̄ ≜ (pT , (p

′
)T )T denotes

the complete optimization variables in our algorithm.
Specifically, we focus on the expansion for the denom-
inator of the objective function in P2 and set an initial
power vector p̄0 to calculate a group of coefficients.
Then, the denominator is transformed into a monomial
g̃(p̄) with calculated coefficients. This problem is GP
in standard form, and we can modify it to a GP in con-
vex form and use the interior point method to solve.
With the optimal solution p̄∗, we solve different GP
constantly to improve the accuracy for the approxi-
mation of original problem. Notice that the Karush-
Kuhn-Tucker (KKT) conditions is satisfied obviously
as we take derivatives of g(p̄) and g̃(p̄), this is ver-
ified as the best local monomial approximation [35].
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Algorithm 1. Iterative GP power allocation algorithm.

1: Initialize p̄ = p̄0 and set the maximum iterative
number Tmax.

2: Set I = 1.
3: while I ≤ Tmax do
4: Compute coefficients βs by

βs = us(p̄)/[
∏K

k=1

∏JD

ℓ=1 gk(p̄)g
′

ℓ(p̄)].
5: Substitute the denominator of the objective

function in P2 by g̃(p̄), where

g̃(p,p
′
) =

∏
s

[
us(p,p

′
)

βs

]βs

.
6: Solve the new GP optimization problem in

convex optimization methods with the objec-

tive function
∏K

k=1

∏JD
ℓ=1 fk(p

′
)f

′
ℓ (p)

g̃(p,p
′
)

and the same
constraints as in P2.

7: Update p̄ = p̄∗, where p̄∗ is the optimal solu-
tion of the new GP problem.

8: I = I + 1.
9: end while

10: return The optimal solution p̄∗ of P2.

The algorithm is convergent to the optimal solution of
P2, and we will show numerical results in simulation
section. The proposed algorithm is summarized in Al-
gorithm 1, and we define

K∏
k=1

JD∏
ℓ=1

gk(p̄)g
′

ℓ(p̄) ≜
∑
s

us(p̄)

≜
∑
s

cs(P
a1s
1 · · ·P aJs

J )[(P
′

1)
b1s · · · (P ′

JD
)b

JD
s ],

(47)

where cs > 0, and ajs, b
ℓ
s ∈ R.

The main complexity in Algorithm 1 for each itera-
tion reflects on the computation of coefficients β and
the process of solving GP. Actually, the computation
of new function g̃(p,p

′
) requires (K+JD)(dc+1)+∑

s(J +JD+3) multiplications and
∑

s(J +JD+1)

exponentiations. Besides, GP is usually solved by in-
terior point methods, which is proved to have polyno-
mial time complexity [34, 36].

V. SIMULATION RESULTS

In this section, we perform simulations to demonstrate
the performance of our power allocation algorithm.
Notice that uplink SCMA system with large users can

Table 1. Simulation parameters.

No. CU, J 6

No. subcarriers, K 4

No. non-zero dimension, N 2

Noise power, N0 -174dBm/Hz

Power limitation of CU, P0 30dBm

Power limitation of DU, P
′
0 30dBm

SINR of CU, γc0 0dB

SINR of DU, γd0 10dB

Bandwidth, B 180kHz

Initial Power of CU, p0 P0/2

Initial Power of DU, p
′
0 P

′
0/2

Cell radius 500m

Distance of each D2D pair 1∼20m

Path loss Model of CU 37.6log10(dC [km])+128.1

Path loss Model of D2D 40log10(dD[km])+148

be resolved in small-scale SCMA structure with same
overloading feature, the SCMA scheme with J = 6,
K = 4, and N = 2 is claimed to be the basic regu-
lar SCMA system. Our simulation scenario utilizes the
basic SCMA scheme with the same factor graph in fig-
ure 2. Considering the decoding performance of D2D
communications in proposed network [27], we set no
more than two D2D pairs in this scenario. Besides,
notice that the small modulation and simple channel
coding are preferable as the devices in massive ma-
chine communications are low-complexity [37], we
adopt Quadrature Phase Shift Keying (QPSK) for cel-
lular users here. Thus, each cellular user’s total power
should be equally allocated to two subcarriers accord-
ing to the SCMA codebook structure. The channels
for both cellular communications and D2D commu-
nications are generated with a normalized Rayleigh
fading component and a distance-dependent path loss
model. Table 1 summarizes the simulation parameters
[16, 33]. Different scenes and methods are compared
to prove that this algorithm is appropriate for this spe-
cific optimization problem.

5.1 Convergence

The convergence of this algorithm is shown from fig-
ure 3 to figure 5. Figure 3 illustrates the power alloca-
tion versus number of iterations by Algorithm 1, where
CU and DU denote cellular user and D2D user, respec-
tively. The number of D2D pairs JD is 1 in figure 3
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Figure 3. Convergence of power allocation, JD = 1.
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Figure 4. Convergence of power allocation, JD = 2.

with a specific numerical result from the tests. The
figure shows that the power allocation algorithm con-
verges very fast and achieves the optimal power only
after three iterations. We can analyze that after few se-
ries of approximation, the solutions converge to a point
satisfying the KKT conditions of the origin problem in
P2. Thus, transforming complementary GP into stan-
dard GP by this algorithm often performs a fast con-
vergence rate. Besides, two users are allocated with
maximal power from all seven users as they may suf-
fer from relatively small interference.

Moreover, we consider the scenarios with two pairs
of D2D users, which of course will improve the com-
putational complexity of the optimization problem as
the variables increase. We can observe from figure 4
that only one CU is allocated with maximal power as
the interference among cellular users and D2D users
increases. Besides, the power allocation converges
very close to the optimal power allocation by the 2th
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Figure 5. Convergence of system sum rate.
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Figure 6. Algorithm performance comparison versus cellu-
lar power limitation with JD = 1.

iterations, which still proves that this algorithm per-
forms a fast convergence rate.

The sum rate versus number of iterations is shown in
figure 5, which compares the scenarios with different
D2D pairs. The algorithm always converges within
five iterations while the rate achieves maximum after
three iterations from figure 5 in both scenarios. From
this aspect, the algorithm is also proved to have a better
convergence rate. Besides, the increase of D2D pairs
makes the performance of sum rate rises about 1.2%
while other parameters remain same.

5.2 Algorithm Performance

We compare the performance of the proposed algo-
rithm with random power allocation from figure 6 to
figure 9. We set different power limitation values for
both cellular users and D2D users to observe the per-
formance of final system sum rate. The sum rate ver-
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Figure 7. Algorithm performance comparison versus
D2D’s power limitation with JD = 1.
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Figure 8. Algorithm performance comparison versus cellu-
lar power limitation with JD = 2.

sus the power limitation of cellular users P0 is shown
in figure 6, while figure 7 illustrates system sum rate
versus power limitation of D2D user, P

′

0 . Both the
results in figure 6 and figure 7 utilize the scenario of
JD = 1. The two figures prove that the proposed it-
erative GP based algorithm achieves better sum rate
performance than the random power allocation, which
demonstrates the advantage of the proposed algorithm.
That is because the iterative algorithm always con-
verges to the optimal solution to the original optimiza-
tion problem. Besides, it can be founded that the in-
crease of threshold for cellular users will improve the
performance of sum rate. However, when the thresh-
old for D2D users increases, the sum rate will de-
crease. The reason is that the rate of cellular users
always has larger effect on the system sum rate, and
the less D2D’s power allocation could give improve-
ment to the whole system while the communication of
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Figure 9. Algorithm performance comparison versus
D2D’s power limitation with JD = 2.

D2D users must be guaranteed.
Figure 8 and figure 9 show the similar comparison

for the system sum rate performance with the scenario
of JD = 2. We can observe that the gap of per-
formances between proposed algorithm and random
scheme becomes larger compared to the scenario of
JD = 1. It means that the effectiveness of our pro-
posed algorithm is more prominent with much mutual
interference case. Besides, the variety of either cellu-
lar or D2D’s threshold doesn’t provide obvious change
to the performance of system sum rate. The proba-
ble reason is that cellular communications and D2D
communications have made equal effect on the perfor-
mance of system sum rate with much mutual interfer-
ence.

VI. CONCLUSION

We investigate the hybrid cellular network with D2D
communications, where SCMA schemes is employed
for cellular users. To improve the performance of sys-
tem sum rate region, we first derive the capacity for
cellular users as well as D2D users. Then we consider
the joint power optimization problem to maximize the
system sum rate and propose a GP based iterative al-
gorithm. Simulation results prove the fast convergence
and show the much improvement of proposed algo-
rithm compared with random power allocation. With
the increasing number of D2D users, the proposed al-
gorithm performs prominent for the hybrid network
model.

66 © China Communications Magazine Co., Ltd. · October 2022

Authorized licensed use limited to: Shanghai Jiaotong University. Downloaded on November 27,2022 at 09:11:48 UTC from IEEE Xplore.  Restrictions apply. 



ACKNOWLEDGEMENT

This paper is supported by National key project
2018YFB1801102 and 2020YFB1807700, by NSFC
62071296, and STCSM 20JC1416502, 22JC1404000.

APPENDIX

Here is the proof of Lemma 3. The arithmetic-
geometric mean (AM-GM) inequality is shown as∑

ℓ

βℓxℓ ≥
∏
ℓ

xβℓ

ℓ , (48)

where xℓ > 0, βℓ ≥ 0, and
∑

ℓ βℓ = 1, for ∀ℓ. We
utilize yℓ = βℓxℓ and rewrite Eq. (48) as

∑
ℓ

yℓ ≥
∏
ℓ

(
yℓ
βℓ

)βℓ , (49)

with equality for βℓ = yℓ/
∑

ℓ yℓ, for ∀ℓ. This equality
can be extended to the case of general monomial and
polynomial [35].
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